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31. 4 Integration on measure spaces.

Let (X
,
M
,
M) be a measure space.

Let be a simple function,
i

i e .

S= Gi XAi,

With G>G2 ...N
,
Ai = ExeX : s= GiJcM

.

N

Def . Let S= hi XAi) in its standard form) be a

non-negative simple function. Then we define

JSdu= diM(AinE), EEM
E

Proph . 7. . Let S= UiXE ; be a non-negative

simple function (in a general form). Then

(*) Ssdm= M(EiRE), EEM

Consequently,

SESttdr = Sesdu + SetdM
for any other non-negative simple function to



Pf. First observe that (* ) holds if E ; are

disjoint.
Next we prove (* ) in the general care that
=i may not be disjoint. The main idea

is to construct (Fj)E are disjoint , and
each Ei is the union of those Fj containing

in Ei
(i . e. Ei = NFE(

Indeed each Fj can be written as

[

An Azl - An : Ai = Ej or Ei

#
Now

s= Vi XE
i

= [U) FFEXFj)



= [E>FjVi) · XFj

=>I BjXFj (where B=
Hence SsdM(F)

= PES) M(FRE)

= FEM(FjnE)) Vi
=> [M(EinE) . Vi

.

#

Next We define the integration for non-negative
measurable functions.

Def : Let f : X - [0 ,+0] be measurable·

We define for EEM ,

& fam = supSSsdM : If ,
s is simple d

.



Remark : Alternatively
,
we can define

Sifdh = sup[JESdM : Seface ,
s is non-negtive

simple d.

where sofa . e means &NEM with M(N) =o

so that of on XIN.

There we use the fact if sef are,
then taking 5 = s . XXI , then If

and5 di = SeSdM)

Frop18 .

Let f
, g : X- To , to I measurable. Then

(Jfd = Sxf - XdM
,
EEM

(2) Sygdi = Syfdh if ge face,

Moreover
, if SygdmsO ,

then "" holds

iff g : faie.



13) Se
,
fan = Senfan if E , <En

(4) Sfdn = ScfdM + ce0.

X X

Pf . Here we only prove ( ,
i .e

Sefdi = SxfXEd . (**)
.

We first prove that (** ) holds if f is simple.

To see it , let

s = [diXAi
Then

Sisdn = [diM(inE)
= Sxs . XEdM

.

Next we consider the general care. We prove

that

Safdn = SyfXedu .



To see this
,
let ops = [GiXA i

= f XE

Then S . XE = s and SF.
(since S(1= o if X&E)

Hence SefdM = SESAM
=

/SXEdM
= SxSdM .

taking supremum of Sysdm over OXSXfXE

gives

Sefan = SxfXed .

Next we prove (EfdMcSxfXEdM .

To see it
,
let o PS < f , where s is simple.

Then SXEXfXE
,

so

SfXEdM = SysXed = SzSdm ,



taking supremum over oxS -f gives

SxfYedM = Sefdh . El

Prop 1 . 9 (Markov inequality
Let f : X + [0 , + 01 measurable·

Let M > 0. Then

M(x : f(x) =M) -> Sxfdm .

consequently (i) If Syfdu so , then
f is finite are.

(ii) If Syfdu = o ,
then

f = 0 a. e.

Pf . Wate
Em := [x : f(x =M) .

Then f = M . XE



Taking integration gives

Sxfdm = SMXEndM = MM(EM) .

Hence

MCEn)< Syfdm.

Next assume Syfdu < O.
Write

Er = Ex : f(x) = + 06 . Then

En En M30

So

M(E0) < MEn)= S
,

fdy

Letting M+ + 0 gives M(Er) = 0
,
i . e.

f is finite are.

Finally assume SfdM = 0.

Let A = Ex : f(x) > ] .
Then A= Eyn (Clearly

A ? E
conversely EXE A,
then f(x) 10 ,

So

f(x) > In for a large n
i . e x - Eyn for some n)



Hence M(A) ->M(Eyn)

(a) Star
-0 .

Hence M(A) = 0 ,
i . e . fo are.

Now suppose fr -f are.

Slimfn(x = f(x) al,

Q : Do we have

Syfndu- > Syfau ?

Example 1 .
Let M= Go

, 1
,

Leb
· measure on 10 , 1).

Take Pr = 0 on ( %, 1) and t on 10,
Then limSp = 0 on (0 , 1).



However S
So lim) And= Slim

Example 2. Take fr = XIR
, RH)

Let je = Gio ,
+ 01.

Again fr -> 0 are
,
but

lim Sfrd= S limf,

Example 3
. Take Gr=0

, RI·

M =200
, 0)

.



Thm 1 . 10 (Lebesque's Monotone convergence Thm)

Let fr
,
f : X -> [0 , +01 b measurable·

Assume fr( ↑ f(x) on XINT with M(N)= 0

Then
-

lim SfrdM = Sxfd

Pf . Since fr are monotone increasing,

so are Sxfrdm.

clearly we have SfrdiSxfam
(since frafae).

