
MATH2020A Lecture 9 Notes

Caleb Suan

Last time, we began a (rather involved) example about a change of coordinates in 3-dimensions. Remember
that integration is “more of an art than a science” – there are many tools at your disposal to try to solve
them and most of them work, you just want to minimize your effort.

In our case, we saw that the region of integration was an octahedron. Without many symmetries available
(due to the integrand), we cannot reduce the problem to the first octant, where the bounds of integration
are convenient. As such, we would probably have to split the region into 4 or more pieces and integrate over
them.

Alternatively, what we ended up doing, was use a change of coordinates to map most of these boundary
faces to the faces of a cube, which is easier to integrate over. We had some extra work since we do not
get the whole cube, as two corners have been sliced off. Ultimately, we can see that its easier to integrate
over the whole cube and then subtract the pieces that are not actually there, since those regions are nicely
described.

Example 1. Let

D “ tpx, y, zq P R3 | |x| ` |y| ` |z| ď 1u. (1)

Evaluate
¡

D

px ` y ` zq4 dV. (2)

Remark 2. Before we begin, we first note that we can use symmetries to make things slightly easier. We
have to be careful since we have to make sure that the integrand does not change under the symmetries we
use.

For example, consider the symmetry px, y, zq ÐÑ p´x,´y,´zq. We can check that
`

p´xq ` p´yq ` p´zq
˘4

“
`

´ px ` y ` zq
˘4

“ px ` y ` zq4 (3)

and so the integrand respects this symmetry.

On the other hand, consider px, y, zq ÐÑ px, y,´zq. We compute that
`

x ` y ` p´zq
˘4

‰ px ` y ` zq4 (4)

in general and so we cannot reduce using this symmetry.

What this means here is that we cannot use the first octant trick from our earlier examples since we need
the integrand to satisfy all eight symmetries given by reflecting over coordinate planes.

Solution. Let us first try to get an idea of the shape we are integrating over. Setting z “ 0, we have
|x| ` |y| ď 1 which looks like a (rotated) square.
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Figure 1: Projecting the domain D onto the xy-plane.

The boundary lines here are
$

’

’

’

’

&

’

’

’

’

%

x ` y “ 1,

x ` y “ ´1,

x ´ y “ 1,

x ´ y “ ´1.

(5)

A similar thing occurs when setting x “ 0 and setting y “ 0.

x

y

z

p0, 0, 1q

p0, 0,´1q

p0, 1, 0q

p0,´1, 0q

p1, 0, 0q

p´1, 0, 0q

u

v

w

p1, 1,´1q

p´1,´1, 1q
p´1, 1, 1q

p1,´1,´1q

p1, 1, 1q

p´1,´1,´1q

Figure 2: The domain of integration in px, y, zq-coordinates and in pu, v, wq-coordinates.

The boundary faces are the planes
$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

x ` y ` z “ 1,

x ` y ` z “ ´1,

x ` y ´ z “ 1,

x ` y ´ z “ ´1,

x ´ y ` z “ 1,

x ´ y ` z “ ´1,

x ´ y ´ z “ 1,

x ´ y ´ z “ ´1.

(6)

Consider the change of variables
$

’

’

&

’

’

%

u “ x ` y ` z,

v “ x ` y ´ z,

w “ x ´ y ´ z

ÐÑ

$

’

’

&

’

’

%

x “ 1
2 pu ` wq,

y “ 1
2 pv ´ wq,

z “ 1
2 pu ´ vq.

(7)
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The domain then becomes
$

’

’

’

’

&

’

’

’

’

%

´1 ď u ď 1,

´1 ď v ď 1,

´1 ď w ď 1,

´1 ď u ´ v ` w ď 1.

(8)

and the Jacobian is

Bpx, y, zq

Bpu, v, wq
“ det

»

—

—

—

–

1
2 0 1

2

0 1
2 ´ 1

2

1
2 ´ 1

2 0

fi

ffi

ffi

ffi

fl

“ ´
1

4
. (9)

Hence
¡

D

px ` y ` zq4 dV “

¡

´1ďu,v,wď1
´1ďu´v`wď1

u4

4
dw dv du

“

¡

´1ďu,v,wď1

u4

4
dw dv du

loooooooooooooomoooooooooooooon

pAq

´

¡

´1ďu,v,wď1
u´v`wď´1

u4

4
dw dv du

loooooooooooooomoooooooooooooon

pBq

´

¡

´1ďu,v,wď1
u´v`wě1

u4

4
dw dv du.

loooooooooooooomoooooooooooooon

pCq

(10)

(We do this because its easier to describe the regions missing from the cube.)

