MATH2020A Lecture 15 Notes

Caleb Suan

Last time, we were in the middle of a proof of Green’s Theorem for simple domains. Recall that a simple
domain in R? is one that can be written as both a Type I domain and a Type II domain.
Theorem 1 (Green’s Theorem). Let Q € R? be open and

F=Mi+Nj (1)
be a C* wector field on Q. If C is a piecewise smooth simple closed counter-clockwise oriented curve enclosing
a region R lying entirely in §2, then

[ Normal Form] yfcl*:’~ﬁd8: }[&Mdy—]\fda:: /]R(aa]\j+aaj;[)dxdy, (2)
[ Tangential Form] g{ F-Tds= % Mdx+ Ndy = [[ (a—N—a—M)dxdy. (3)
C c R\ Ox 0Oy

Proof of Green’s Theorem for Simple Domains. Let R be a simple domain, as such R is Type I and we can
write

Rz{(x,y)éRQ\agxéb,gl(:v)SySgg(x)}. (4)

Denote the four components of the boundary dR of R by the curves Cy, Cs, C3, and Cy4 as in the figure.
(Note that it is possible for Cy or Cy4 to be a point.) We then have

OR=C1+Cy+C3+Cy (5)
as oriented curves.
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Figure 1: Realizing R as a Type I domain and labelling parts of its boundary JR.

We can parameterize
Cr={(z,y) eR* |a<z <by=gi(x)} (6)
by
ri(t) = (tagl(t))> tela,b]. (7)



Likewise, we can parameterize —C's by

73(t) = (t,g2(t)),  tela,b].

Note that we have to ensure that the parameterizations give the proper orientations of the curves.

Hence

Md:c:fabM(ugl(t))dt and [CSde:fabM(ugz(t))dt

Cy

For the vertical segments, we have

CQ = {(I7y) € R2 | €T = bagl(b) <y< gQ(b)}
and so we can parameterize is by

FQ(t) = (b7t)a le [gl(b)7g2(b)]
Similarly, we can parameterize —Cy4 by

74(t) = (a,t), te[gi(a),g2(a)].

Hence

Putting everything together, we get
4

ngMdm=Z

k=1

. Mdx = [ab (M(t,gl(t)) —M(t,gz(t)))dt

On the other hand, using Fubini’s Theorem, we have

/fR(_ a&y ) f fglg::)(— &ﬂ)dydx
:/a (M(x 92(2)) - M(x,g1(x)))dx

:jﬁ M dz.
R

Now, since R is also of Type II, we can do a similar thing and write
R={(z,y) eR*|c<y<d,hi(y) <z <ha(y)},
and
OR=C1] +Cy+Ch + Cy.

(Note that these curves may be different from those chosen earlier.)

&

Figure 2: Realizing R as a Type II domain and labelling parts of its boundary J0R.

g2(b) g2(a)
Md:c:f M(b,t)db =0 and f de:f M(a,t) da = 0.
g1(b) -Cy g1(a)



A similar computation ultimately shows that

ngNdy=g[cl’c]\fdy:_[cd(N(hl(t),t)—N(hg(t),t))dt
- [ (¥ 0.0) - N (a(e1.1) )
2(y)
/ fmh(y) %\c] dz dy
[/R (7:1: (18)
Mdzx+ Ndy = —Z _ 2T ) dA. (19)
yg [f(aN aM)

O

Together, this gives

Now that we have Green’s Theorem for simple domains, we can use it to prove the case when R is a slightly
more general region.

Consider the case where R is a larger (counter-clockwise oriented) domain consisting of smaller simple
(counter-clockwise oriented) domains Ri, Ra,..., R, that intersect along some unique boundary segments
Ly (see figure below). That is

e R=u}" R, where each Ry, is simple,

o for k #1, Ly; = R n Ry = L, is either empty or a curve (where we write Ly ; to denote that it is
oriented the same way as 0Ry), and

o for (k,1)+ (k',l'), Ly n Ly is some subset of the endpoints of Ly ; and Ly .

