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Chap 3 Lebesque measures and Hausdorff measures.

33 . 1 Lebesque measures on IR"

Let R=T
;
[di

,
bil be a closed rectangles in I".

Let IRI denote the volume of R
,

i.e. IRI = #
; (bi - ai).

A cube in As" is a rectangle R such that bj-aj are the same.

Def. The n-dim Lebesque measure on IR" is defined by

↓ (E) = inf(ZIRil : URiPE ,
Ri closed cubes]

· L" is generated by the garge (9 , 10)
,

where

R is the collection of closed cubes in RRY
,
IRI is the volume

of R.



Facts and remarks :

① Equivalently

L(E) = inf &IRil : EIURi ,
Ri open cubes) ·

② 830
,

↓ (E) = ing [Ril : ECURi ,

Ri closed cubes

of diameter 15
③ L" is a metric outer measure

,
so it is a Bowel measure.

① L
"

(R) = IRI for each cube R.

⑤ Every set in Rh is outer regular (wrt. 2)

⑧ Every measure set is inner regular.

& The 5-algebra of measurable sets in the completion
of the Bovel r-algebra.

⑧ L is translation invariant
,

i.e. LCE + x) = LCE)
,

- EZIR"
,
EX-RR".

⑨ For any Borel measure M on R
, if M is

translation invariant on IR"
,
then M = C . L " for

Some C
.



Alternatively , Lebesque measure can beoconstructed using
Riess representation Thm.

To see this
,

we define an operator & on CCIR") by

↓ (f) = Sfdx ,
f + G(Y

↑

( Riemann integral via Darboux sum

#lif(xi).)
· L(f) is well-defined (anyfEC(I") is

Riemann integrable

·I is linear

·L is positive .

Hence L is a positive Linear functional over

((I")
.



By Riesz representation Thm,
I a Borel measure HR

on R" such that Mr is finite on compact sets
and

2(f) = SfdMR
use

Leb , integration.

Prop 3 . 1 Mp = L

Pf .

We first prove that Mp is translation invariant.

Let G be open in IR"
,

let fe CLIR") such that

f >.

Let XofIRY
, define &(x) = f(x +Xo)

·

It is direct

to see that

g < G = Xo
.

Moreover(using the def of R
.

E. )

(fax = (gdx
G - Xo



Hence ((f) = (19)
,

so

I(G) = MCG-Xol . Jusig Mal = sup <3)
Using the outer regularity of Mr , we see that

Pr(E) = Mr(E-Xo) for any EIR"

Hence Mr is translation invariant.

Therefore
Mr = C . & for some D = 0.

Next we prove C = 1.

Let Ro = (0 , 1)"
,

let Ra = (9 ,
1-2)
for osS [

For Eas fs Ro
,

Mm( Ro) = <(f) = (fdx = 12) = ( -29)"
) because fl on Re

and f = 0 (

Lettingto gives Mm) Ro) [1.



However for any fsRo,

(fdx = Spofdx < /Rol J f
is supporteda

and fal)
Hence

HR(Rol = supS((f) : f > Rob < /Rol = 1

Therefore Nr(Rol = 1 = <
"

(Rol => C = 1.

H
.

Prop .

3
.

2 Let T : RR"-1" be a linear transformation
ThenE a constant &(T) EIR such that

2 (TE) = & (T)G(E)
,
- EEIR"

Furthermore OCT) = 1 if T is a rotation or

a reflection .

Pf
. Define

M(E) = 2"(TE)
,
EE IR"

.

Clearly M is an outer measure on IR" .



Next we assume T is non-singular. Notice that

for X
, y -RR",

x -y = + (TX - Ty)
Hence

11 X-yll /It'll : 11 +X-Tyll

) Hall=Fut
for a = (a , . . anl)

It implies (ITX-T3112Tyllx-311
-

Hence for A
, BIR

"

& (A , B) > 0 = d(TA , TB) > o

It implies that He is a metric outer measure.

(Recel M(E) = L(TE)

Therefore M = C. L for some constant.

Next assume T is singular , then TRR") is

contained in a hyplane of R" so,



↓ (T(1") = 0. Then M = 0

In the case that T is a rotation or a reflection,
then

B = T(B) where B is the unit ball centered

at the origin.

So M(B) = 2(TB) = 2 (B) = C = 1
.

Ell

53 . 1 Lebesque measure on IR.

· Non-measurable subsets of IR.

Q : Is every subset of IR measurable wrt

2 ?

No
.

Answered by Vitali at 1905.



rati'sconstruction of non-measurable sets.

We introduce a relation "n" on IR by

X wy if and only x-y
(the set of rationals)

One can check that w is an equivalence relation

· Xn y = Yex

· X -y
,

yez = Xwz

- XvX

Then

IR = WES where Es are equivalence
classes.

