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55 .
2 Radon-Nikodyan Thm

Def (Absolute continuity) .

Leth be a measure on (X
,
M).

Let X be a measure/signed measure on (X, M).
We say that X is abs

.
Its wrt M if
w

EEM
, M(E) = o = X(E) = 0 .

We write M .

Def.. Say that X is concentrated on AEM
m

if X(E) = X(EMA) - EEM.

· Say that X
,
+ X2 if E disjoint A , BEM
w

such that X is concentrated on A
,

↑ is concentrated on B
.



Prop 5.3. Let M be a measure on (X , M)
Let X, X2 be measures/signed measures on (X, M).

Then the following hold :

(a) X is concentrated on ADM

=> I is concentrated on AEM

(b) X
,
+ 12 = (x , 1 + 12)

(c) X ,
+ H , x+ M => X , + x2 + M

(d) X, M ,
XM = N +12 M .

(e) & > M = MSM

(f) X
, S> M , NIH => N +X

(g) XSM ,
X + M = X = 0.

Pf of (9) : Since X + M
,
I disjoint A , BEM

for which X is concentrated on A
,

M is concentrated

on B.

Hence V EEM
,



X(E) = X(EMA) .

In the mean time
,

MJE1A) = M(ENA (B) = 0 .

Since XXM, X(EMA) = 0

Hence X(E)= X (EMA) = 0. El

Thm 5. 5 )Lebesque decomposition (
Let M be a 2-finite measure on (X, M).

Let X be a signed measure on (X , M1.

thenI a unique decomposition
X = Mac + As

such that XacKM and Xst M.

Thm 5..6 Radon-Nikodym Thm) .

Under the same assumptions in Thm 5. 5.

Suppose that XXM .



Then I a unique the L-SM) such that

X(E) = JEhdM ,
YEeM

.

Pf of Thm 5. 5 & Thm 5 . 6
.

Step 1. We first consider the case when
both M and X are finite measures.

Let P = M + X. Then P is a finite
measure. Next we introduce 1 : (2(p) -> R by

① N(0) = S & &x , v be[(9) .

By Cauchy-Schwartz inequality:

(x(0)) = ((adx)

(Spdx)
*

)( + &x)
*

/SP2dp)
Y

x(X)
*



= 114143
: x(X)
*

Hence /E (
*

(1)
"

Hence Eg-(
&

(P) such that

R) N(q) = Segdp, + E(p)
.

= SpdX

Taking Ye in 2) gives

x(xz) = Sx gdp = Segdp
=> (x= dx = X(E) .

That is
,

X(E) = SegdP, E-M

5

O(gdp=P 1, EEM .

This implies o(2) for P-ae X.



Suppose on the contrary that So such that

either DG > 1+s on a set D

With P(C)20.

or
@gs-3 on a set

& with P(2) >o
.

IfO holds
,

& S gdp Its leading to a contradictiona

If ② holds

· Sgd) -9 ,
a contradiction

Now by redefining g on a full set

we may assume

o g(x)[) ,
-xX

.

Then we define
* = (x : g( = [0 , 1)],
B = (x : g(x) = 1) .



Define for EEM ,

Xac(E) = X)ENA)

Xs(E) = X(ENB)
.

By definition , Nac is concentrated on A

Xs is concentrated on B
.

Recall that

Sedx = (pgdp, *(
=> Jogdx + SPgdM

We have

③ St(1-g)dx = Spgdp.

Taking Xp in ⑤ gives

Sp1-gdx = S, gdM



Hence 0 = M(B).

Recall that Xs is concentrated on B,

but M is concentrated on XIB

So Xs + M.

Next we prove Nac M.

To see this
, taking P = XE (1 + g+.. + g) in 3)

gives

SXz(H+ g+ ... + g) (1-g)dx =(Xz)n+ g+.+gh)gdM

xMS = (SA +Sis) Xz (H+ g+... +g4)(1-g)dx
= Sanz (1+ g +... + gn)(-g)dx
= SAME 1-ghtdX

-> SyEdx = X(EnA) = Nac(E)
as n+ w.



(RHS) =(Sx + (p)Xz(i+ g+ ... + gn)gdH
#0 Jane g:ght N
->JaneM asAt

=So M (since M(B) =0)

Hena

Xac(E) = Sedr, EEM .

set h=.
Then

Xac(E) = Sehdm
which implies 02 Nac(X) = Sy hdM,
Hence he (

*
(n) and

XaSEhdM = NacM .



Step 2 . Assume H is finite
,

i is a signed measure.

Define

* = t(x + (x)) ,
X = t)(x) - X) .

Then from the property that

N(E)1 < NICE)
,
EEM

We see that

x, X are two finite measures on (X, M).

