MATH2020A Lecture 14 Notes

Caleb Suan

Last time, we saw that if £ is a C' vector field on an open, (path) connected domain 2 € R"™ (n =2 or 3),
then

F =V for some function f <= F is conservative. (1)

We have seen that for a C! vector field

F=Mi+Nj+Lk (2)
on an open, (path) connected domain Q € R™ (n =2 or 3) that
F conservative = M, N, and L satisfy the system of PDE’s (x). (3)
Where the system (x) is
oM _on
oy  ox’
0N 0L
() =15 =22, (4)
oz 0y
oL _ont
oxr 0z’
when n = 3 and
oM ON
=4 —= ==, 5
CREEE )

when n = 2.

Is the converse true? No, at least not in general. We need an extra condition on the domain © ((path)
connectedness is not enough).

Example 1. Consider the vector field

m_ Y s r <
F_x2+y21+x2+y2‘] (6)
and the domains
Q; = R?\{(x,0) e R? | z <0} and Q% = R*\{(0,0)}. (7)

(Note that €, does not include the negative z-axis and the origin while Qs only does not include the origin.)

In polar coordinates,
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We see that F rotates around the origin in a counter-clockwise manner. Also
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while
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As such, we cannot extend F to a C vector field on all of R2.
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Figure 1: The vector field F(r,6) = —sin®i+coshj.

With the exception of the origin, F'is C* and in particular, it is C'* on both € and Q.

Is F conservative on 17 What about on 57

Solution. We can represent {2 in polar coordinates as
O ={(r,0)eR?|r>0,-1 <0 <7}
The inequalities are strict since we do mot contain the negative z-axis.

The function f(r,8) =6 (where 0 is restricted to (-, 7)) is smooth on ;. We can show that
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[ Exercise : Check this] As such, we have
sinf, cosf, 0Of, Of+ -
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hence F' is conservative on ;.
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On the other hand, we cannot extend the angle function f(r,0) = 6 continuously to all of Q5. This is because
the angle function “jumps” from -7 to m along the negative x-axis. This means that the function f =6

cannot be a scalar potential.

To show that F' is not conservative on {2, we consider a closed curve
C:7(t) = costi+sint], te[-mm].

(This is the unit circle, which is contained in Q5 but not €;.)

(14)



Then we have

r

. Q inf , 0 2 3
ffF-df:/ (— g P j)-((cost)'i+(sint)'j)dt
- r
c
= / ((_ sin 0)2 + cos? 0) dt [r =1 along this curve]

=f dt =27 # 0.

By a previous result, F' is not conservative. O

The main difference between the sets £2; and €25 from the previous example is the following property:

Definition 2 (Simply Connected). A subset 2 ¢ R"™ (n =2 or 3) is called simply connected if every closed
curve in € can be contracted (deformed continuously) to a point in Q (without leaving Q).

In some sense, one can think of a simply connected set as one without any “holes”.
Example 3. The set
Q; =R?\{(,0) e R? | z < 0} (15)
is simply connected, while
0y =R*\{(0,0)} (16)
is not.
We can see that {25 is not simply connected since the curve C' given by the unit circle cannot be deformed

into a point without passing through the origin. This problem does not occur for €2y since curves need to
“skirt around” the origin to stay in 2.
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Figure 2: The set €21 is simply connected but the set 2 is not.

Example 4. The unit sphere

S%={(z,y,2) eR®|z? + 9y + 22 =1} cR® (17)
is simply connected. Any curve on S? can be “pushed” towards one of the poles (sort of like a rubber band
on the surface of a ball).
The torus

T? = 5" x §' cR3 (18)

is mot simply connected. There are two distinct types of closed curves on it that cannot be contracted to a
point.

Remark 5. Simply connectedness is a global condition that guarantees that satisfying the system of PDE’s
(%) implies that F is conservative.
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Figure 3: The sphere S is simply connected but the torus 72 is not.