Hence Limo Syfrdu Syfau .

Now we prove the other direction.

Let oxs if be simple . Let 0x811 .

Define : Er : = (xeX/N : fr() = 8 o S(x)]
k= 1
,
2
,

...



Since fr() ↑ f(x) on XIN and Sacf(x)

We have

En = X(N
and ER [Ert, R.

Now notice that

fr = SS(x) XEp

Taking integration gives

Syfrdm = CSs XERIM
= GSzSdM
I

N
(s= :X* i)

S . &GiM(AinEr)
Since ERY XIN

,
so AinEmY Air(IN)

as R - 0.



Letting K+ 0 ,
we see that

SiR(AinEx)
->8dim(Air(X(N)

=> SGiM(Ai)
= S . SysdM

Hence

LimoSfman = S(xSdm
Since 8 is arbitrarily taken in (0 , 1).

Letting 8 - 1
, SxSdu + Sfdi

we have

lim Sydn = Syf #



Thm 1
.
11

. (Faton's Lemmal

Let fr : X + 10 , 01 be measurable
,
E = 1.

Then

S Imfram fa.
X

Pf . Notice that

mfrM = Supinf,
Now Write g(=inffy!

g(x) = Im frx
Then 8/8

,

also gr are non-negative,
measurable.

By Leb's Monotone Convergence ihm

Sfr =I



= lim Sx&

↓ LmSxfmdM (since Anful.

Next We prove the linearity of integration .

1 : Let f
,
g : X + 50 , +01 measurable·

Let 2 , B = 0.

Then

Saf + pgdm = /xfdu + PSygdm.

Pf . First the identity holds if f , gare

simple functions.

Next Choose SpYf
,
try g,

where Sm
,
to are non-negative simple.

Then aSm+Bt/af + eg



So by the Monotone convergence ihm

Saf + B8dm = Lim (aSm + Ptd

= (aSSpd + B Strdm)
= 2)fdm + 1/gdm .

I

Now we are ready to define the integration
of general measurable functions.

Def . Let f : X + =0 , 07 be measurable·

Then we define

Stau = Syftdm-Sxfdm
X

imfinisf



Def . We say a
measurable function f is

integrable if Sfduco and
X

Sxf-dM > 0.

(Notice If) = f+ f
·

Hence by Prop 1 . 12
,

S1fIdu = Sf+ di + (fdM)
,

so f is integrable ES
,
If/dm > 0.

Propl . 13 .

Let f
, g be integrable and G

, BEIR
Then2f + Bg is integrable and

SaftBydm = G/fdu + g/gdm .

X X X

Pf . We first prove feg is integrable and

Sf + gdm = Sfdm + Sydn

Since (f + g) < If) + 181 , so

S If+gldM SIftdn + S181dm >



Hence f + g is integrable.

Now we prove Sf+ gdr = Sfdr + Sgdm.

Notice that

f + g = ((f + g)
+
- (f + g)

= (f)- f) + (g+ - g)
Hence

(f+g)
+

+ f + j = (f+g)+ f+ + gt
Taking integration on both sides

,
we obtain

S( + g)+ dm + Sfdm + Sgdm =S( + g)-dr
+ Sftdn + SgtdM

from which we obtain

S( + g)+ dn - ((f +g) du = Sfam - SFam

+ Sgtdi- SgdM
ie Sf + gar = (fdr + SgdM.

Next we show Cffdm = ScJdM ,
Y CER.



If Do , then it follows from the def of integration

of meas . function since (Cf)t = aft

(2)) =f

If so ,

it suffices to show

- Sfdm = SofdM.
Again it follows from the def. H

Thm 1 . 14) Lebesque's dominated convergence
Thm)·

Let f, fr : X -> E-0 , 0I be measurable

such that

frNf(x) are as R+ 0·

Moreover
, suppose I an integrable 8 such that

Ifr() = g() are for all REIN
.

Then

limSfrdu = Syfdu.

Pf
.
First If(x)) = limfm() = gx area

So f is integrable.



Now let us apply Faton's lemma
to the

sequence 28-Ifrf)
,
R = 1

,

2, .

) Ifr-f) < (fm) + (f) < 2g a . e)
.

We have

tim2g-Ifrfa -
=im (ng-IRf

z(2gdm .

(***)

However
, Him 2g-Ifrf) A s

= /zgdm+ (1))Ifm-f
= S2gdm - Tlfm-fldM
= /2gdM (by #** ))

,

from which we have TsIfr-fla 30 .



Hence lim SIfr-fld-

so

lim/ Stran-Jfd

lim /fa-f(dn = 0
.

Therefore
lim)fadn = SfM. I