Moreover x = X
*
- X.

We call the above decomposition the John decomposition
of X.

By Step 1,
* = Mai + Ast
X= Xai + X5

where NatSM ,
Xai < M , N , Xj + M.



Hence
x = Xt- x

-

=> (x - xac) + (x - xj)
Now

Xat-XacsaM ,
NS-X5 + M.

Step 3. Now consider the care that

M is 0-finite and X is a signed
measure.

Let EX;b b a partition of X such that

M(Xj) < 0.

Write

Mj = MX
,

xj = X(xj
(i . e. Mj(E) = M(EnXj) , XjCE) = xj(EnXj))

.



Then M; are finite mesures on (X
, M)

X are signed measures on (X
,
M).

Then Xj = Nac + X

Xa Mj

X + Mj

Then EhjEL
F

(Mjl sit

Xat) = SehjdMj
,
je , ....

Finally let

↳

XacFa
↓=

Then XacSM and As to M

Xac(E) = Szhdm ,



where

n= XX

Step 4. ) Uniqueness of the Leb
. decomposition)

N-w-finite measure

X a signed measure.

Suppose
x= X

,
+ Xz

=> x + X4

such that X
, X3 M

X2
, Xp + M .

Notice that X
,
-x> &M

But X1 - x = Xp - xz + M



By 181 of Prop5 .3
,

1 ,-x = 0

Hence
,
N= 14.

/Uniqueness part in R-N Thm.

suppose XXM and I hi
,

he (
=

(M)

such that

X(E)= Sehidn = SehndM
, FEEM

Hena

SehihudM = 0, EEM .

We need to show that hihz=o de.

If not, then 320 such that either

h - h2 > on a set B of positive
meas

or hi-hus-s on a set B of positive meas.



Shi-hndm = [M(B)

leading a contradition

%

Prop 5 .7. Let M be a signed measure on (X
,
M).

Let(M) denote the total variation of M.

Then the following hold :

D I he L
*

(1) such that Ih1=1 for Iiel-are

and

M(E) = Szhd(M) .

② I disjoint A
,
BEM such that

M
+

(E) = M(EnA) FEEM

H(E) = = M(EMB) ,
EEM

,

where M = ) (N) + M) , x= ((4)-M) .



③ If M = X ,
- X2 for two measures X, 12

thenM = M+, X2 N·
Pf

.

Since /(E) (IN(E) , MS/M
.

By the Radon-Nikodym Thm,

= he (
*

(1 xl) such that

M(E) = Sehd/M)
,

GEEM
.

First we prove that InlX1 for IH-are.

If not , then EEx0 such that

either h > Its on a set E With IMIE) >0

or hs-(Ha) on a Set E With /MI(E) 30

WLOG
, suppose the first case occurs.

H(E) = Send(m)(z) = (+3)(M)(E)
30,

which is impossible , because IMCE)/-(MI(E).



Next we show that Ihl = 1 for IH-are.

For >U < 1
,
define

Ar = Ex : 1h(x)))) .
Then if &Ej] is a partition of Ar,

then

IMCEj)) = (Send/M/)
- Se, h du
* Szjvd(M)
= r . (M) (Ei) .

Hena

IMCEj)) = v. (M/(E)
=

r . (M)) Arl



Taking supremum over [Ej) gives

(M( Ar) < r . (m)) Arl

=> (M)( Ar) = 0 .

so

(mX : 1h1s1]

= (m))A) (M) (An
= O,

Hence Ihl = Im)-aie .

So 191 IM)-are .

This completes the proof of D.



Next Set

A = [x = h(x) = 1)

B =(x = h(x) = - 1) .

Then

m(EA) = Senat dIM
= Sena + du)
=> IM//EnA)

,

D

M(E1B) = See h dIM/

=

SenEll dIM)
= (m) (E1B) ②

From this
,
we can check that

Mt = MIA and N = -Mis



Indeed luT(E) + 1)(M(E) + M(E))
=> E)luIENA) + (M)(ERB) + M(E +A) + M(EnB))
= 5)(M)(E1A) + M(EMA)
=> MCENA) .

Similarlyfice) = - MCERBI .

③. Suppose

Fi = X ,
- X2

,
where X
,
/2 are

measures.

We need to show that

Xz M
+

x2IM-

Notice by B, I A , B disjoint ,
Such that

NT(E) = M(EnA)
MYE) = - M(E1B) .



So

Mt(E) = M(EnA)
= X , (E1A) - X2(EnA)

XX
, (EnA)

X , (E) .

ri(E) = - M(EnB)

=> X(EnB) - X , (EnB)

& x(EnB)
& Xz(E) .

H