First, we can check that

pAq “

¡

´1ďu,v,wď1

u4

4
dw dv du “ . . . “

2

5
. (11)

For pBq and pCq, we notice that we have to integrate over the leftover regions of the cube.

u

v

w
p´1,´1, 1q

p1,´1,´1q

p1,´1, 1q
p1, 1, 1q

u

v

w

p1, 1,´1q

p´1, 1, 1q

p´1, 1,´1q
p´1,´1,´1q

Figure 3: The domains of integration for the terms pBq and pCq.

We can check that the angled boundary face for pBq is given by u´v`w “ 1. Likewise, the angled boundary
face for pCq is u´ v `w “ ´1. These regions can be described as one of our special domains. In particular,
for pBq, the region is given by

tpu, v, wq P R3 | ´1 ď u ď 1,´u ď w ď 1,´1 ď v ď u ` w ´ 1u. (12)

Similarly, the region for pCq is given by

tpu, v, wq P R3 | ´1 ď u ď 1, 1 ď w ď ´u, u ` w ´ 1 ď v ď 1u. (13)
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The integrals are then

pBq “

ż 1

´1

ż 1

´u

ż u`w´1

´1

u4

4
dv dw du “ . . . “

3

35
. (14)

By the symmetry pu, v, wq ÐÑ p´u,´v,´wq we can see that

pCq “ pBq “
3

35
. (15)

Thus putting everything together, we get
¡

D

px ` y ` zq4 dV “ pAq ´ pBq ´ pCq “
2

5
´

3

35
´

3

35
“

8

35
. (16)

1 Vector Analysis

We now move on to the second part of the course.

Remark 3. We will use an arrow ⃗̈ to denote general vectors and a hat ˆ̈ for unit vectors.

The vectors î, ĵ, and k̂ are the unit vectors in the x´, y´, and z-directions respectively.

The length of a vector v⃗ will be denoted }v⃗} to avoid confusion with the absolute value operator | ¨ |.

1.1 Path (Line) Integrals in R2 and R3

Definition 4 (Path Integral). The integral of a function f along a curve (or path, or line) C with parame-
terization

r⃗ : ra, bs Ñ R3

t ÞÑ
`

xptq, yptq, zptq
˘

is defined as
ż

C

fpr⃗q ds “ lim
}P }Ñ0

n
ÿ

k“1

f
`

r⃗ptkq
˘

¨ ∆sk, (17)

where

• P : a “ c0 ă c1 ă . . . ă cn “ b is a partition of ra, bs,

• tk P rck´1, cks,

• ∆sk “
a

p∆xkq2 ` p∆ykq2 ` p∆zkq2.

Here ds represents the length element of the curve C.

a “ c0 ck b “ cn

x y

z

r⃗paq

r⃗pckq

r⃗pbq

r⃗pck´1q

r⃗pckq

∆xk

∆zk

∆yk

∆sk

Figure 4: A partition P of the interval ra, bs segments the curve C.
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Remark 5. If f ” 1, then the resulting line integral
ż

C

1 ds (18)

is the arc-length of C.

Remark 6. The path integral is well-defined, that is, the definition is independent on the choice of partitions
P and parameterization r⃗.

Of course, we would like to not have to use partitions and Riemann sums to practically compute these path
integrals. The following formula will help with this.

Proposition 7. Let f be a function along a curve C with parameterization r⃗ptq “
`

xptq, yptq, zptq
˘

, then
ż

C

fpr⃗q ds “

ż b

a

f
`

r⃗ptq
˘

¨ }r⃗1ptq} dt (19)

where r⃗1ptq “
`

x1ptq, y1ptq, z1ptq
˘

.

Loosely speaking, we can write

∆sk “
a

p∆xkq2 ` p∆ykq2 ` p∆zkq2

“

c

´∆xk

∆tk

¯2

`

´∆yk
∆tk

¯2

`

´∆zk
∆tk

¯2

¨ ∆tk

–
a

x1ptkq2 ` y1ptkq2 ` z1ptkq2 ¨ ∆tk

“ }r⃗1ptkq} ¨ ∆tk. (20)

Thus this formula conceptually makes sense when compared with the Riemann sum definition of the path
integral.

