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Lecture 10: Householder triangularization

Computational
Mathematics

Householder triangularization is a method to compute QR factorization.

Part one

This method is more stable than Gram-Schmidt (both classical and modified).

Part two

Part three

We saw that the Gram-Schmidt algorithm is a method of triangular orthogonalization, that is .
art five

A

ARR,---R =Q.
N, e’
R—l

On the other hand, the Householder method applies a succession of unitary matrices Qx on the

left of A
Qn...QleA =R
W
Q#
so that the result is upper triangular. The product Q@ = Q7 --- Q, is also unitary. Hence,

A = @R is the required QR factorization. So, we call this orthogonal triangularization.
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Finding the unitary matrices Qx
Computational
Mathematics

We let A be a 5 x 3 matrix. We will find @1, Q2, Q3 so that Q3Q> Q1A is upper triangular. Part one
Part two
(X X X (X X X (X X X (X X X | Part three
X X x| Q |0 X X| Q X X | Q X X Part five
X X X| —]0XX| — 0 X| — X
X X X 0 X X 0 X 0
| X X X | 0 X X 0 X | ] 0 |
A 62114 (22621‘4‘ (23<;h2(2114

» the matrix (1 is defined to make the entries below the first diagonal element zero.

» the matrix Q. is defined to make the entries below the second diagonal element zero, and
it does not change the first column.

» the matrix (s is defined to make the entries below the thrid diagonal element zero, and it
does not change the first and the second columns.

In general, the matrix Qy is defined to make the entries below the k-th diagonal element zero,
and it does not change the first k — 1 columns.
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Computational

Mathematics

Part one
. Part two
We present the construction of Q.

Part three

Part five
Recall that, the matrix Qx is defined to make the entries below the k-th diagonal element zero,

and it does not change the first k — 1 columns.

(o #)

where [ is the (k — 1) x (k — 1) identity matrix, and F is an (m — k + 1) x (m — k + 1) unitary
matrix. A requirement for F is that it will create zero below the k-th diagonal element.

So, Qf is chosen to have the form

The matrix F will be chosen as the Householder reflector, which is defined next.
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Householder reflector
We let x € C™ **1 be a vector consisting of the entries k, - - - , m of the k-th column.

The Householder reflector F will perform the following

- -

X REN
X F 0
z=| X — Fz=| 0 | =|zle,
- x = - 0 —

The action of F can be described as follows:

- Fz = ||z|le,

It is a reflection across a plane H with normal vector v.

MMAT 5320

Computational
Mathematics

Part one
Part two
Part three

Part five
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It is a reflection across a plane H with normal vector v.

Computational
Mathematics

Part one
Part two
Part three

Part five

Note that, the vector v is given by
v =|[x][e1 — x

Recall that the orthogonal projector P defined by

w*

P=1—

v*v

projects vectors to the plane orthogonal to v. We need to go twice in the direction in order to
get our desired result. So, we need

*

vv

F=1-2

v¥v
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Two possibilities
Computational
Mathematics

We defined FT so that F"x = ||x||e1. We can also define F~ so that F~x = —||x||e1.

Part one
Part two
Part three

Part five

These two choices are based on the choice of v:
vE = +||x||e1 — x
A practical choice is
v = —sign(x1)||x||e1 — x (or v = sign(x1)||x||e1 + x)
so that the reflected point is not too close to the original point.
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The algorithm

Computational

We use MATLAB notations: Let A be a matrix. Mathematics
> Ay isthe (i" —i+1) x (j' —j+ 1) sub-matrix of A with upper-left corner a; and bart one
lower-right corner a;/ j ER—
> A; jj is the row vector starting from a; to a; j Part three

Part five

> A;.jr j is the column vector starting from a; to ay

Let A€ C™" with m > n.

Algorithm 10.1. Householder QR Factorization

fork=1ton
2= A
v, = sign(zy)|z],¢, + 2
U = U/ |l
Ak:m,k:n = Ak:m,k:n = Z”k(viAk:m,hm)

This algorithms give the full QR factorization of A, with the matrix R overwrites A. It also

generates the reflection vectors vy, - - - , v,.
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Applying or forming @ o
omputationa
Mathematics

The above algorithms gives the vectors vi, - - - , v, but not the matrices Q1,--- , Qn.

Part one

From the algorithm, we obtain R where A = @R, and we know that Part two

RI=Qn - Q@ or Q=Q:1Q:2---Qn

Part three

Part five

where we recall that Qx are orthogonal projections.

Most cases, there is no need to form Q. Only need to compute Q@*b or Qx.

