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.

The dual space of Lsu)
,
1PSU.

Let 1 P > D· Take 131 such that

++ = 1
.

Let ge (*(m) . Define Ng : LH) -> 1 by

(*) Ng(f) = Sfgdm, f-((u).

By the Holder inequality

SIfgIdn /Ifllp : 11911a > o

Hence Ng is well-defined ,
and it is a bounded

Linear functional on LSM).

11 Ngll =Su(g(f) sup 1)fE(P(x)
IIfllp = 1 11 fllp = /

= 11811a
.



Define

(h) " = & bdd Linear functionals on LCMS 3 .

Fact : IINgll = 11911g, ge [E(M)·

To prove the equality .

We need to show E feLi(u)
with Ilfllp to such that

(Ng(f)) = Ifllp · 11911a.

Now we take

f = 19/g =) if goto
Notice that

Sift an = /(g) Pan = /191an so

HenceDigpm) = 19



Ng(f) = )gfdM
= J g . 191gdn = / 1917 di
= 119111111111

= 118119 · 118(2= ((p)
= 118119 · 11 fllp

Hence IINgll = 118lls and so

IINgll = 118119.

Remark : Let # : (() -> L()"be given
by

& (8) = Ng
,

87 (EM)

ThenO is norm preserving. So



& is injective. (If E(x) = ↑(3)
,

then (x - y) = 0
.

= 0 = 114(-3)/)
= (lX-y/lq

=> X = y
. )

Thm 4
.

17. Let Ksw.

Let 1- Li(M)"
.

Then I a unique
ge [E(u) such that

X = Ng .

(Hence (cm)" L
*

(1)



The proof of the above theorem depends on

the uniform convexity of (SM).

Def JUnif . Convexity)
.

A normedvector space X
is said to

be uniform convex if Foss) ,

= Oso such that for <
,
YEX

11211411 =1 and 11X-y1123 => 1/11P10

Example : IR with the standard norm

is unit convex.

&



Example : Any Hilbert space (including 1
with the standard

norm)

is unif .
convex

Because 11 X+ y(1 + 11x- y(1= 2)1IXIF+ 11314)

(check <X+y
,

X+y) + (x-y
,

X-Y)

= 2(ax ,
x) + <y,x)

Thm 4.
18

. Li(N)
,
KP>1 ,

is unif .
convex

.

Prop 4. 19) Clarkson's inequality) .

Let KsO ,
f , ge L(M). Then

① If p.2
,

we have

11all" + 11E
!
" (1If"+ 11811)



② If PE (1 , 2)
,

then

Ilf+211 + 11f-g/2)lIfI + 11911)
*

where + = 1.

~son inequality Li (M) is unit cour

· f
,
ge(m)

,
Ifllp = 11811p = 1

.

If =2,

1111
So if Ilf-g/1p > S

,

then

-l



If PE (1 ,
2)

,

then

11f+ gllp
*
+ 11f-g11p

*
-> 2 . (2)

%
= 27

If llf-811p >S ,
then

11Stallp (22- a
* )
*
2

S2(1 a)
for some 030 .

#

Itof Darkson's inequality in the case P22 :

11f8l" + 11* fll" + 11811,")
,

L

f f ,
87 ((M)

.

It is enough to prove



VX , YEIR,

#y + 1" < = (x| + (3()

clearly the above inequality holds if x= y = 0

or one of them is zero

of E
To show the general case when X

,
y Fo and (x | =(4)

:

= (x)
·

dividing I/P to the both sides of the inequality
and letting z = , , we have

(z)" + (()" - = (1+ zP)
,
forEs

To prove the
above inequality,

let

g(z) = (12)+ (E) - -(1 + zi)
.

Then g(0) = 2 .(*- 30

g(1) = 0

So to show that g(2) Do on 10, 11,
it is enough to show that G'(2) 20 on 10 , 11



Taking derivative toa gives

g'(z) = p)() - p(t)" +

- -pzP-

=* ) (** - (E) - z
*

)
Notice that # + z

But (x+ y)*+= X
**

+ yPt (since P-21)
for all X

, y = 0.

