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Part one

Part two

Let x be an n-dimensional column vector, A be an m X n matrix.

Part three

The vector b = Ax is the m-dimensional column vector defined as bart five
n
b = E aij Xj, I = ]ﬂ 2,- s, M
j=1

where b; is the i-th entry of the vector b.
We assume the entries are complex numbers, denoted C.
The space of m-vectors is C”, and the space of m x n matrices is C™*".

The map x — Ax is linear, meaning that, for any x,y € C" and any « € C,

Alx+y) = Ax+ Ay
Alax) = aAx

Conversely, any linear map from C" to C™ can be expressed by a m x n matrix.
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Let a; be the j-th column of the matrix A. Then b = Ax is given by

Part one
Part two
n
_ . P Part three
b; = g ajxj, I=1,2---'m
. Part five
Jj=1

which is the same as

n
b = E Xgéy
J=1

r T B T _‘”1 T - T [ T B T
)
bl = |ag|ag]|--|an| | ]| = Z|a| +Ty| 0| +---+7,(a,
L J R d L - L - L 4

That is, b is a linear combination of the columns a;.
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For the matrix-matrix product B = AC, each column of B is a linear combination of the

columns of A.

To see this, if Ais ¢ x mand C is m x n, then B is ¥ X n and

In terms of columns:

b,

m
bij = g aik Ckj
k=1
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Example 1.2: Outer product. Product of an m-dimensional column vector u with an

n-dimensional row vector v.

[vl Uz e e

The columns are multiples of u, the rows are multiples of v.

Example 1.3: Consider B = AR, where R is the n X n upper triangular matrix with entries

Uy

]

U7

Vol

[ VU,

ri =1fori <jand rj =0 for i > j. The product is illustrated as

The columns are

1

J
bj = Al’j = Zak
k=1

The matrix R is a discrete analog of an indefinite integral operator.

.o vnul W
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Part one

The range of a matrix A, denoted range(A), is the set of vectors that can be expressed as Ax e e
fOI’ some X. Part three

Part five

Theorem: range(A) is the space spanned by the columns of A.

Note:

» the range of a matrix A is also called the column space of A

> the nullspace of A, denoted null(A), is the set of vectors x such that Ax =0

The column rank of a matrix is the dimension of its column space. The row rank of a matrix is

the dimension of the space spanned by its rows. They are always the same, so we refer to this
number as the rank of a matrix.

Note:

» an m X n matrix has full rank if it has the maximal possible rank (the least of m and n)
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. . . .. . Part one
A nonsingular or invertible matrix is a square matrix of full rank.

Part two

Note that the m columns of a nonsingular m X m matrix A form a basis for the whole space Part three
C™. Thus, any vector can be uniquely expressed in terms of these columns. Part five

Let e; be the canonical unit vector, that is, its j-th entry equals one, and zeros elsewhere. We
can write
éy = /QZ]

or

Here, I is the identity matrix.

The matrix Z is called the inverse of A. Note that, any nonsingular matrix A has a unique
inverse, denoted as A~ !. It satisfies AA™! = A~'A =/,
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Part one
Part two
Part three

Part five
Theorem: Let A € C™ ™. The following are equivalent

1. A has an inverse A™*
rank(A) = m

range(A) = C"™

null(A) = {0}

0 is not an eigenvalue of A

0 is not a singular value of A
det(A) #0

N o o DN
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An important observation: Part one

Part two
Let x = A~ 'h. Then we have Ax = b, that is, x is the vector of coefficients of the unique linear Part three
expansion of b in the basis of columns of A. Part five

Multiplication by A~?

>

A~
coefficients of
the expansion of b

in {a,,...,6,,}

b:
coefficients of
the expansion of b

in {e,...,e_}

-

Multiplication by A
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Part one
Part two

Part three

The hermitian conjugate or adjoint of an m X n matrix A, denoted A®, is the n X m matrix

. . . .. Part five
whose i, j entry is the complex conjugate of the j, i entry of A. For example, t

1 Gy T B T

A=1a. a — Ar=| 11 72 _31
Qo G 12 %22 “32
31 %32

where 3 is the complex conjugate of a.
If A= A", then A is hermitian.

