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33 .
4 Hausdorff measures.

Def (Hausdorff , 1918)

Let A /"
,
60

,
Seto

, 01
, define

H5(A) = inf& Ail : At Ai ,
lAiKS).

There(Ail := diam (Ai)
and

HS(A) = lim HSA) = suPHA
) Using the fact HSA) HSA)

as 8 X0)
We call JA) the S-dimensional Hausdorff measure

of A
.

Thm 3
. 7.

(a) If is a Borel measure on IR" for each 20.

(b) Suppose H(A) > O
,

then I a Borelset B

such that BJA and

HSB) = H(A)
.

(C) For any open set GER",



H(G) = supEH(K) : 4 compact, KIGS
.

(d) If A is a Borel set with JA) so,

then &90
,
I compact KEA such that

HS(A(k) SS
.

Pf
.

(a) .
First we show that J is an outer measure.

This is clear since JS is generated by a

gange) Bg
,

1 : 1)
,

where

Rs = &AtI" : diam (A) < 5).
We claim thatJ is also an outer measure.

clearly ,
25(6) = lim f(x) =0

Next for A t Ai
,
then

HSCA) HsAi
H(Ai).

Lettry to gives HCA) IHSAi).
Hence H is an outer measure.



Next we show that I is a metric outer measure.

To see this
,
let A

,
BER"with d(A , B) > 0

.

TakeofB)
·

suppose AUB I G With Krks .

Write A = 56 : <1A-0)

B = 56 = (1B + %)
.

Since Kjks,
d(A ,

B) > 48
,

so no b intersects

both A and B
.

Ge P

&
HenceMr 15+ 151

Notice that UC > A
, USEA

Soul = HSA) + Hs(B)



Taking infimum over the covers [C] of AUB gives

HSSAUB) = HOSA) + HiCB)
·

So

HS CAUB) = HSCA) + Hs(B)
.

Letting 8 to gives

H(AUB) = HSA) + He(B).

Hence It is a metric outer measure
.

So it is a Borel measure

This proves (a) .

Now we prove (b) : If HSA) 30
,
then I a Borel BC A

with H(B) =H(A) .

Notice that for 80
, Hg(A) -HCA) > O.

Moreover for CER" ,
IC = 151

,

where

T denotes the closure of C.

Hence for any integer R30, by definition ,

we can

find [C, such that Ge are closed sets,
/



1st
,

and At C ,
moreover

& IHA

Define Bp= C
,

then Bi is Bowl ,

and At BK
.

Let B=MBr ,

then B is Bowl
,
BA

Notice that for each REN,

H()H(B)
>
-> H'(A) + /2

Letting R+ 10 gives

H(B) H5(A)
,

and so H(B) = &(A)
.

This proves (b).



(3) For open GCIR",

# H5(G) = supEH(K) : K compact, KIG) .

To prove () ,

it suffices to show that

= a sequence of compact sets (Kj) such that

KjYG
Sie. Kit Kj and G =)

Then H(G) = /im HSKj) by the cty of measure.

Now we construct such Kj as follows :

kj = (x 1 : d(x , 4925g 1x145]
.

A direct further check shows that Kj * G .



(d) If HA) SO
,
A is Bonel

,

then 230 ,

=> compact KIA so that

H(A)k)< ·

Actually this is a general property for all

Borel measures on I"
.

You are referred to

& Evans-Gariepy1 Lem1 . 1 (i)
,
P

.

6
.

Prop 3
.
8. Let All". Then

(1) HSTA) = HSA) if T is a Euclidean

motition (i. e. Tx = U + b,

where W is an orthogonal

transformation) .

() H(xA) = XHA)
,

- X20
·



Prop 3
. 9. Let At I". Then

(1) (99A) = o
,
if sin

4) If HSA) so
,

then HEAD = 0 if t>s
.

(3) If H(A) 30
,

then Ht(A) = 0 if tas.

Let S > n.

Pf .

(1) We prove that H1R") = 0.

Notice that IR" is the countable union.

W (50 ,
17"+ z)

ze
m

It is enough to show that

H ([0, 17") =0
. (**)

Notice that for REN,
50 , 17 " can be covered by

↳"many subcubes of side Y

Each such subcube is of diameter



Hence

jgry (10 ,14 R (E)
= (n)s ·

+>

-> o as k+ 0

It follows that I (50, 17") = 0.

(b) If HSA) > O then HA) = 0 If tas .

Assume ECS. Let 80 .

Then we can

find a S-cover &C of A such that

= HS(A)

Then=KiPI
-> gts. kil
= (HSSA)+1 ) · gt-s



5

HCA)< (HSCA) + 1) . St-s

- (HEA) + 1) Sts

Letting 80 gives

-----------
HSA) x

+-

-



props .

10
·

(a) 29" is the counting measure on IR"

(b) H
*

=2 on IR.

( J
"

= < (n) . Gon RR"
,

where

((n) is a positive constant.

Pf .

(a) follows from the definition.