By theof choice , by picking2 from 32

for each 2,
we form a set <Xa) =: E

We call & a Vitali set. Then as a remarkable



fact ,
we have

( =
W(2 + q)
IE Q

where the union is disjoint . (check it).

Prop3 : Every set in 1 with positive Lebesgue measure

contains a non-measurable subset.

of .

It is equivalent to prove the following :

If ALIR such that all subsets of A are

measurable
,
then 2

*
(A) = 0

.

Fix such a set A
. For 1-Q

,

we define

Au = An(C + q)
,

where[ is a Vitaliset. Then

A=V
A

1) because IR=V(9 l



Since As are measurable by assumption , we have

L (A)=Q
*

(A)

Now we need to show that L* Aq) = o for each
GE Q.

By the inner regularity of L,
it is enough to

show that
2(k) = 0 for each compact subset

k of Aq
,

Fix such a compact KE Ag
. Define

H =
WK + +

VE Q

(V11

For rationals UER
,

Since K+ Vp [S + &tr
,they are

disjontk+r[[ + q +E

Hence the union in defining H is disjoint

so L
=

(H) = EQ 2
*

(k+ r)= (k)
.

Ir121
Irk1



If 2
*

(1) 30 = 2
*

(H) = + 1

however this is impossible because H is a bounded set

Hence L
*

(k) = 0. #

&emark : Any Vitali set & is non-measurable·

Pf . Suppose on the contrary & is measurable·

( =
w(2 + q)
/9Q ↑

[disjount) measurable

Hence E(R)= (2 + 1)

=h (3)
which implies 2(2) > 0.



However for any compack subset K of S.

Using the same twick
,

H = W K + r

UEQ

(r)

It is bdd
,

= L
*

(k) = 0

By the inner regularity of 5 = L
*

(5) = 0
.

8

· Cantor set and Cantor function.

#Middle-thirdCantor set C.
.

The construction is

the following : or Co
↓

YzO
- -t C

23( >(2 ... ) Cn --

o C2
N N HH

Let C= ....... -- In



We call 9 the middle-third Cantor set.

Below we list some properties of C

· C is compact , non-empty ,
uncountable.

· nowhere dense

· perfect (no isolated points)
· (c) = 0

· c = [x= an5anor a

Next we introduce the In antonfunction #

Define F : C -> [0 , 11 by
S

X=an



·
Then the function F is continuous,

increasing , surjective.

·
Moreover if (a , b) is an interval in

the complement ofIn ,

then

#(a) = F(b)

For instance a = 5
,

b = 5

- t

G
M 1

Recall that T = 0
. 0222 ....... (in base 3)

-> = 0
,

20 , 000 .. (in bases)

↑ (5) = 0
.
0111111 ... (in base 2)

#(5) = 0
. 1000000 (in base2)



Now we extend F : C + 10 ,
17

to F : [0 , 11 -To , 11

Such thatE is constant in each component
of [0 , 11) C

We call F : [0
,
11 + [0 , 17 the Cantor function.

ThenF satisfies the following properties :

① F is increasing on To , 11

② F isets

③ F(x) = 0 for G*-are x [0 , 11

& F(x) = 50 . 11

/



Next we build an invertible ets function h : to , 11
-> [0 , 2]

such that h" maps some non-measurable sets

into measurable subset.

Let h(x) = x + F(x) for x = [0 , 1)

Notice that h is ets and strictly increasing.

h(0) = 0 + F(0) =o
,

h(l) = 1 + F(1) = 2.

Sois a homeomorphism from 50
,
11 to to , 2]

.

Key point : L
*

Ch(C) = 1.

Notice that C= C
,

Cut

so h(s)= h(n)
,
h(n) +

By the continuity of Leb , measure

2
*

(h(x)= L
+

(h(Cnl) ·



Notice that for each basic interval in In

(a , b)
↓

N + +

*
C

H H H
~

5-h ) there are"basic

Sintervals in Ju

2(h(a , b)) = 2
"

+ 5

h(x) = X + F(x) (b - a = 54)

↓ (h(a ,b) = b + F(b) - a - F(a)

= (b - c) + (F(b) - F(a)
=> j + 2 Jusing the 3-adic expansions

of b
,
a

. (I leave it as an exer.

Hence 2
*

th((n)) = 2) 2n+32)
= I + (5)"

Letting n+ 0 gives [
*

(h(c) = 1.



Now by Prop 3
. 3

,
I a non-measurable

A = h(C)

Let B = h"(A) C.

So h(B) = A
,

with A being non-measurable

However BEC
,

so L
*
(Bl = 0 = B is

measurable·

·Remark : If f : [a , bl - [c , dI

is a homeomorphism,
then f maps every Borel subset

of [a ,
b1 into a Borel subset.

of [C ,d].

(Exer . (


