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55. Topological entropy and topological pressure.

55. 1 Topological entropy.

Alder
,
Konheim and McAndrew (1965) introduced topological

entropy as an invariant of topological conjugacy and an

analogue of measure theoretic entropy .

Pef . Let X be a compact metric space . Let G
, 8 be two

open covers of X .

Set

aup = Swev : ued, verg) .

We call Lub the join of Gand &

Similarly , we define
VGi

the join of any finite collection of open covers of X.

Def . For two open covers
&
, B of X , write

as
if every member in B is a subset of a member in 2.
We say that B is a-refinement of 2.



clearly , 2 < GVB .

Pef If G is an open cover of X , let N(G) denote

the number of sets in a finite subcover of G
with smallest cardinality .

We define

H(2) = logM(2)
.

Remark : 111 H(2) =0

(2) H(2) < H(B) if GB
(3) H(2vB) -> H(2) + H(p) .

(4) If T: X- X is Its
,

then

H(+2) = H(G) .
If T is surjective, then, H(F2) = H(2) .

It is possible that H(+2) < H(2) (

( e .g . T
: 50,1 -> 50, 11 by TEO. (2= (20, 5) , (5 , 17)

.



#hm5. 1 . If G is an open cover of X and T : X-X is its
,

then

limH
exists.

Pf . Write

an = H)2)
Then

antm = H)i2) val)
- An + Am.

I

&ef. If 2 is an open cover of X and T: X+ X is ets,

set

h (T , 2) : =l
and we call it the entropy of T relative toa

Def . Stopological entropy) .
Let T: X-X be cts. The topological entropy of X
is defined byf(T) = suph(T, 2),



where2 ranges over all open covers of X.

#5. 2
. If XI, X2 are compact metric spaces, and

Ti : Xi -X ; are cts
,
and if I : X , + X 2 is its

and surjective sit the following diagram commutes,

X, XI

/ ↓π
X =) X2

then h(T) - h(T2) . If it is a homeomorphism,
then h(T) = h(Tz) ·

Remark. The above result shows that topological entropy is
an invariant of topological conjugacy.

#
ofthmsHan

open cover of X2. Then

↓ (T
,2) = limH
=InHT2) Therewesa

surjective) .



= lim
=H
= h(π

,
πk).

Hence h(t) = h(Tz) · #

35 .2 Calculation of Topological entropy .

Thm 5.3. Let T: X+ X be cts and G is an open cover of X.

suppose that diamid to as new. Then

h(t) = G(T,h) .

Pf. Let B be an open cover of X , and let s be a

Lebesque number of B (ie. V A = X with diam AsS,
= BES sit Ac B)

Take n st diam S.

ThenB



Thus )mi))
=H) tia)

Hence

& (T,)in tHig)
= h(T,2) .

#

Examples: Topological entropy of full shifts & Markov shifts.