For real matrix A, the adjoint is also known as the transpose, denoted AT . If a real matrix A is
hermitian, then A is called symmetric.
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Inner product

The inner product of two column vectors x,y € C™ is

The Euclidean length of x, denoted ||x||, is

N[

Il = Vi = (3 x0)

The cosine of the angle o between x and y is

cosq = Y
[[x[[ Iy
The inner product is bilinear, that is,
(1 +x)y = xy+xy
X(M+y2) = X'yi+xy

(ax)*(By) = aBx’y
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A pair of vectors x and y are orthogonal if x*y = 0.

Part one

If x and y are real, this means that they lie at right angles to each other.

Part two

Two sets of vectors X and Y are orthogonal if every x € X is orthogonal to every y € Y. Part three

. P . . . . Part five
A set of nonzero vectors S is orthogonal if its elements are pairwise orthogonal. That is, if t

x,y € §and x # y, then x*y = 0.

A set of nonzero vectors S is orthonormal if it is orthogonal and every x € S has ||x|| = 1.

Theorem: The vectors in an orthogonal set S are linearly independent.
Proof.

» if vectors in S are not independent, then some vx € S can be expressed as a linear

combination of other vectors
n

Vi — E C v

i=1,i£k

> recall that ||vi||* = v vk, we have

n n

Hvk||2 = V:Vk = V:( Z C,'V,') = Z C,'(V:V,') = O

i=1,i#k i=1,i#£k

» this leads to a contradiction
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Note: inner products can be used to decompose arbitrary vectors into orthogonal components

Part one

Suppose {q1, G2, -+ ,qgn} is an orthonormal set, and let v be an arbitrary vector. The vector Part two

Part three

r=v-— (q:?.< V)ql - (q; V)q2 - (q;‘lk V)Qn Part five

is orthogonal to {q1,q2, -, qn}.

We see that v can be decomposed into n + 1 orthogonal components

v=r+) (gv)g=r+) (ag)v
i=1 i=1

Remarks:
> If {qi} is a basis for C", then n = m and r = 0. We have

v=> (gv)ai=> (aiq)v
i=1 i=1

> two ways of writing the formula: first, linear combination of {g;}; second, a sum of
orthogonal projections q;q; (very special rank one matrces)
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Unitary matrix
A square matrix Q € C™*™ is unitary if Q" = Q! Thatis, Q*Q = I.
a1 1

a 1
Q1% | Dn =

]
) B
[y

m

Note that, g/ q; = Jjj, where the symbol §j; is the Kronecker delta, equal to 1 if i = and 0 if

i # j. Hence, the columns {q;} form an orthonormal basis for C™.

Note that, Qx is the linear combination of the columns of Q with coefficients x, and Qb is the
vector of coefficients of the expansion of b in the basis of columns of Q. Schematically

Multiplication by Q*

Q*b:
coefficients of
the expansion of b

in {QI7"'7Qm}

b:
coefficients of
the expansion of b

in {e;,...,€,}

Multiplication by @

Finally, multiplication by a unitary matrix Q preserves inner product and length:

(@) (Qy) =x"Q"Qy=x"y and [Qx| =[x
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A norm iS d function . . C — R that assi ns a real—valued Ien th to a vector.
g g
Part one

A norm satisfies the following. For all vectors x, y and scalars o € C:

Part two

||X|| Z 07 and HXH =0 if and only if x = 0 Part three

Part five

[x +yll < lIx[[ + [yl (triangle inequality)
lox|| = [al x|
The following are common norms. The closed unit ball {x € C" : ||x|| < 1} are shown for

m = 2 and real vectors.

m
lzll, = D lail,
i=1

||$||2

m 1/2
(]
i=1

”m”oo 112%},’%':5:", —ﬁ

m 1/1’
fell, = (zw) (1<p<oo) —
=1

14 /127



MMAT 5320

Computational
Mathematics

Part one
Part two
Part three

Part five
Another type of useful norms are the weighted p-norms.

