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33 Statistical behavior of orbits and

ergodic theorems

33. 1 Asymptotical distribution and invariant measures.

Let (X , i) be a TDS, and let BeX be a Borel set
.

For Xe X
,
we would ask with what frequency do the

elements of the set SX, +X, +X, ] lie in the set E ?

More precisely, this frequency is defined by

FB(T, x) = in oxi :T

if the limit exists.

Let Xz denote the characteristic function of B
,
i.e .

*B(x) =S
Notice that #xin : TxeB]= X(+ix) .



So

FB(T, x)=lim(ix)

Theaboveexpressioniscalledthetimeaveragis

It is natural and more convenient to consider the

Birkhoff average of continuous functions rather that
characteristic functions.

Let x= X. Assume that for any cts function Son X,

# (9) :=lim(q(x +(ix)
exists.

Let C(X) be the space of all ets functions onX
with the uniform topology. Then the time average

I : ((X) -> I



satisfies the following properties :

( Linearity ) [x(29 + BN) = d[x(9)+ [x(y))
(3) Boundness (Ix(9)1 < Sup 19(31) .

Y=X

3) positivity Ex(9) 20 if 20 .

(4) Invariance [x(9) = [x(9oT) .

According to (1)
,
(2)
,
(3)
,

Ex is a bod linear

functional on ((X) . Hence by Riesz representation
Thm

,
I a unique Borel prob . measure u on X

such that

Ex(9) = (gam , ge((X)
.

Furthermore (4) implies that

SpoTa = Sp & M,

which implies thatHe is T-invariant
,

li.e . m= MOT!



Question : D Are there points XeX such that Ix exists ?

8 For any T-invariant prob . measure M,
is there

a pointX such that

Span = [x(9) for all ge((X) ?

The questions will be answered by a combination of two

fundamental thms
,
one in TDS

,
one in ergodic theory.

33 .

2 Existence of invariant measures.

Thm 3. 1 (Krylou-Bogolubor Thm) Let (X, i) be a TDS·

Then I at least one T-invariant measure on X.

Pf . Let yeX. Take a dense countable set

59, 92, ... 3 = [(X)

For each me IT
,

the sequence

(ty
is bdd. Hence it contains a convergent subsequence.



By the diagonal process, one can find a subsequence
(nj) such that

4-1

mm(y) : 5

Then a standard approximation argument shows that

:
for all ge((X). Then

5. ((X)= IR

is a bod linear functional. It is also invariant,
-
positive

i ..e. J(p) = j(pot) .

By Riesz representation Thm, If a Borel probability
measure I such that

5(9) = Spdm ,
Y Ye((X) ·

Since J(4)= 5 (90T)
,

/POTdu=Spa



implying M=Not

33 . 3. Birkhoff ergodic Thm .

Thm 3.2 (Birkhoff , 19312. Let (X
,
B
,
4) be a prob.

space and T: X+ X preserves ↑ .

Let feL*(M) . Then

(
converges a.e. to a function *** L

*

(M) . Furthermore

Sf* du = Sfd .

The proof of Birkhoff ergodic Thm is based on the following.

#hm3.3) Maximal ergodic Thm) .

Let fel*(m) . Setfo =0 and Fn(x= f(x1+ f(ix) +... +f( )
.

Let FN(x)=max, f)

Then
Ex : Eko

Fam = 0 for all N2.



Pfx(+x) + f(x)
= f(x)+maxo , fix ,f,

=max f , fxf(x),fxf
= max fn(x)
(nXNH

=mayN fn(x

-> Fres on A : = Ex : F(130]
·

Hence

f(x) En(x) - En(+x) on A.

Thus

SfSAFd-SE
= SxFn(xidm = S(TXdM

(since F(x)=0 on X(*)

=(x Fx(TX)dN - SF(TX)d
= SMEn(TNdm 20

.
(since F20) ,
I



Corollary 3. 4 For any ge(
*

(M) and GER
,
set

By = [x : supg()
Then
Spgdnn2.(B)

Moreover
, if AtS With TA= A

,
then

SeeAg9 = 2 .↑(Bana).

Pf . Set f = g-2. Then BoSX : Fx1My
where Fix= Sup5o , f(x), fix+(ix),

Notice that the sets , f(x)+... +fiy
& X : FN(x) of are increasing

Hence

Sgdn = SFdn + <MBa
= YoS

Ex: Fxx120y
fdm +Gh(Bal

= Gm(B2) .

when A = +A
,

change X by A (i .e. Applying the result
to TIA) .

we obtain SeanAfzaM(BanA.



Pf of the Birkhoff engodic Thm :

WLOG
,
we may assume

thatI only takes real values.

Define &* 1=m f(+x)

* (1= f(+)

clearly ,
f
*
(x = f

*
( +x)

,
fx(x) = fx(TX) .

For G
, BER with Gap , defini

Ea
, B = (x = fx(x)sd < B > q

*

( , ).

Then Ea
,p
= Ea

,p.

Write

B = Ex : sup(+ ) > 3)

Then Ea
,plB = Ea,

Hence from the corollary

Send an =

SempeS



Replace o by -f , then

Ea = Ex : (f) -ps +>(f)* ) .

Similarly we have

Stf(dm <(2) ↑(En
,p)

Ea
,p

iie.

Sefame a RCEap,
Hence we obtain & M(Ea

,b) = 2 M(Ed
,P) .

As G<B , this implies that u (Ea,p) = 0 .

Notice that

Ex : f*(x))* ]=
so Ex : f< f*(1) = 0 .

Next we prove* L
*

(H) .

set g=f)
·
clearly (** /* &*



It suffices to show g* L
*

(MI.

As g(t) -> &
*

Have,

by Fator's lem,

Sg* du =Sh
=>
= Sgdm > 0

.

Finally we show

* **&M = Safa for all AEB With
TA =A

Fix A with TA = A . Define

D = [x :** Snz, %+2.

Recall By: = Ex : sup2) ·
Then for any 570,

J.d =SpAdn(DA
(by Corollary 3.4).



Lettingto gives

SRfd(DA) .

Hower Sche*M (DNA)

Summing overh yields

S* SAfan+ (A) .

Lettin+ o gives Saf*an - Safah

Similarly Saff*dnSA-fan
=> Saf* an = Sfd .

since f*** are
,
Saf* d= Safe Sfa .

Thus
, Sa ** & = Safda

H




