RC&Q Ana'ljsfs 25 -2

o Vitals Convergena Thm.
Def . (Unif. Inteqrability)
et (f2) © LOuMK). We say (fa) is unif. integraka
! 0 S:I“f [l dpp < o0
® V£, I §> sudh that

J £ du < € ?F EeM, W(E)<S, neN.
E

Thm 427 ( Vitals Conbersens Thm)
let M(X) <o and {3.\6 Li(p), 2l Assume
o fu—f ae
® (£ is unifermly imtesreble
T Fo— £ Lo | e flﬂrﬂ di > o



ProoF_ let >0, 3 § >0 Such that

Su | d 3 ‘ E
hP‘YEHZI M < - }L()<S‘ (1)

By Foatou lemmea |\]£ }L(E)<gj than

S 1dn = [ tin fR 4

$ w
o r:ISEV.I dp
< s, (2)

SML& H(X)( 00) Fn—% ‘F Q.Q_} by Ejorov's TLM)
I AeM with HA)<§  Sud thet
'Fn = {3 on X\/‘\.

HEMQ | N € IN"  Sudn that
Ifn(X)~F(><)[<£ f‘f xeX\/-\)yp,N_



NDW ‘Po\r n=> Nﬂ/

JJFn-Fl du = jtﬂ—ﬂam + ftfﬁcm
X\A A

< g X\ f, 16l di

"*f/* 1£1 dm

L Z ‘ M(X\ +2< (by W av»d@.))

Hene we  eobtoin thae OLQSL\V\QJ Ve&w[t.
4



CMF 5. Rado.,. - N\‘hod\,)/m Thm
§ 5.1 Sn‘gned measures < ’1?% “/Q'l[‘%)'

Dee. Let (X)M) be a meayurable sf’%e,
A Fund‘.bn H )\'( — R s Sa,:,al %o be
0 SianeJ measure sz
o \
HEI= = ME) IF (B
o POWH‘HohojLEI ¥ EeM.
(,\e. EneM, n>t ore OtiSJ\o[vt’c Subsets °£ E
w)TL\ &}:lEh = E )

Remw/k,: () It C,eqv Thal M(QS) =0

G,tso ‘H(X)\(m

Heh& A Meanyr t" movy be nol GO Sl\amd
Meoyuve. .



D_GE, Griven a Sl‘anEJ meanure M Oh <X) M)
‘t‘m total Vanation e£ M ] &efihecl EL\I
|M| (B):= Su’){ n;l /M(Eh)j.'
(En) s O davh'tin
e
vV Ee M. )

Remerk s [M[(B) ¢ || (B) if BEcE
Pml: 50 If M s O Signed Measuure on <X/M)

t)mn 1ts ‘tOT“L \Iav\'ouﬂw\ PL' R ]@n‘m‘{‘a
WMeonure ©Oh (X)M)

PF- Fird notl@ That |M| () = o.
Next  we Pwue that

'M,(E): Vi ‘MI <Ea) ‘\](— (En) 5 0 va)\ﬁ?ém
4 E



let ws {P»‘NT prove the Countable sulo-adol,c{-cvcv.
(W)
l“l(E) S WZ_._‘ !Ml (Eu) l\i- (Eh) 5 O Favﬁhé,,\
oj_ E.

let  (Ar) be a PowH*om of £
> [k = & |

(0S)
= ( Ae En)

<5 2 A

> R=] h=| lMC R‘(\Eh)‘
(6N )

- Z 2 IH(AhﬂEm)

h=1 =1

Q
¢ = [u](E)

kan‘a sufbemu,w\ over o] PMA"'\HM& CAR) 01 E Fuey

WEs & M8,

h=




Next we [bwwe
V9]

[1[CE) = nz-| Ml (E,,)/ ¢ o th‘hm
(En) of E
Cleawlj i M| (En) =% ‘Fov\ Soma n than
lML(E) = IHICE.\) =& , So tha, tD\Q7mL)1‘]
hOLols
Now We Gssumg Thaf ‘M, (En) < X Fo"‘ a’“ .
o R
TLM \QOV‘ each uy 3 o F‘thlon (En)h o)( [_:,‘
Swch that

lMl(En) S Rzi:: {M(Enk)

~h
)+ e

. ) s

(Nome Q;:‘) 15 lawhHoq of E>

[Sh<w (sR<w

Hents. %lv[(eh) < [M(E)te

Hen(-l

5>
h=

n=| R=

‘Ml(En) S (f ;Z“l ’NLEE\)



We obtam
o
> ] (€ < [1|cE),

Stk 8 >0 18 owbitrary,

Next we show That {Ml (X) <00
We need tha ]C’Oﬂowu‘vg.

