
Discrete Fourier Transform:
Definition:

Remark:

Lecture 6:
Recall :

-

The 2DDFT of a MxN image g = (g(k,
1)be ,

where ok * M+,

o = l = N-1 is defined as :

(m,
u)=

(where j = F
,

g50= cos +]sinG)

The inverse of DFT is given by :

j2π(+
g(p. 9)=

(no !) (no-ve sign)



DFT in Matrix form
-

Theorem : Consider a NXN image g ,
the DFT ofg can be written as :

= UgU (DFT in matrix form)

where U = (Uml)on-1EMan and Ure =-

Theorem : 4
*

1 = I where 2
*

= (IT)T(conjugate transpose)

nu
*

= I ↳sing = caso-jsino
i . H

"
= (NU)

*

= e
=20)



Theorem : 4
*

U = I where asnu
*

= I

i . H
"

= (NU)
*

= e
=20)

I

Proof Consider (21 * H) (E
,

1) (E-throw ,
1-th cot of U* 2)

(u* ((G
,1) = ( Frovof (x)/)e-c) of 2)

Let 2 =( ... i)

Fin
N T

I
= S(l-k)



.. u
*

U(k
, 1)
= if k = l

S o if kFl

=> n
*

u = *I
Similarly , UH

* =* I



Image decomposition by DFT
~

Suppose = DFT(g) = Ugl

Then : UU
*

= I = u
*
2

. g = (NU)
* (NU)

*

: g=Elementary image of D

where w = Eth cot of (NU)
*



Remark:
Note that UH

*=# I
. 1

· I is not unitary.

If we normalize I to E =U. Then is unitary !

Some other definition of DFT:

(2D)((m
, n) =f,)e-jam

~ ~

In this case , let = (Hmelock : Ure = -Then :

Then ,

E = ITI j=f

i . Normalizing the definition of DFT = UnitaryI can be applied !

BUT : Inverse DFT must be adjusted !!



Mathematics of JPEG
-(Optional)

-

xl= -yz

Example : k= -3

f(-
, 1)

0 =-2 11

O k= - 1 f(0, 1)
-f(-2

,
-z)y 02 k = 0 Reflection about
k= -Yz

f -O k= 1 the axis t = -12
k= 2

Reflection about
(-(2 ,

-(2) .

l=31=21=11= 01= 11= 2



Make the extension as a reflection about 10
, 0)

,
the axist= 0 and the axis 1= 0.

Done by shifting the image by (2,2)

After shifting
| + (-3)

1 + (2)

)E + 0
k

+

I + 2

I
l



Before shifting :

DFT of f ,
denoted by F is given by :

-j2π(km+
F(m,m =Y (m , n) =put
After shifting ,

the image becomes :

f(k + E
,

l+ t) = f(k
,
1) where Mak = M-

-N = l = N - 1

DFT F is given by :

F(m,
n) =pink+,) )

fit
,
e



After some messy simplication ,
we can get :



Definition: (Even symmetric discrete cosine transform [EDCT])
-

Remark : · Smart idea to get a decomposition consisting only of cosine function

(by reflection and shifting !)

· Can be formulated in matrix form

· Again ,
it is a separable image transformationn.



Also involving cosine

functions only !

& elementary images

under EDCT !

* *

This is what JPEG

does !!



Why is DFT useful in imaging:
#DFTof convolution :

Recall : g * W(n , m)= g(n-nm-m) w ,s

(9 ,
m = MN xn(IR)

Then
,
the DFT of gaw

=
MNDFT(gewise

multiplication

i DFT of convolution can be reduced to simple multiplication !



Proof:
Change of variables :

DFT of gaw
at (4, g)

n + n" = n - n

=gw(m) m + m" = m -
m

-nm-mwinm
·Wmgm)

T(P, G)
↓ (4, 8)

Note that : g and ware periodically extended.

i g(n-N ,
m) = g(n,

m) and g(n ,
m - M) = g(n ,

m)

: TM-ignm)-(m)



Considerg(n", m")em)
g(n, m")

We can do similar thing for index m".

T=g(nm") MN

-

i g xw (4 , q) =MN(p,g) (p, 8)



Note :

(Spatial domain) I * g ( Linear filtering :

Linear combination of
neighborhood pixe (

↓ DET values (

(Frequency domain) MNO ( Modifying the

Fourier coefficients
pixel-wise by multiplication

multiplication



DFT DFT



Example:
-

Let g = (Then:
Note that g

in the coordinate systems

-
e by 900

-0001I Rotated

I24
0 0 0 0

00 10 clockwisely 111 T
v

k
00 0

&
↑

Note that indices of g are taken as:lE g



Now . DFT of = (given by:(k . 1)e)

o = k S= -3lo

l
- 3 -2 -10