Given any norm || - ||, a weighted norm can be defined as
[Ix[lw = [[Wx|

where W can be any nonsingular matrix.
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Part one
Part two

Part three

Let Ac C™*". Let || - ||(n) and || - ||(m) be norms in C" and C™. The induced matrix norm of A Part five
is the smallest number C such that

H’4)<H(rn) < (:H)<H(n)

holds for all x € C".
The matrix norm of A is denoted by ||A||(m,n).-
Equivalently, the norm of A can be computed by

| AX]| (m
|Allmm = sup ™ = sup [ Ax||(m)
XE(C”, X#O HXH(n) XE(C”, ||X||(n):1
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Example: the 1-norm of a matrix

Let A€ C™", and consider the 1-norm for both C" and C™. We compute the 1-norm ||Al|1.

Writing A in terms of columns

a,

Consider the set {x € C" : ||x]|1 = 1}. Any x in this set satisfies
n n n

It =113 w3l < 3 bl laith < (a3l ) 32 bl = max
J= J= J=

This shows ||Al|1 < maxi<j<n ||aj]|1.
Let k be the index which attains the maxi<j<n ||aj||1. Then

|Aex |1 = ||lax|lr = fmax [EAIE
Thus,
|Alli = sup  ||Ax|l1 > ||Aex|]1 = max [|a;]1
x€C, ||x|l;=1 1<jsn
Hence

Al = max [l

The 1-norm of A is the " maximum column sum” of A.
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Cauchy-Schwarz and Holder inequalities

Computational

.1 1 ,
Let p, g satisfy — + — =1, with 1 < p, g < o0. Mathematics
P q

Part one

The Holder inequality is

Part two

X7yl < ixllp [yl bt three

Part five

The Cauchy-Schwarz inequality is the special case when p = g = 2

Xyl < lIxl2 llyll2

Example: 2-norm of an outer product

Let A= uv* € C"*" where u € C™ and v € C". We show ||A|]2 = ||u||2 ||v]|2-
For any 0 #£ x € C"

1Az = fuv™xl2 = [Jull2 |v" x| < {Jull2 [[v]]2[Ix]|2

So, [[All2 < [[u]2[[v]l2.
On the other hand, take x = v, we have

2
[Av]]2 = [luv"v]2 = [lul]2]|v]2
This shows 1Ax] 1AV
Xl||2 Vi0l2
[All2 = sup > = [Jull2 [|v][2
xeCn, x£0 ||x]|2 [ v][2
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Part one

Part two

In general, a matrix norm must satisfy the following conditions:

Part three

|A|| >0, and ||A||=0ifand only if A=0 Part five
A+ Bl < [|Al[+ B
Al = [af [[A]

One example is the Frobenius norm, which is not induced by a vector-norm. It is defined as
m n l
2\ 2
Al = (D° 3" lail?)
i=1 j=1

Note that, we have
|Al|F = /tr(A*A) = /tr(AA*)

where tr(B) is the trace of B defined as the sum of its diagonal entries.
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Theorem: Let A€ C™*". Let @ € C™*™ be unitary. Then Part one

Part two

|QA][2 = [[All2, and  [|QA[[F = ||AllF it

Part five

Note that ||Qy||2 = ||y||2 for all y. Thus

A A
1AL = sup W@z _ o o [IAx]2
xECN, x£0 HXH2 xECN, x#£0 HXH2

= [IAll2

For the Frobenius norm, we have

1QAIlF = Vtr(A*Q*QA) = /tr(A*A) = || Al|r

Remarks:

» The above results hold if @ € CP*™, p > m, is a rectangular matrix with orthonormal
columns

» Also hold if Q is multiplied on the right, and more generally, for rectangular @ with
orthonormal rows
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Lecture 4 - Singular value decomposition (SVD) sy 22
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Let A be an m x n matrix (m > n). We first present the reduced SVD: [Bamene ]
Part two
A — Ui V* Part three
Part five

where

N\

» 2 is an n X n diagonal matrix

N

» U is an m X n matrix with orthonormal columns

» V is an n X n matrix with orthonormal columns

Schematically
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Reca” that Computatio.nal
A A % Mathematics
A=UxV
Part one
Multiplying both sides by V/, we have Bart o
AV — UZ Part three
Schematically Part five
—- - — B - . u 0’1 -
02
vl v2 - e vn ®e .
A - ul U2 ®oo un
- aﬂ. -
L .
. 4 L i
Notice that, we have
AV_,':O'J'UJ', j:1,2,---,n
Definitions:
> o; are called singular values satisfying 01 > 02 > --- >0, >0