Lem 52 If [m|(E) =2 for soma EeM
thn 3 A,BEM RUB=E,6 A, B ore djoid
Swoh thet

[R(A], [R@] 21 and K] (A) =00,

We [aosJ( Fone The. ?‘1‘00¥ °§ Lem £r Wntil we
ComPlﬁTQ The \?“\0"% 0? ProtJ Sl

Now suppose o tha cnnJvmrj That



[u[(X) = 0. '
Thon by lem 52, we can FMJ o rwiw‘hw.
SR, B S ¢ X
Sudh that
[k(A)] 21, w8 ] =L (A=

Usng Lem §2 05 we can £ind Powh‘hv;.
f A, Bo§ of A
Swdh Thet
[RCAD | M(BY] 21 k| (A) =
Conh‘nwkg Tty process,  we Can PM a
Juna of  (Bn) vudn thet



‘tl«.tj ave d,{,\o\jbmt, and
I/H(‘Bn)}zls Y+ h.

Now Fake B: %I Bn_ Then

6
4(B) = = M(Bn)
Howerer, the Seaves 1h the RHS diVerges Sinw.
[w(Bn)| -5 o
T+ leads to o Contraduvction, 7

Pf of Llem §.2.  Let t>o0.

Since tM'(E) = oo 4 a Pavﬁ'ho‘n (Eh) of &
Sudp that
n;l (H(Eh)

ﬂ Q ICWSQ N such 'H\«,T

>t




>t

N
> | n(En
n=i

We re armn&e the Sets En Sud thJ‘

R(E), -+, H(Em) <o
ohd
L(Bmt), - (BN) 20

Hena

| MBI+t HCEm)] + ) R Emt)) ot HLEM]
N
_ ;;__l( M(ED| >t

WLeG, We 04%wme That

| k(B tr(Em | >

The teke A= E0-UE.

(k@ | = | (@) -kiw| = (- o)



> L e

Take 0 Im«ae t S\h(JLI ‘Hv»t

%“‘M(E)] >

Tha
MM (| =1

Nofice thet
o= [W[(E) =M (M)t [1](B)
So one of |i|(A) |H|(B) 5 o0

v



Prop 53 Let (X, M, K) be o measure Spus.
let fe L'(w).  Defina

L JEQ dn, Ee M.

Then ® A 15 O ngned Meapwik  0n (X)M)'
&) The total Vanatisn ’X‘ 0£ A S’ah\sr‘%

|Al (B)= fEHZI dM, EeM.

P{f Clewvly A M- |R 3 (ue“—nlﬂ{luiud_
let E€EM  and (En) be o Iﬁmvh\h\on 05_ E
Thn  Je = l,,{i‘;“bo E, %sk
B)/ +he Dom?nw+ec\ ConUerseMx TLW\/

fEP‘“‘: f Ve f d
n- vo I R

‘ h
[lz-v;"w %‘I «S’ER{: OlM

M=

I



That ,

h
ME) = I i B
= F MEw).

Hene A is @ S?gneol Meanuve 6w (X) M)_
Tm )Dmues (|)

Next we prove (2), ie.
ACE) = fE |£1du, Ee M.

let E€M.  Let (En) be o pohion of £

74
=T
—z| 4™%| 33



2] (B) < ff [£] du = flmp

(hewe w%«[ &) 1 whda

Ho other hand ot we i £ 1y1%)
A= % xeE+ foo o,
= {xeE: fw<o |

clmvl) $A, B} 13 o Paviihin o E.

Ml =1 f fan]
= L\ [§1 dn
AE] = | fp ¢ du]
= | [R€) dn]

- JB $)du
= . 15| dn



So
WA)I + | M) = V(A [£1 oln

+ §o 5L dn

= { @y +m) 15 4

:S Y 1Ll

— 55 l&t dM
Sin®

N(E) > [Mwlt]rw)| <$.‘u.e o
(3 o pahibes

we obtain 4 & )

NGOERMNEETS
7]