& equivalent to (1+ 2)
"

= 1 + z
**

(
Hence g(z) 10 on 10 , 11 and we are done.



Thm 4 .
20 . Let X be a unif - convex Banach space.

Let X ,
be a closed subspace of X.
-
linear

Let XotX/XI. Thena a unique zeX,
such that

11Xo- z1l = infS11Xo = 311 : YEX1)

·y,
Proof : Write

d = infS11xo-311 : YEX1]
.

We can choose (Yn) EX , such that



him 11 Yn-Xol=

We claim that do
.

Otherwise Yn - Xo as new

But since (In) < X ,
and X ,

is closed
,

so yo XI,
which leads to a contraction as EX1.

Notice that

linsup/ / =

and

limin p+ /

=Limin(
= lim vol (notice X)
=. d = 2



Hence We obtain

lim/ = 1

By the unif- convexty of X ,
we have

lim/ =

which implies

lim()
ii e.

himm mell Yn-ym/l = 0

So XXnIn is a Cauchy sequence in X.

Hence I ZEX such that Yn-z as new

Since (Yn) <X ,
and X ,

is closed
,
zEXI.



Now

1lz- Xoll = lim 11 In-Xoll =d

Suppose I another ZEX ,
so that

11 z -Xoll = d
.

Notice that llE-z'll = 330
. By the unif convexity

of X

1s
=>ll -Xoll > d

which is impossible ,
since EEX

,
so

11 E* - voll =d .

#



Lemma A : Let 1 : X- R be a linear

functional on a vector space X.

Suppose NCo) #0 for some CoEX.

Then 8 X = X,

X- . XEkr,

where her 1 = \ytX : My = 0 %.

Pf . N(x-x)
=> NX-x
= O

#l



Lemmab
. Let N

,
N: X-> RR

be linearly functionals on a vector

space X . Suppose 10 ,
and

Rer (N , ) > Ker /.

Then I CERR such that

N = < X.

Pf . Since N*O
,
I XoEX such that

N (x0) # 0
.

By Lemma A , any vector x= X

is a linear combination of so and

an element in ker N.

Let=
set g = N = c /

.



Then g(xo) = 1
, (xo) - CN(X0)

= NCXo)- X(x0)

= 0

and g(y) = 0 for ye her /

( YEkern = Yeker (1)
Henc

g(y) = n(3) -

cN(y)A

= 0

But XI X # Y for some Yeker (N)

Hence

g(x)= g(x) + g(y)

= 0

= g = 0 = N = C.
#



#hm4. 17 Let 1 P >r
.

Let NE LM) '
,
then EgeCri

such that 1 = Ag .

#fof Thm 4 .
17 :

If X ((m)'with N = 0·

Then we can take g= 0.

Next assume NE L"(MI"
,
Ato

.

Hence E fit (
*

(M) such that

X(fi) 0
.

Notice that

Rer1 = (f- (i(m) = Nf = 0 )
is a closed linear subspace of L (M).

SinceL(M) is unif .
convex

, by thm 4.

19,

I a unique
Got Rev1 such that

11 to-f . llp = inf & llf-fillp : feRer(N)



This implies that for any - > Ger(N),

q(H) = 11 Go + + f - fill,
= S1ho ++f-fil"dm

gets minimized at t= 0.

Claim : 4 : /R-IR is differentiable
over 12 With

Y = ) 1 ho ++f - filThitf-f) of
dM.

Exer
. Prove the above claim.

Hint : =latbatbt) -
- a

,
bEIR

,
WEIR

.

② Use the Dominated Convergenc Thm ,



Now Since & is diff on I

andI takes the minimum at t = o
,

This implies

P() = 0

But Go = /140-fil
*

Tho-fi) f &N
= /gfdn = 0

.

Next we define

g = 190-f , /P (Go-fi) .

Then

S1gan =Stho-f , (D)
=

d M

= S1ho-fil "an >



So ge Li().

Since hotf
, (Ilho-fillp 20)

we have 119119 50 .

Recall that

Sqfdm =o feker/.

Hence

Rer1 [ Ker Nag
Since NEO

, by Lemma,

= I such that



Ng = c A

Hence 1 = * Ng = Neg .
H