(b) follows from the fact that

if At IR, and 5Gb is a cover of A,

then S[ai , bil] is also a cover of A

where ai = inf (i
,

bi = sup (

and [lCil
*

= 2/bi-ail .
This property implies that H = 2

, using
the fact

L
*

(A) = inf)[bi-ail : Attai, bit,
bi - ai > s]
- S30 .



(3) Since J
*

is a translation invariant Bore(

measure
,

so I ((n) such that

je = (n) J

To see that C(n) is a positive number, it is

enough to show that

· > &"(to , 11") so
.

By dividery [0 .
11" into R"many subcubes of

side to gives

H/([0 , 174) -E(
(n)"

Letting k+ wo gives

r"(to ,
17h) = frn)"



Next we estimate the lower found of" (50, 17")

Let [Cib be a S-cover of To, 11"

For each i
,

let Bi be a ball of radius diam(
and so that Bi Ci

⑨
Then

& Kil =I /Bil
=d2(Bi)

= du 2" · ((to- 1")
= In 2



Hence

H(to , 12") = dr - 2"30

=>H (to , 1") > 0
.

H

5 3 . 5
. Hausdorff dimension .

Def .

Let AIR" Define

dim A = supds20 : HA) >03
= inf 5520 : HA) = 03

We call it the Hausdorff dimension.

Facts :11) If ALB
,
then dimnA < dimp B

2) If A = A with A
,
Ai being

Borel
,
then

dim,
A = sup dim Ap



Def . A function f : A[IR"- > IR" is said to

be Holder continuous with exponent 2 if
=> M To such that

(***) (f(x) - f(z) -> M . (x - y) &
for all , ye A.

If Gil, then we call f is Lipschitz continuous.

Prop 3
. 11 . Let f : AZI"-R"be Holder Its

with exponent 2 ,

and const M as in (*** ).

Then for Sz0,

jk(f(A) - MS . HSA)
.

As a consequence, dimpf(A) <dimpA/Q ·



Let S = 0
.

Pf .

Let 870
,

Let 920.

Pick a S-cover [Cj3 of A such that

= /SP = HS(N) + S

Then If()1 < M . /G1 by the

Holder cty assumption on f.

Hena

E Hi M*151p
= IMP . (1

-> Mk . (Hs(A) + 1)
But (f(c)is a M . 8-cover

of f(A) .



Hence Sin

&
n.s
(f(A) < M
*(HS(A) +2) ·

LettingSto,
then lettingto, gives

G(f(Al) - M H'(A)
.

#

Exampled : Let f : [0, 11 + R be a Lipschitz-function
withLip Constant M

.

That is,

(f(x - f(z)) - M(x - y)
,

y x
, ye [0 ,

11
.

Let Gf = &(x ,
f(x)) : xE [0 ,1) [IR?

Then

14
*

(Gy) NH
so dimpGf = 1.



Pf .
Define 9 : To , 17 - > Gf [12 by

X + (x , f(x)) .

Then

(g(x) - g(z)) =NT+(fxf()

-> /X-31
.

Applying Prop 3
. 11

,

& (g(50 , 17) - (i)* H +

(t0, 17)
=> H*)Gf) M :

To see the other direction
,
notice that

g" : G2 -> 50, 17
,
(x

, f(x) ++> X
.

Then 1g(us-gicril- > /U-U) , u
, vE G)

scheck it !)
Hence by Prop 3 . 11

, (letting S = 1
,
G= )



G (g+

(Gy)) = - - H
*

(Gf)

that is
,

1 = 2
*

(50 , 17) -> H
*

(Gg) .
#

Example 2
. Let C be the middle-third

Cantor set .

Find dimp)

O 1

&

solution : -

- - basic interval

of order 1

+ # HH basic interval

↑ of order 2

length (5)2

---------

From the construction of C
,

we see that for any new,

C can be covered by 2" many basic intervals of ordern

Each such interval has length 3-h

Hence Hn() - 20 · (z-1-n



= 2n (1
- s . (log 3/10gh))

.

Letting s = logz/lo3 gives

glosllog()
=> glog/logs (C) XI .

We claim that H10slogs (C) > 0·

(Outline) : Let Me be the Cantor measure,

i . e . M is a prob measure supported on C

such that M(I) = 2 for any basic interval
I of order n.

Notice that any interval Ja ,
b 1 with lengthen

between3 and 52 intersects at most 2

basic intervals of order m. ab

-1

- H

zin 3
- 4

Hence M([a,b1) 2 . 2" = 23
* 102/g3)n

10gt/103
= 2 . (54)



& 2 . (g(b -a))1423

It follows that I a constant so such that

log2/10g3·
M([a ,bz) d.a)

(****)

Let(Ai] be a Socover of C.

Let ai = inf Ai , bi = sup Ai

Then Stai , bit ( is a socover of
with I lAil= bi-ail

Let S = log2/1093 ·

Then

Flip = Elbi-ails

2 M([ai,bi1)using ****)

= (C) 2

Hence HS(C) 2 ,
↓ So

Letting 8 to gives It'(C) = 30.
.