> v; are called right singular vectors, and u; are called left singular vectors
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Full SVD
We state the full SVD (without the assumption of m > n):
A=UxLV"
where

» U is an m X m unitary matrix

» V is an n X n unitary matrix

» 2 is an m X n diagonal real matrix
Schematically (for the case m > n):

J

A

Note that, the singular values satisfy
or>2022>-20,2>0

If A has rank r < p, then
or>002>---2>20,>0

MMAT 5320

Computational
Mathematics

Part two

Part three

Part five

23 /127



MMAT 5320

Lecture 5

Computational
Mathematics

Part one

An observation: every matrix is diagonal when using a correct basis.

Part two

Part three

Let Ac C™*" and A= UX V™. Let x € C". Consider the action of x under A: b = Ax. B i

We can represent the vector x € C" using the columns of V, namely
x = W

Note that x’ is the representation of x using the columns of V as basis.
Similarly, we can represent the vector b € C™ using the columns of U, namely

b= Ub
Note that b’ is the representation of b using the columns of U as basis.
We have
b=Ax < b=UIV'x < U'b=%V'x < b =3%x

Using the new basis, the action of A becomes the action of a diagonal matrix.
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We summarize some properties related to SVD. Let A€ C"*" and A= UX V™. Assume
rank(A) = r.

Part one

Part two

> r is equal to the number of non-zero singular values. Part three
Pf: The rank of a diagonal matrix is equal to the number of nonzero entries on the rarefve
diagonal.

> The space range(A) is spanned by the vectors {ui,- -, u,}.

» The space null(A) is spanned by the vectors {v,41, -+, Vn}.

> JAll2 = o1, and [|Alls = /o7 + -+ oF.
Pf: First, we have ||Al|2 = ||X||]2 = max{oj} = 01. Secondly, we have ||A||[r = ||X||r, which

gives the second property.

» The nonzero singular values of A are the square roots of the nonzero eigenvalues of A*A or
AA*,
Pf: Note that

A*A = (USV*)*(USV*) = VE' U USV* = V(Z*T)V*

The two matrices A*A and X*X have the same eigenvalues. The eigenvalues of X*% are

of,-,05 (p=min(m,n)). If n> p, the remaining eigenvalues of ¥*¥ are zero.
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Another representation of SVD

Let A€ C™" and A= UXV" be its SVD. Assume rank(A) = r < p = min(m, n).

Using rank(A) = r:

where X isr x r,and Uis mx rand V* is r X n.

The above is equivalent to
,
A= Z oj uj vj'
j=1

That is, A is a sum of rank one matrices.
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Part three

Part five
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Reca ” Part one

’ * Part two
A = E oj uj V_/ Part three
J=1

Part five

Let 0 < v < r. We define
A, = Z oj uj Vi’
j=1

Note that rank(A,) = v.
Theorem: Let 0 < v < r. We have

A= Ada=  inf A= Bl2=ouss
BeCmXn rank(B)<v

Interpretation: the matrix A, gives the best rank-v approximation of A.

Remark: similar result holds for the Frobenius norm.
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Recall the theorem: Let 0 < v < r. We have

A= A= inf  [|A= B2 =ovi

BeCmXn_rank(B)<v

Proof,
Assume there is a matrix B € C™*" such that

rank(B) <v, and ||[A—B| < o1
There is a space W C C" of dimension n — v such that
Bw =0, forallwe W
Then, for any w € W, we have

[Awll2 = [|(A = B)wl]2 < [[A = Bll2[|wll2 < ow1llwll2

Consider S = span{vi, -+ ,vy11}. Then S C C" has dimension v + 1, and for any s € S,
r v—+1
|As||2 > out1||s|l2, since As = Zaj ujvj's = Zoj ujvj's
=1 =1

Finally, we note that, since the sum of the dimensions of W and S is n+ 1, there must be a

nonzero vector lying in both W and S. This is a contradiction.
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