Theorem 6. Suppose Q SR™ (n =2 or 3) is open, (path) connected and simply connected. Let F be a Ct
vector field on Q). Then

F is conservative on Q <= the components of F satisfy the system of PDE’s (*). (19)
Proof. Postponed. O

Example 7 (Finding the Potential of a Vector Field). Let = R?® (which is open, (path) connected and
simply connected) and

F=Mi+Nj+Lk=(y+e’)i+(z+1)j+(1+ze*)k. (20)
Find the scalar potential function f of ', i.e. Vf=F.

Solution. We want to solve the system

a—f:M:y-i—ez, ﬁ:N:;zc+17 a—f:L:1+gjez. (21)
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We first verify that the system () is satisfied.
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Thus, by the previous theorem, a scalar potential function f exists.
To find f explicitly, we first use that
0
—f:M:y+eZ. (23)
ox
Integrating this, we find that
@)= [ee)de=a(y+e)+C (24)

where C is a constant in . This constant could depend on y and z and so we will write C = g(y, 2) to reflect
this possibility. That is

f=x(y+e*) +g(y,2). (25)



Let us take the partial derivative of this with respect to y to get

o x+ (ig (26)
oy %y
By our system, this should be equal to N =z + 1 and so by matching, we get that
g
=1 27
- (27)

and so by a similar reasoning,

gz/ldy:y+h(z) (28)

where h is a function that depends on z (and not x or y). This gives that

f(r,y,2) =2(y+e”) +y+h(z). (29)
Taking the partial derivative of f with respect to z, we finally see that
% =xze” + % (30)
Again, by our system, this should be equal to L =1 + xe® and so we conclude that
%:1:}1(2):2-%0, (31)
where C is a constant.
We hence see that
flz,y,2)=z(y+e’)+y+2z+C (32)
are the scalar potentials for F. O

Remark 8. Recall that scalar potentials are unique up to addition of a constant, which is reflected in the
example above.

Remark 9. As previously mentioned, finding a scalar potential f is equivalent to finding a function f such
that

df =Mdx+ Ndy+ Ldz. (33)
In this case, the differential 1-form M dx + N dy + L dz is said to be ezxact.

In order to prove Theorem 6 in the R? case, we need Green’s Theorem (for R® we need Stokes’ Theo-
rem).

0.1 Green’s Theorem

Theorem 10 (Green’s Theorem). Let Q2 € R? be open and

F=Mi+Nj (34)
be a O wector field on Q. If C is a piecewise smooth simple closed counter-clockwise oriented curve enclosing
a region R lying entirely in ), then

[ Normal Form] jﬁ F~ﬁds:j£ Mdy—Ndm:f[ (a—M-r&—N)dxdy, (35)
fe} fe} R\ dx 0Oy
[ Tangential Form] ygcﬁ’fi‘ds: y{CMdCUJFNdZ‘/ = /]R(% - a;;)dmdy. (36)

Remark 11. The two forms are equivalent.

Remark 12. Reconsidering Example 3, we see that Green’s Theorem applies for any curve in 21 since the
enclosed region R will lie entirely in €2;.

On the other hand, Green’s Theorem will not apply to any curve in 5 containing the origin.

Example 13. Verify both forms of Green’s Theorem for the vector field
Fz,y)=(z-y)i+aj (37)



Figure 4: Green’s Theorem will apply to the curves C ¢ €2, and C> € 2> since the regions they enclose are entirely
in the respective sets. Green’s Theorem will not apply for the curve C; ¢ Q5.

on Q = R? with

C:7(t) = costi+sint],

te[0,2n].

Solution. We first notice that the region R bounded by C'is the (open) unit disc

R={(z,y) eR*|2® +y° <1},

(38)

(39)

which is contained in Q and so Green’s Theorem should apply. (We also write 0R = C where dR denotes the

boundary of R.)