With this notation, we see that as oriented curves Ly ; = —L; ;. Also,
ORy, = Cy + Z Ly, (20)
Ik
and
OR=3 Cy (21)
k=1
Yy
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Figure 3: A more general domain R made up of simple domains.



We can compute (using Green’s Theorem on each individual simple domain) that

TG -5 sz(NM)

= Mdm+Ndy

5& Mdz+ N dy
Cr+X e Lt

:Z([ de+Ndy+Zf de+Ndy)

Il
3 TMS ||

k=1 l+k
:Zf de+Ndy+Z Mdx + N dy
1 /G k=17 Lk,
k=l
:55 Mdz + N dy, (22)
OR

where we have used that the second sum runs over all combinations of (k,l) with k # [ an the fact that
Ligg=-L .

This broader result works in almost all situations. To prove the general case, we need ideas from analysis,
which is outside the scope of the course.

0.1 Differential Operators

We will now move on and discuss results involving some fairly ubiquitous differential operators in vector
analysis.

Definition 2 (Divergence). Let

F=Mi+Nj. (23)
We define the divergence div F of F' to be
. OM ON
div F' = a— + a— (24)
oy

Note that the divergence of a vector field is a scalar quantity, not a vector.

Remark 3 (Flux Density). We can compute that

divF =lim ————— ﬂ (6M (?N) dA
€0 Area ,y) De(z,y) y

- lim —yf F-fds, (25)
E—>0Area( e(z,y)) JoD ()

where the final expression is a quantity called the flux density.

Remark 4. Recall that for a function f(z,y) we defined the gradient operator V by

f¢ 6f (3 + 0 ¢)
=2 Ziv )y 2
vi (995 ("y 6’m1+(9y'] / (26)
As such, it is convenient to denote
- J . 0,
(Y5, 9 27
v (ax”ayJ) @)
and then
. 0 0 N s OM ON .
F=—i+—j) - (Mi+Nj)=—+ — =divF. 28
\Y, (ax1+8yJ) ( i+ _]) P + 2 iv (28)
Hence we also write
V-F=divF. (29)



Definition 5 (Rotation). Let

F=Mi+Nj. (30)
We define the rotation rot F of F' to be
. ON oM
tF = — - —. 31
dr Oy (31)

Like the divergence, the rotation is also a scalar quantity.

Remark 6 (Circulation Density). We have that

rot F=lim—7—— [f (07N_67M)d14
=0 Area D (a: y) De(z,y) %y

1
- lim —yﬁ Fotds, (32)
=0 Area(D(z,y)) JoDe(z.y)
where the final expression is a quantity called the circulation density.

By extending the notation

V- il Tk (33)
(note that we are still assuming F is a vector field in R?) we can write
rot F = (V x F)-k. (34)
Indeed, writing
F=Mi+Nj+0k (35)
we have
i j k
$xFolo 2 BREEEAr (@_@ﬂ) (36)
v w2y N or oy
M N 0
and so
rot F = (VxF) -k (37)

as mentioned.
We call the vector V x F the curl of F, denoted curl F.
Using this new notation, we can rewrite Green’s Theorem more succinctly:

Theorem 7 (Green’s Theorem (Differential Operator Form)). Let 2 ¢ R? be open and

F=Mi+Nj (38)
be a C* wector field on Q. If C is a piecewise smooth simple closed counter-clockwise oriented curve enclosing
a region R lying entirely in ), then

[ Normal Form] %C Ffds f [ divFda (39)
[ Tangential Form] 5@]3' Tds = ff rot F'dA. (40)
R

We also have a new characterization of conservative vector fields:

Theorem 8. Suppose QS R"™ (n =2 or3) is open, (path) connected and simply connected. Let F be a C
vector field on Q2. Then

F is conservative on Q < curl F = 0. (41)
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