Algorithm 10.2. Implicit Calculation of a Product Q*b

fork=1ton

blc:m = bk:m - 2vk(v; bk:m)

Algorithm 10.3. Implicit Calculation of a Product Qx

for kK = n downto 1

Trom = Them — 2”&("’: a"k:m)

If we need the matrix Q, then we compute Qey, - - - Qen.
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Operation count

Computational
The work in the Householder QR factorization (Algorithm 10.1) is dominated by Machematics

" Part one
Ak:m,j — 2Vi(Vk Ak:m,j) S
Part three

Let £ = m — k + 1 be the length of the vector. This step needs 4¢ — 1 ~ 4/ scalar operations:

Part five
» ¢ for the subtraction
» { for the scalar multiplication
» 2¢ — 1 for the dot product

Thus, we need = 4 operations for each entry.
The following figure shows the number of entries we need to handle:

m
(row index)

n

(outer loop index)

n (column index)
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We can separate this as follows: o e
athematics
Part one
Part two
Part three
Part five
m
(row index) — -I—
n n n m-n n

(outer loop index)

n (column index) n n

> for the first term, the number is 1° +2° 4 --- +n*> = n(n+1)(2n +1)/6 ~ n>/3 when n is
large

» for the second term, the number is (m —n)(n+---+2+1) ~ (m— n)n”/2 when n is large

Hence the total operations is

4(%mn2 — %n3) = 2mn? — §n3
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Lecture 11: Least squares problems

Computational
Mathematics

Part one
Part two
Part three

Part five

Consider the system Ax = b, with A € C™*" and m > n.
In general, it has no solution.

| east squares problem: find x € C" such that
|6 — Ax||2

is minimized.
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Data fitting
Given the data points (xi,y1), - , (Xm, Ym), we find a polynomial of degree n — 1
p(x) =co+cax+- -+ corx"
that fits the data, where we assume m > n. That is, we find p(x) so that

P(Xi)%}/i, i:1727"'7m

Thus, we are solving the following system

s n-17r " 1 .

1 =z Ty Co %
n-1

1 2 -+ Ty C Y2
n-1

1 z, T3 ~ | U3

bcﬂ—ld

n-1

1z, -z | YU

Least squares problem: We find p(x) by minimizing the squares of the derivations

> lp(xi) = yil?
i=1

MMAT 5320

Computational
Mathematics

Part one
Part two
Part three

Part five
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Normal equation

Computational
Mathematics

We find x so that the residual r = b — Ax is as small as possible.

Part one
Part two
Part three

Part five

Points to note:
» we need a point y = Pb, where Pb is the orthogonal projection of b
» then, we can find x such that Ax = Pb
> P is the orthogonal projection onto the range(A)
> the residual vector r = b — Ax is orthogonal to range(A)

These points give the following theorem.
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Theorem: Let A€ C™*" and b € C™. A vector x € C" minimizes the residual
|r|l2 = ||b — Ax||2 if and only if

r 1 range(A), thatis A'r=0

If Ais full rank if and only if the solution x is unique.

Points to note:

» The above condition is equivalent to
Pb = Ax
» The above condition is equivalent to

A"Ax = A"b (called the normal equation)

Next, we consider the minimum residual property. Let y = Pb and it minimizes ||b — y||2.

Let z be another point in range(A) and z # y. Then (z—y) L (b—y).
So,

lo—zlz=l(b=y)+(y=2)z=1b=yl3+lly =zl > [Ib -yl

This proves the required residual minimization property.

Uniqueness:

» if not unique, there is x # 0 such that A*Ax = 0. This implies x*A*Ax =0 and Ax =0

» if A not full rank, there is x # 0 such that Ax = 0, implying A*Ax =0

MMAT 5320

Computational

Mathematics

Part one
Part two
Part three

Part five

78/

127



. MMAT 5320
Pseudoinverse

Computational
Mathematics

Part one
Part two
Part three

Part five

If A has full rank, then the solution x to the least squares problem is

x = (A*A)TTA*b

We call the matrix
AT = (A*A)TA*

the pseudoinverse of the matrix A.
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Three methods
. Computational
least squares problem: find x € C" such that Mathematics

Hb_AxH2 Part one

Part two

IS minimized.
Part three

Part five

» Normal equation. We solve
A"Ax = A"b
(not stable in the presence of rounding errors)
» QR factorization. Construct A= QR. The orthogonal projector P is given by

P=QQ"
Then y = Pb= QQ*b. And
Ax = Pb — QRx = QQ*b

(good when A is full rank)
» SVD. Construct A= UL V*. The orthogonal projector P is given by

P= 00"

Then - -
Ax = Pb — UXV*x=UU"b
(good when A is rank-deficient)
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