Math 6052 S
Review .

c Po'mcavé recutren®@ ﬂ‘m.

Let T- (X/ B, u)- (Xl f u) be o measure Presewnha
map.  Let Be i with p(B) >o. Then $or p-ae xep

Txe B ﬁ" infinitely many ms

* BivkBoff recurrena Thm.

Let ()(, T) be o ‘l:oP0|Oaa‘cn.Q djmm.‘mQ Syd‘em) Q.
T': X= X s O Continuwous IM«I) on a Comra&(‘ m{‘\‘(
stam X.
Thew 3 xex swh that I N0 with
h

T"x—>/x,

DeF . suds Po'ht x is colled Y‘e(uvm“:.



2.y, M:naml;.-l]
Df. A TDS (X,T) is clled to be minimal i
{Th'x : n>,1} s dense 1h X
fov all xe X
A simps fack = (X,T) s minimed & the erists

no proper T- mvanent subset

Thn 23 . Let (X, T) be a TDS. Thee exists o
Closed subset Y of X sudithat TY=Y ond (x,7)
s minimal |

PP, Construct F as w the ?voog of Thm 2,
et Yoe F be th minimal element of G S
Notie that  TYo c Yo, We clhim that TYo=Yo
Smeif TY% G Yo, then TYo 13 @ propev Tiiw

/

SuLSCt °S- Yo . @



Examl)lg, 24 Let Qde (o,l) be on I‘V'ratioan nunber\,
tha
let T: R/Z{ g rR/’E be Trotation 'ma.,)
x> X+ oL (mocl 1)

Than (X,T) 's minim«.Q‘

e Due to the Fo,d( thet {nd(madi) }nz‘ s dense
n R/

24  Factors and extensions

De{: A TDS (Y) S) ‘\5 ("a.“€¢| a ‘F\c‘tor 05.

( X) T) l‘f theve exfs{'s T: X Y Which s
Continuous ond onto such that th followlig d.‘aghm

Commufes_



i.e. TeT= SoT,

Ia this cae, (X, T) % called au extension of (Y, s)

DeF. ( Kronecker sys’tem) Let K be a ComPO.(t 3Vou|)
and ae K. Defre Te: KoK by
Tx=0ax ( Ieft mlt?‘)ucatn‘on)
Weell (K T) o Kronecker S'ystem,
Thm 2.5 EVQ? point m o Kronecker s)(dem 1< recurrent

This woas t)roued in the last C'GSS_

Below is o simple property.
Prop2e  Let (V,$) be @ fa-or of (X,T) amd T Yoy
is the Jackr map. IP e X i recunant Gr )
than Tx is recurvent for (Y 5).
PR, Suppase xeX is recuvrent for (X, than

poo h
I n st T x 2 %



So ToTXx > Tx )
Bt  TeT' = Sur
> "ax o T,
@
We show below thet if Y & recunret §or (Y,5)
+then any peimage of Y s recurrest if (X,T)

(4 0 3vou.|) extension |

Def. Let (Y,S) bea TDS ad K i a compact group
et b Y K be o continuous map
et X= YxK and  T: YeK > YxK by
T(5, %) = (sy, WO&)

ﬂm. (X) TS s an €x{‘ehston oS- (\() s)/ uﬁ,‘cl., s
Qlled a %Voul) extulh‘on of (Y) S) )



Thm 2.7 Let Y, be a recurrent |)0an of (Y) s)
and (X) T) be a Group extension of (Y}g)’
X= Yx K. Then (Y4, 8) 5 recunent
S (X,T) $ov all Rek

PL For hue K, tet Re: X X be dofined ¥y

R (9. ®) = (4 &&)
Then Rk. Commutes with T.

Indeed
Re, T (o RV = Re, (59, wor &)

= (S \l’(b)kkl),
TRe (k) = T ( 4kk)
= (Slj) \}'(b)kkl) ,



let e be the identity of K. We Ftvs’t show that
(Yo, @) is recurrent

For xe)(} et Q= {T"x: nZI} .
Then TQ® < Q, and

X 15 Vecurrent © xe Q.

Sina. Y, 15 recurrent,

Q( 30/ e‘ Con'touI;t.S (ljo, 'VQ‘ ) «Poy
Some ﬁ, € K _

<N°m{ T(Y0,€) = (s‘j., Y(.)e)
Tl<'5¢/€) = T(sg,) \p(go)e)

= (59, V(59 ¥(%)®)
T(¢Y, €) =(S"9,, V(5" ) W'y
T\ Ye) € .



Sina Rkl Commu‘l‘es With T: we ﬁax&

Re, Q0 = @ (Ryer).
Hens.
(90) k‘l) = RR,<90,EI)

(3 Rk, Q(b.,e)
= Q_(‘ao,%l) &

ekr‘o.u‘n
< QA (9.9
Sl‘m;lav‘y/
(o, k), (o, k1), - (%, ki) € QUise).

Howel:ev, Sine 3 N 2w st %:‘l—‘) e/

We obtain that (9,¢) ¢ Q%) .

Then (4., 0)= Re(4o8) € Q (Re(ys,))
= Q( 9") R) .



Theofoe (Y, k) & recurrest
av.fte ( ) ec 7

Let us Jive an o.')pucwl'iou In  num Lev ﬂueo\ry‘
o Let de (OA). Defuie T: > 7 by
T(x,9) = Q‘+°\, ‘i+zx+d)

T‘\sh (l-ﬂ@;_r ) s o 3rou|) ex‘thSioh oS:

('W\,S) 9 var h\\, X XtQ -

P RN
(s recurent

B\y Tl\m 31, eugvy P‘“u’- "5; T
Ccmsiclelr ‘tLl O\Yth\t o{— (0,0):

(0.0 5 (3,8) -5 (28, 4a) (3, 30)

e (nd) nld) >




¢« As o c°"s7°‘"‘u/ Ve>o, 3 nm €3 st.
(h‘& -m|<g.

We can exterd the aboue FVoPosx‘an %o FolyhomfaQs
of ﬁiaher clearee.

let Pca be & polynomial of degree d .

Set
Py = PG,

Paaco = PaCxet) - Pa)
Paa) = Pa-iGrti) - Pd-.(x)‘

PG = 'PIO(‘H) =P,
Whsie P.c) = ConsTant o

Consider T ¢ ”T‘d—> ‘-?d by




T
(6,06, Qa) > (G,+ &) 0,10, 631,95
-+, B4 184, )
We have
TCPe, =, @) = (R, Pr+P)
T Pq("”l)dg“)

= <P'(n+|)/ P;(hﬂ)/ =, Pa(nt )).

In (’ “Vt“Ukl"v

h
T (Pn(o), Pa.(O), " P&(O)) = (Pn("), Pa(w, -, Pd("))

Hea@ 3J Ny >w st
Pd("{) = Pd(").
This leads +o Hhe Fouoww%



TLm 2.%. Let Poq be o ra& Fo!ynow..‘ql with
P(o) =0. Then F\r any Z2>0, J ne N s+

{P(n)\<‘£.





