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· Vitali convergence Thm
.

Def . (Unif . Integrability)

Let (fn) <L
*

(X,
M

,
M)

.
We say Ifu) is unif . integrable

if
① SupSIfuldi > 0.

N

② So
,
If 30 such that

SIfnIdM SS if EEM , MCE) <S
,

neN
E

Thm 4
. 27 ) Vitali Convergence Thm)

Let M(X) > D and fre (*(M)
,

n 21· Assume

① fa -f ae
.

② (fr) is uniformly integrable
.

then fn -> f in Em
,

i . e. (Ifrfld -0 .



Proof. Let [To . 18 so such that

SupS/fuldu >S if ME)8 . I

By Fatonhemma, if MCE) < 8
,
then

& Ifldn =Sel d

-> Selful di
SE

.

(2)

Since M(X/s0
,
fut face , by Egoror's Thm,

=> A-M with M(A) < 8 such that

fa = f on XA.

Hence EN-LT such that

Ifn(x) - f(x)) > if xeX/A ,
n = N

.



Now for n = N
,

Sifn-fldm = )Ifn-fIdu + ·Ifrfd
XA

- S . M(X(A) + SAIfn/dM
-Salf)dM

& [ . M(X) + 25 (byc and i)

Hence we obtain the desired result.

Al



Chap5 . Radon-Nikodym Thm.

5 5. 1 Signed measures ( ** )

Def . Let (X
,
M) be a measurable space.

↑ function M : / -> A is said to be

a signed measure if

M(E) = ZM(En) if (En) is

a partition of E, & EEM.

Jie .
EnEM

,
n = 1

,

are disjoint subsets of E
A

With UEn = E(
n= 1

Remark : 11) It is clear that M($) = 0

also IM(X) /sc .

Hence a measure M may be not a signed
Measure.



Ref .

Given a signed measure M on (X ,
M),

the total variation of M is defined by

(m) (E) : = SupCIMSEn)) :

(En) is a partition
,

as
VEEM.

Remark : (m/ (Ei) < /MI(E2) if E,
CEr

.

Prop5 . 1 If M is a signed measure on (X
,

M) ,
then its total variation (M) is a finite
measure on (X

,
M).

Pf. First notice that (M) (0) = 0 .

Next we prove that

IM/(E)= /M (Enl if (En) is a partition
of E.



Let us first prove the countable sub-additivity.

INIE) /M (En) if (Er) is a partition
of E .

Let (Ar) be a partition of E.

IMSAR)l=MAR

-ED/MJAmEl

= MLAl

(m))En)

Taking supremum over all partitions (Ar) of E gives

(m/(E) (MI (En).



Next we prove

IMICE)= /M/(En)
,

o a partition
(En) of E

clearly if (M) (En) = 0 for somen
,
then

IMICE) = (m/ (En) =n ,so the inequality
holds

Now we assume that (M/ (En) so for all n.

Then for each n, a partition (ER) of En
Such that

In)(En) = ((M(E1)) + 2%
Hence

/En)(ME) + 2

(Notice (En Piner
,

limes a partition of E)
Hence /M/(En) - (M(E) + 2 .



We obtain

(m) (En) 1 (MICE) .

Since [co is arbitrary .

Next we show that (M) (X) < 0·

We need the following.

Lem 5 .
2. If /M/) E) = 0 for some EEM,

then E A
,
BEM

,
AUB=E

,
A

,
B are djoint

,

such that

(M(A)) ,
(M(B)) = 1 and (M/)A) = 0

.

We postpone the proof of Lem5 .
2 Until we

complete the proof of Prop5. 1.

Now suppose on the contrary that



(m) ( X) = 0.

Then by Lem 5 . 2
,

we can find a partition
SA1 , BIS of X

such that

(M(A , ) ( = 1
, (M (Bis / = 1

, (M))All = 0
.

F
Using Lem 5:2 again ,

we can find a partition
EA2 , B23 of A,

Such that

IM(A2))
,
(M (B2)) = 1

, (M)(A2) = 00
.

Continuing this process ,
we can find a

sequence of (Bn) such that



they are disjoint ,
and

(M(Bn) / =1, n.

Now take B= Br. Then

H(B)= M(Bn)

However
,

the series in the RHS diverges since

Im(Bull +> 0.

It leads to a contradiction . Al

Of of Lem 5 . 2
. Let t > o.

Since (M/ (E) = 0, a partition (En) of E

such that

(M(En)/ > t.

I a large NT such that



InCEn)/ it .

We rearrange the sets En sud that

M(E1)
,

"

,
M(Em) < o

and

r(Em+1)
,

. . .

,
In (EN) 20

Hence
/MCEi +... + M(Emi) + /En(Em+1)+ + MCEN)

= /M(En))2t

WLOG
,

we assume that

1 M(El) + . .. + M(Em)) > +.

Then take A = E, U . . . . Em

B = E)A .

clearly/M(A) /:2,

(M (B) 1 = 1 M(E) - M(A)) = M(A)) - IM(E))



= E-INCE)/
Take a large t such that

E - IMCE)/ > 1
.

Then

(M(A))
,
Im(B)) > 1

.

Notice that

x= ( M/(E) = (M)(A) + (m/(B)

So one of (M)(A) ,
(M)(B) is 00.

#l



Prop 5. 3. Let (X
,
M

,
M) be a measure space.

Let fe (
*

(H) . Define
· XE) = Sefan ,

EEM
.

Then O X is a signed measure on (X
,
M).

② The total Variation IX) of X satisfies

M(E) = SelfIdM ,
EEM

.

pf . Clearly X : M-1 is well-defined.

Let EEM and (En) be a partition of E.
Then Xe = lim XE

By the Dominated Convergence Thm,

Sefai = SXef du

I= lime
= Im Serfan



That is,

X(E)=im
= X(ER)

Hence X is a signed measure on (X, M).

This proves (1)
.

Next we prove (2) ,
i . e.

WI(E) = SelfIdN ,
EEM

.

Let EEM
. Let (En) be a partition of E

Then

Ix(E= Senfan/
Senfld

Taking supremum over all partitions (En) of E



gives

|x/(E) Sen Ifldi = )Ifldn
E

There wet ed (*) in which

On the other hand , let

we replacef boy1f)

A = EXE : f(x = 03 ,

B = (x+E : f(x)s0]
.

clearly &A , By is a partition of E.

(x(A)) = 1 Satan
- SxIfIdM

| x(B)1 = 1 Si & dnl
= /Si(f)dm/
= Sp(f)dH
= Si1f)dM



So

((A)) + (x(B)) = Sq(f)du
+ SisIf/dr

=> S(Xx +XB)(f)du

= SXz(f)dM
= SelfdM

Since

#(E) = (x(A)1 + /XCBs) (Since &A , BS
is a partition
ofE

we obtain

|x(E) SEIfIdM
.

#D