In this case,
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Along the curve C (with counter-clockwise parameterization ), we also have

For the normal form of Green’s Theorem, we note that

LHS = }[«CMdy—Ndz

It

sin(2t)

T = cost,

4

te[0,27].

27
f (cost —sint) d(sint) — costd(cost)
0

2
/ ((cost—sint)(cost) +costsint) dt
0

27
f cos? tdt
0

27 cos(2t) + 1

(40)



We also have

RHS = /[(aM aN)d dy

= 1+0)dxd
f (1+0)dzdy

=T. (43)
We can also check the tangential form of Green’s Theorem:

LHS = yﬁchmNdy
2w
= f (cost —sint) d(cost) + costd(sint)
0

27
= / ( — (cost —sint)(sint) + cos? t) dt
0

27
f (1—costsint) dt
0

2. (44)

RHS = /f(a—N—a—M)d dy
:ffR 1-(-1))dzdy

= 2.

Also,

O
Remark 14. Even though both forms of Green’s Theorem are equivalent, the actual values involved may
differ.
Recall domains D ¢ R? of special type:

e (TypeI) D ={(z,y) eR?* |a<x <b,gi(x) <y<ga(x)}, where g; and gy are continuous functions on
[a,b] with g1(z) < g2(z) for x € [a,b],
(

e (Type II) D = {(z,y) e R? | h1(y) <z < ha(y),c <y < d}, where hy and hy are continuous functions on
[c,d] with hy(x) < ho(z) for y € [c,d].

If D is of both Type I and Type II, it is said to be simple.
Example 15. A rectangle R = [a,b] x [¢,d] is simple.
Example 16. The region R in the first quadrant bounded by the circles

Cr={(z,y) eR*[2® +y* =1} (45)
and

Co={(z,y) eR*[2” +y” =4} (46)
is simple.

Proposition 17 (Characterization of Simple Domains). Let D be a domain and suppose that 0D is piecewise
smooth. If for all a € R we have

#{oDn{x=a}} <2 (47)
and

#{oDn{y=a}}<2 (48)
then D 1is simple.
Proof. Omitted. O



y = g2()

z = ha(y)

Proof of Green’s Theorem for Simple Domains. Let R be a simple domain, as such R is Type I and we can
write

R={(z,y)eR? |a<z<bgi(z)<y<ga(z)} (49)

Denote the four components of the boundary ¢R of R by the curves Cy, Cs, C3, and Cj4 as in the figure.
(Note that it is possible for Cy or Cy4 to be a point.) We then have

ﬁR:C’l +CQ+03+C4 (50)

as oriented curves.

a x=0b

Figure 5: Realizing R as a Type I domain and labelling parts of its boundary JR.

We can parameterize

Cr={(z,y) eR*|a<z<by=gi(z)} (51)
by
m(t) = (tg1(t)),  tela,b]. (52)
Likewise, we can parameterize —C3 by
73(t) = (t,g2(t)),  tela,b]. (53)

Note that we have to ensure that the parameterizations give the proper orientations of the curves.

Hence

[ - fabM(Lgl(t))dt and /_chde [bM(ugz(t))dt. (54)

a



For the vertical segments, we have

Co = {(z,y) € R? |2 =b,91(b) <y < ga(b)}
and so we can parameterize is by

fQ(t) = (bat)a te [gl(b)7g2(b)]
Similarly, we can parameterize —Cy by

ra(t) = (a,t),  telgi(a) g2(a)].

Hence

92(b) g2(a)
Mda::f M(b,t)db =0 and f de:f M(a,t) da = 0.
C> g1(b) -Cy4 g1(a)

Putting everything together, we get
}gRde = kZ: o Mda= fab (M(t,gl(t)) - M(t,gg(t))) dt.
On the other hand, using Fubini’s Theorem, we have
oM borox=)  OM
T )aa= [ [ (=% )
- /;b —(M(x,gg(x)) - M(x,gl(x))) dx

:yﬁ M dz.
R

(End of Lecture 14 — Oct 27)
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