
Discrete Fourier Transform:
Definition:

Remark:

Lecture 7:
Recall :

-

The 2DDFT of a MxN image g = (g(k,
1)be ,

where ok * M+,

o = l = N-1 is defined as :

(m,
u)=

(where j = F
,

g50= cos +]sinG)

The inverse of DFT is given by :

j2π(+
g(p. 9)=

(no !) (no-ve sign)



Why is DFT useful in imaging:
#DFTof convolution :

Recall : g * W(n , m)= g(n-nm-m) w ,s

(9 ,
m = MN xn(IR)

Then
,
the DFT of gaw

= MNDFT(g) 0 DFT (w)

gxw(n,
m) = MNDFT(g) (n ,

m) DFT(w) (n ,
m

i DFT of convolution can be reduced to simple multiplication !



Remark: Conversely , if X (n
, m) = g(n,

m) w(n , m)

Then
,

Ch
, 1) =(p, 8)ck-p , -3) (Convolution of gand



Note :

(Spatial domain) I * g ( Linear filtering :

Linear combination of
neighborhood pixe (

↓ DET values (

(Frequency domain) MNO ( Modifying the

Fourier coefficients
pixel-wise by multiplication

multiplication



2. Average value of image

Average value of g ==ge
3. DFT of a rotated image

Consider a NXN image g. .

Then:g(m ,
n=Write and I in polar coordinates :

k = rcosO ; 1 = usin

Similarly
,

write me wrospin = wsind
.

Note that : km + In = uw(costcosp + SinOsinG) = rwcos(0-9).

Denote ((g) = &(r ,
0) : Crcost ,

Using) is a pixel of g)
(Polar coordinate set of9)



If(X = rcosO , then (r
,
O ENGI

#theIdentify
"g(w ,

b) g(k , 1) with g(r ,
0

Consider a rotated image(r
, T = g(r ,

O + 00) where I is defined

between - Oo to TY2-00.

::image g is rotated clockwisely by 50
.

DFT of g is :

(w,e=
g(r,o

i. (w , 9) = g(W , P + 00)
.

(t is also defined between - to to/2 - 00)



DFT

DFT



DFT DFT



Example:
-

Let g = (Then:
Note that g

in the coordinate systems

Rotated

-
e by 900

-0001I 24 I0 0 0 0

00 10 clockwisely 111 T
v

k
00 0

&
↑

Note that indices of g are taken as:lE g



Now . DFT of = (given by:(k . 1)e)

= i=ok
-3lo

l
- 3 -2 -10

4. DFT of a shifted image

Let g = (g(k' ,
l')) be a NXN image ,

where the indices are taken as :

-ko < k'N-1 - ko and -lo-l' <N-1-lo

Let be shifted image ofg defined as :

(k, l) = g(k- ko
,

l- 10) where ok = N-

Therimn
(m,

n)



.(m ,
n) = (m , n)y

- j2π(k)

Remark: (m-mo , n-no) = DFT(g) with carefully chosen indices !

where (k
,
1) = g(t ,

e) x ejamthor)



Note :

(Spatial domain) I * g ( Linear filtering :

Linear combination of
neighborhood pixe (

↓ DET values (

(Frequency domain) MNO ( Modifying the

Fourier coefficients
pixel-wise by multiplication

multiplication



Image enhancement in the frequency domain:
-Goal: 1

.

Remove hah-frequencycomponents (low-pass filter) for image denoisinga

2. RemoveInfrequencycomponents (high-pass filter) for the extraction

of image details. Non-edge

Let be the DFT of an NXN image F
.

(indices take

from 0 to N-1)

Then : for all 0 > M ,
n = M,

j(km + (n)

F(m ,
n) = Elle

(hm+(n)

F(k, 1) is associated to the complex function g(m,n) =

Goal : Remove "jumpy" components by setting Suitable F(G
,
1) to zero.



M = a M1 + Wh
- MM

To remove noise
,

truncate c (let c = 0)



Observation:
#WhenG and I are close to 0 ,Ch

,
1) is associated to g(min) = ethmeful

- e Common)

i
- Fourier coefficients at the bottom left are associated to

= 1 (constant)

low frequency components ! (Not "jumpy")
2. When k and I are close to N, (k

,1) is associated to

g(m ,
n) = e(km+ (n)

= eJ(Nm + Nu)
= ej2π(m

+)
= 1 (Not "jumpy")

i
- Fourier coefficients at the bottom right are associated to low frequency components

2. Similarly ,
we can check that Fourier coefficients at the 4 corners

are associated to low frequency componentss.

3. Fourier coefficients in the middle are associated to high-frequency
components =

i
· High-pass filtering

11

F(k
,
1) is associated to :

Remove coefficients at 4 cornersWh Low-pass filtering
= e[t(m+ h)

= c- 1)m
+

Remove "coefficients at the center

(most "jumpy"



Centralisation:

ETFbe an image whose indices are taken between - to

Then
,

DFTCF) is a matrix whose indices are also taken

between - E to I

In this care
,

Fourier coefficients located at 4 corners of PFTCF)

are associated to high-frequency components (jumpy)

Fourier coefficients located in the middle of DFTCF) are associated

to low-frequency components (less jumpy



~

Trocedures for image processing by modifying Fourier coefficients

Given an image I = ([ij) E i
, jh

Compute DFT of I (Denote = DFT(I)

Then : obtain a new DFT matrix , new

, by :

new = HO (Here HQ(u,
vi = Hin,)

pixel-wise
It is a suitable filter. multiplication

Finally ,
obtain an improved image by inverse DFT :

Inew=T) new
inverse DFT



Note : Let h=DFTH

HOinverse DFT
< Ch * I

↑
normalizing

constant



Example of Low-pass filters for image denoising

Assumethatwework ontheCenteredSpectru,  --
1 Ideal low pass filter (ILPF) :

H(m
,
v = S !i Curie

Do

In 1-dim Cross-section
,

iDFT(H(,v1) looks like :

Thx [(X , Y)

= [h(X- u
, y

- v) [(u ,
v)

n ,v
y

every pixel values of

I has an effect on

hxI(X, y) !!



Good : Simple
Bad : Produce ringing effect !

2. Butterworth low-pass filter (BLPF) of order n (n = / integer) :

-

H(u, v)=Dur/Do D(u ,v) = Eri

H(m,v)
in1-dim =" (H(u,v) in 1-dim

#
Good : Produce less/no visible ringing effect if n is

carefully chosen !!



3. Gaussian low-pass filter
u2+ v

H(u, v) = exp)- F5 = spread of the Gaussian function

F T.

of Gaussian is also Gaussian !!

Good : No visible ringing effect !!


