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Error of the approximation by SVD
Theorem:

Proof:
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Remark:
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· To approximate an image using SVD
,

arrange the eigenvalues Mi
in decreasing order and remove the last few terms init

· rank-b approximation is the optimal approximation using -terms
(in term of F-norm) (or with rank. In image)



Definition: (Haar functions)

Haar transformation

Remark:

-From now on
,

we assume all images f = (fijloin

The Haar functions are defined as follows
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If p is larger , Hapth is compactly supported in a smaller

region.



Examples of Haar functions:

Ho Hi

⑨ O · O

⑨ O O ·

⑧ O

H 2 = 21 + 0 Hs 3 =
21 + 1

p = 1 p = 1

n = 0

· on = 0 · O

Same wavefront

G ⑨ O Different locations

pet wavefront

· O · O n => location



Definition (Discrete Haar Transform)
TheHaar Transformof

a NXNimage is done by dividing to
,
1 into partitions is

Let H(k
,
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,
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We obtain the Haar Transform Matrix : FEH where H = HIG , illock
, <N-1

The Haar Transform of feMaxn is defined as

g = FfFT

·
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H (0, 0) H(0, 11 H(0 , 2)

H) (1
, 0) #(1 , 1) H(l ,2)

⑧ O ⑧ O I Ho,(H (2 , 0) H (2 , 1) H(2, 21 H (2 , 3)

H (3
,

0) H(3
, 1) H(3,2) H(3

,3)
O ⑨ O ⑧

Il
⑧ ⑧

· O · O

II

Holt) Holt) Ho(E) Hole)
⑧O · O

H , (i) H i (t) H , (i) Hit

⑧ O ⑨

( S



Remark:·
-

1. Haar Transform usually produces coefficient

matrix with more zeros !

& More zeros

u ⑳ 2. Localized error is coefficient matrix causes

localized error in the reconstructed image

· G
Localized error



Understanding Haar Transform

Consider Haar Transform on a signal = (1)
(Note : 2D Haar Transform is like performing row and column operations)

Haar Transform matrix for N = 4 is given by :

1. I I ↳ t &

I I - 1 -1 - It
H = ↳

- 8
- - 00I

O O E - E
( : )

.
0
+1 (E

E V

(4 + 6 + 10 + 12) Average of all elements (overall pattern

HY = (6) - ( ) -
Difference between first and second halves

(4- 6)/5 ↳ Difference between first two elements

E T I (
(10-12)/E En Difference between last two elements



Remark: Haar Transform captures overall pattern (first entry

Haar Transform CapturesSubtle difference at various scale

(2nd ,
3rd ,

4th entries) Mean of first half of

Reconstruction (Inverse Haar Transform) HT S

#)
16

I::(
~( -

Mean of second
Add back subtle

half of details

Remark: Inverse Haar Transform first reconstruct the signal at a coarser

scale and add back subtle details.



Elementary images under Haar transform:
~

Using Haar transform
,

I can be written as :

f = FigF
↑ transformed image

Let F =[ · Then =gi
·

If] = elementary images under Haar Transform.

e . g. For 8x8 images ,
we have 64 = 8x8 elementary images
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