Remark 8 (Arc-Length Element). The quantity

ds “ }r⃗1ptq} dt (21)

is usually referred to as the arc-length element where

r⃗1ptq “
`

x1ptq, y1ptq, z1ptq
˘

and }r⃗1ptq} “
a

x1ptq2 ` y1ptq2 ` z1ptq2. (22)

Remark 9 (Change of Parameterization). Suppose we parameterize the curve C by another parameter rt:

t P ra, bs ÐÑ rt P rra,rbs (23)

and suppose that the change of parameter is orientation-preserving so

Bt

Brt
ą 0 and

Brt

Bt
ą 0. (24)

We see that the arc-length element ds then satisfies

}r⃗1ptq} dt “

›

›

›

dr⃗

dt

›

›

›
dt “

›

›

›

dr⃗

drt
¨
drt

dt

›

›

›
dt “

›

›

›

dr⃗

drt

›

›

›
¨

ˇ

ˇ

ˇ

drt

dt

ˇ

ˇ

ˇ
dt “

›

›

›

dr⃗

drt

›

›

›
drt “ }r⃗1prtq} drt. (25)

From this, we see that ds and the path integral
ş

C
fpr⃗q ds is independent on our choice of parameterization

(as long as we keep the orientation).

If the change of parameter is orientation-reversing, so

Bt

Brt
ă 0 and

Brt

Bt
ă 0, (26)

we instead introduce a negative sign

}r⃗1ptq} dt “

›

›

›

dr⃗

dt

›

›

›
dt “

›

›

›

dr⃗

drt
¨
drt

dt

›

›

›
dt “

›

›

›

dr⃗

drt

›

›

›
¨

ˇ

ˇ

ˇ

drt

dt

ˇ

ˇ

ˇ
dt “ ´

›

›

›

dr⃗

drt

›

›

›
drt “ ´}r⃗1prtq} drt. (27)

Since we have flipped the orientation, the bounds on integration will also flip, giving another factor of
´1. These will cancel and again show that the path integral

ş

C
fpr⃗q ds is independent (even if we change

orientations).
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Remark 10 (Piecewise Differentiable Curves). If the parameterization r⃗ of the curve C is only piecewise
differentiable, then we can compute the path integral over C as a sum of path integrals over the differentiable
sub-curves Ck.

Phrased differently, if we write

ra, bs “ rc0, c1s Y . . . Y rck´1, cks Y . . . rcn´1, cns, (28)

such that r⃗
ˇ

ˇ

rck´1,cks
is differentiable, then

ż

C

fpr⃗q ds “

n
ÿ

k“1

ż ck

ck´1

f
`

r⃗ptq
˘

¨ }r⃗1ptq} dt. (29)

r⃗paq

r⃗pc1q

C

r⃗pckq

r⃗pbq

Figure 5: A piecewise differentiable curve C.

Example 11. Let fpx, y, zq “ x´3y2 `z and C be the (straight) line segment joining the origin at p1, 1, 1q.
Find

ż

C

fpx, y, zq ds. (30)

Solution. Parameterize the curve C by

r⃗ptq “ p0, 0, 0q ` t
“

p1, 1, 1q ´ p0, 0, 0q
‰

“ pt, t, tq, t P r0, 1s. (31)

With this choice, we have r⃗1ptq “ p1, 1, 1q for t P r0, 1s and so the integral becomes
ż

C

fpr⃗q ds “

ż 1

0

fpt, t, tq ¨ }r⃗1ptq} dt

“

ż 1

0

´

t ´ 3t2 ` t
¯

¨
?
3 dt

“ . . . “ 0. rExercise : Check thiss (32)

Example 12. Let C be a plane curve in R2 ( i.e. zptq “ 0) and suppose it has two parameterizations:

r⃗1ptq “ pcos t, sin tq, t P r´
π

2
,
π

2
s, (33)

r⃗2ptq “ p
a

1 ´ t2,´tq, t P r´1, 1s. (34)

Let fpx, yq “ x. Find
ş

C
fpx, yq ds.

