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35 .3 Variational principle between topological and measure theoretic

entropies.

Ihm (Goodwyn ,
1968)

Let (X
,
i) be a TDS· Then

h(t) = supdhm() : MEMIX,T)3
.

We proved the direction h(T) Gui for
all MEM(X,

i)

in the last lecture
. Today we will

prove the other direction.

We first give some equivalent definitions for h(T).

Def. ( Bowen metric and Bowen balls).

Let i: X- X be a cts map on a compact metric space (X ,4)

For nEL
,
define a metric an on X by

d(x , y) = max d)+, Tis)
.oin- 1

We candn the nth Bowen metric.



For 330 and xX
,
define

Bn(x, a) = (y= X : dn( , 4)< ]

- iB(Ti
,
E

We call Bn( , 2) an (n, s) - Bowen ball centered at X.

Def. A subset F of X is said

to be (n , 2)-spanning wrt
. T if FXeX

,
- YEF

St . dn(x, y) < E
,
i. e.

Xa B

Def. A subset EX is said to be (n, 3) - separated if
&n (x, y) > 2 for all X

,
Ye E with XEY

.

Def. For Eco
,
HEN

,

we define
· M(5) = the smallest cardinality of any spanning
set of X



· Sn(s)-the largestCardinality of any (n ,
3) -

separated subset of X.

#em1 Un(s) = Sn(s) = Un (3/2).

Pf. Net Ebe an In, a)-separated set of maximal

cardinality. Then E is also In,2)- spanningset

for X. If not , then EyeX Sit.

dn(x , 2) > 5 for all E .

Then EUdy) is a new (n ,a)-separated set
with larger cardinality , leading to a contradiction.

Hence Un(s) < Sn() .

Next we show that Sn(s) = I (3/2)·

Let Ebe an (n, sl-separated set and Fan (n</)

spanning set for X . Then &KEE
,
E some point

g(x)ef Sit.

dn(x , g(x) = 9/2 .



Then 9 : E-F is injective ,

which implies that
##E

Hence Sn(s) < Un(5/2).

P2 . (1) If G is an open cover of X with Lebesque
number S

,
then

N)2) M(S() = Sn(S/2)
-

(2) If 330 and O is an open cover with

diam (5) =S
,
then

r(s)Sn(2) = NJ T5).

Pf. (1) By Rema
,
it suffices to show

N)) =(8/) ·

Let # be an (n, 8/2)- spanningset for X of Cardinality In(8/2).

Then X=F
Bu(, 4).T



Since eachball, S) is a set of a member

of 2,
we have

N)2) F = M(k).

(2) . Let E be an (n, 3)- separated set of Cardinality
Sn(z) . Since J is an

open
cover of diameter

diam(5) < E
,
each member of

i
contains at most 1 point in

E.

Hence Nig) < Su(z) = Un().
#D

Lok Let so .
Let Gabe an open cover of X

balls of radius 25 ,

and B, an open covera

of X by balls of radius2.



Then N*
Gs) = (3) < Su(

E Nish :

&5 h(T) =im liming tlogus

=him liming logSu

) these formulae hold with liming replaced
by limsup) .

Here
,

we use

h(t)=im h(T, Gs) = him T, B.



Lem6
.

Let UEM(X) · Suppose 3 = &A,

"

; Any is

a partition of (X , $(X)) .

Then for any integers n,
with n22 , we have

*Hr(is) = Hr(s) +Go
when Un = +(2+ 00F+... + WoF(h)] .

Pf. For anyojel-1 ,
let to be the largest

integer + st tl+j < n
.

Then

ii)v
(tj-j

t
where Sj is a subset of 50,

2, n-1)

of cardinality - 21.

Hence



Hr)(t-ve-ji))
+ 21 logk

Summing overj from 0 to 1-1 gives

&Hu(Fi) Hr(tive(s)
+ 29'gh

= Hr(t()) +zeo

=> HoppFig)) + we look

& Hot(s) + herlock

-Heis) + 2e"logk
where we use the concavity of P(X= -Xlogk in the last

inequality.

Hence

↓ Hr(s)- Hunts) + 21 logk



Pf of the inequality
h(+) = sup[hm(T) : Me M(X ,T)3

.

Let 320 . We will prove that I MEM(X ,T) Sit.

liminf logSn(s)hT]

For hel
,
let En be an (n,a)-separated set for X

with Cardinality Sn(s) .
Let

= En
Si

Set

Mnto
choose a subsequence (1j) of natural numbers such that

· My -> M = M(X ,T)

·TylogSn (2)
-> himing o logSnl)



choose a partition 5 = &A : "

, Arb of (X, B(X)

with diam3 > 2 and HAi)=0 for all liste,

Since no memberofFis contains more

than 1 point of En ,

Hrn(s) = log Sn(s) .

By Lem 6
,
for each I,

* log Snj()=Hr
- Hun(i)+ losk

-> Mp(s) as je

Hence

limiflog(s)
-> hm(t, 3) · El