Solution. Here we omit the z-variable since C is a plane curve.
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Using the first parameterization, we have

r⃗1
1ptq “ p´ sin t, cos tq ùñ }r⃗1

1ptq} “
a

p´ sin tq2 ` pcos tq2 “ 1, (35)

and so
ż

C

f ds “

ż π
2

´ π
2

cos t ¨ 1 dt

“

ż π
2

´ π
2

cos t dt “ 2. (36)

Using the second parameterization, we have

r⃗1
2ptq “

´

´
t

?
1 ´ t2

,´1
¯

ùñ }r⃗1
2ptq} “

c

t2

1 ´ t2
` 1 “

1
?
1 ´ t2

. (37)

The formula then gives
ż

C

f ds “

ż 1

´1

a

1 ´ t2 ¨
1

?
1 ´ t2

dt

“

ż 1

´1

1 dt “ 2. (38)

This agrees with the fact that the path integral is independent of the choice of parameterization. Note here
that the two parameterizations here run in different directions.

Note also that we can interpret this integral as a (signed) area.

x

y

z

Figure 6: A scalar path integral over a plane curve can also be interpreted as a (signed) area.

Proposition 13. If C is a piecewise smooth curve made by joining C1, C2, . . . , Cn end-to-end, then
ż

C

f ds “

n
ÿ

k“1

ż

Ck

f ds. (39)

Proof. Omitted.

Remark 14. End-to-end in the previous proposition means that the terminal point of Ck´1 is the initial
point of Ck.

Example 15. Let fpx, y, zq “ x ´ 3y2 ` z again. Let C1, C2, and C3 be the (straight) line segments as in
the figure

In a previous example, we showed that
ż

C1

f ds “ 0. (40)
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x

y

z

C1

C2

C3p0, 0, 0q

p1, 1, 0q

p1, 1, 1q

Figure 7: Two different paths from the origin p0, 0, 0q to the point p1, 1, 1q.

One can similarly calculate that
ż

C2YC3

f ds “

ż

C2

f ds `

ż

C3

f ds “ ´

?
2

2
´

3

2
. rExercise : Check thiss (41)

From this, we can observe that
ż

C1

f ds ‰

ż

C2YC3

f ds (42)

even though the curves C1 and C2 Y C3 have the same start and end points. This is different from the case
in 1 dimension.

From the previous example, we have the conclusion that a path integral depends not only just on the start
and end points, but also the path taken.

1.2 Vector Fields

Definition 16. Let D Ď R2 (or R3) be a domain. A vector field on D is a map F⃗ : D Ñ R2 (or respectively
R3).

x

y

D Ď R2

px, yq

F⃗ px, yq P R2 considered as a 2-vector

Figure 8: A vector field F⃗ on a domain D Ď R2.

We can write

F⃗ px, yq “ Mpx, yq î ` Npx, yq ĵ (43)
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for the R2 case and

F⃗ px, y, zq “ Mpx, y, zq î ` Npx, y, zq ĵ ` Lpx, y, zq k̂ (44)

for the R3 case. Here M , N , and L are called the components of F⃗ .

Example 17. Consider F⃗ px, yq “
´y î`x ĵ?

x2`y2
on R2\tp0, 0qu. Using polar coordinates, we can write this as

F⃗ pr, θq “ ´ sin θ î ` cos θ ĵ. (45)

x

y

Figure 9: The vector field F⃗ pr, θq “ ´ sin θ î ` cos θ ĵ.

We can check that F⃗ has the properties that

}F⃗ px, yq} “ 1 (46)

and that

F⃗ px, yq K r⃗px, yq, (47)

where r⃗px, yq “ x î ` y ĵ “ rpcos θ î ` sin θ ĵq is the position vector field.

Definition 18 (Gradient Vector Field of a Function). Given a function fpx, yq on R2, we define its gradient

vector field ∇⃗fpx, yq to be the vector field

∇⃗fpx, yq “
Bf

Bx
î `

Bf

By
ĵ. (48)

For a function fpx, y, zq on R3, we similarly define its gradient vector field ∇⃗fpx, y, zq to be the vector field

∇⃗fpx, y, zq “
Bf

Bx
î `

Bf

By
ĵ `

Bf

Bz
k̂. (49)

Example 19. Let fpx, yq “ 1
2 px2 ` y2q. Then

∇⃗fpx, yq “

´

Bf

Bx
,

Bf

By

¯

“ px, yq “ x î ` y ĵ “ r⃗px, yq. (50)

Let fpx, y, zq “ x. Then

∇⃗fpx, y, zq “

´

Bf

Bx
,

Bf

By
,

Bf

Bz

¯

“ p1, 0, 0q “ î. (51)
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Remark 20. The radial vector field r⃗px, yq and also the component vector fields î, ĵ, and k̂ are gradient
vector fields. This notion will important for the future.

(End of Lecture 9 – Oct 6)
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