
Convolution

Lecture 3

Recall :

#Definition: Consider GEMNXN(IR) and feMixN(IR) .

Assume &

and f are periodically extended .

That is :

k(x, y) = k(X + pN , y + gN)
where p , g are integers.

f(x, y) = f(x + pN , y + gN)

The convolution R*f of K and f is a NXN matrix defined

as :

R* (d
, 9)=x

,
yif(-X , p-y) for 16-N



-Geometricmeaning of convolution

Consider &M3x3 (IR) and feM3x3 (IR).

Consider : &Af(2,
2) =k(2x ,

2-y)fx,

= k(1
,

1) f() , 1) + G(1 , 0) f() ,
2) + k(), -1)f() , 3) + k(0 , 1) f(2,

1) + k(0
,
0(f(2,2)

+ k(0 , - (f(2 , 3) + k(t ,
1) f(3 , 1) + k( ,

0)f(3, 2) + k(-1
,
- 1) f(3

, 3)

Geometrically ,
it can be visualized as dot product :

Fin



Definition: The point spread function f
& P(X

, y) of a linear image

transformation is called shift-invariant if there exists a function I

such that
24P(x , y) = G(2- x

, p -y)

for all 1 = X
, y ,

C
, BEN.

Remark: Given GEMux(IR) .

Let O be a linear image transformation

defined by : O(f) = E ** for all fEMNxN(IR).

Then : the point spread function of O is shift-invariant.

Let g = Olf)

g(d , B) = 0(f)(
, p) =k(- X, - y) f(x, y)

11

GP(X, y)



Similarity between images

Definition:

Example:

~Need to define matrix norm 11 : /1 such that : for V f
, g : I

,
we can

define similarity between f and g as Ilf-gll .

ForanyVector/matrix norm isa functionIll : R(ovm) -Ro is

1
.

11 11 = 0
,

I* 11 = 0 iff * = 0

2
.

Il + ↑11 II* 11 + 11/1 (triangle inequality

3 .
11 11 = 11/I * I

- Il * Ile =Xil = X ,
X , ...

Xm)

Vector
· Il Ilc =(xi) & norm

· Il * 110 = max IXil
i= 1

,
2, ...,

m



Another commonly used matrix norm
Definition: (Frobenius norm)

Remark:
-

matrix norm .

Suppose sProvenaI
Then : 11Alle = All=did

Aven
two images It and D

,

similaritybetwee
be measured by

-

Letj = j-th cot of A
.

We have :

All =Ja: =JTAA) =JEFTAAT)
where tr() = trace of the matrix.



Importance of defining correct norm
-



Representation of        by a matrix
"Then: g(b,=Let g

= O(f) eMuxn

for 1 =2
, B = N

So,

g( , 1) = h"( ,n fa
,
n + ... hiN, fini+... + h"( ,N , f(N +... + hi(N,N) f(N, M)

2
, 1

g( , 1) = h"(1
,
1 f(

,
n) + ... h,

Df(N, D+... + hd ,
Ncf() +... + hi(N

,
N) f(N, M)

"
(x)Ig(, p) =

h
*

(
,
x f(

,
n +...+ hiN

,
RAINB ...

+ h*CN , filN) +... + hi (N
,
N)f(N, M)

N,N
L N ,

N
N,

N

g(N, N = h (1
,

1) f( ,
1) + ..

+ N, DfIN+ ...

+ h CliNcf(lN) +... + h (N
,
N)f(N, M)

g(1, 1)

· x2N equations ,
Novariables .

(HS =
912 ,1) i2

I Si) = 5 I
g (N,N)



So
,

(A) can be written in matrix form :

- = HF (HE Mix (IR)
It is called the to ansformationmatrix representing O.



Solution:
<- Row -2i
[ Row -3

1 - Rov -1

fis Si fis fil fir fis 7 Row

3x3 image
= fas tur f2z fas G21 fuz fas < Row1

531 f3z fay far Faz fas fal faz fas < Rows

↑-Row 6

92
=x

+ fu fu + (2
; ga
=3

+

fan+

far



N

·finS
-+ fz + fiz + fz

Gr =

4

92 = funifsl + f
etc



Y
All entries are given by the point spread functionh4P(X, y)



Example Consider 0 : MNxN(IR) -> MNxN(IR) defined by :

Let g = D(f)
.

Then : · fu + & fiz 2f11 + 4 fir

(-3 O

1 I
2 4 4

2 O

(ii)(



Remark: · Separable image transformation has a special structure.

anB ...
GinB

· Let A andB be two matrices.

(aij)
, si

,ja ( 92N B (Kronecker product of A and B = AQB : = 92B .
11

An , B .
-- AN B

· In general ,
if 0 : MNxN(IR) -> MNxNLIR) is defined by :

O(f) = AfB for all feMixN(IR)
,

where A
, BeMixNUR)

Then
,

the transformation matrix of O is :

H = BTA
· So

,
instead of storing NX= N

*
entries

,
we only need

to store entries of A and B
,

which is 2N2 (much less storage



Image decomposition

&g = AfB (Separable) ·

Then = f = A"gB
+

Write :
Cassume that A and B are

A =( ... i) ; B=F invertible)

Then : f=g:
Max

jth,ol

↓

Poff = AgB"=lito)B
=i

i f = linear combination of 3:Si
,j NXN matrix



Definition:

One important task in image processing:

-EachTiscalledanelementaryimagis and if

Choose A and B such that :

1
.

Transformed image requires less storage (Many Gij = ot)

2. Take away some terms giji (e
. g . high-frequency) -> Bettera

3. A" and B" are easy
to compute !

Commonexample,aT = i U = UT.



Example7( ? 3)
= =(ii)(6)(is) + z(i)(i)(33)

(ii)( ! ) + )ii)(ii)
· (2) isit #ai

(
=

-

( +[%)
elementary image elementary image



Image decomposition

Image decomposition based on Singular Value Decomposition (SVD)
Definition: (SVD)

Theorem:
Proof:

-

-To gis a matrixForanyGMmyn , thesingular valudecompositionSave
orthogonal

,

ZEMmen is a diagonal Matrix (Zij = 0 if itj) with diagonal entries given by:

5
.

25. z ... [5r >0 with <min(m
, n)

. (UUT = UTU = 1 ; VV = UTV = 1)
-

singular values

-

The rank of g is given by the number of non-zero singular values

-

Rant = dim of column space.

Recall thatrant(AB) = rant (B) if A is invertible

rank(AB) = rank (A) if B is invertible.

Suppose g = UIVT
.

Since U and I are invertible
,

rank (g) = rank(2)
= # of non-zero.

singular values



Remark: Consider an image g . Let g : UIVT be the SVD of g
(with diagonal entries of I given byd52 ... Orb

1. Note that g = u [VT=(h=
: T is called the eigen-image of g under SVD.

2. For NXN image ,
the required storage is :

(+ X = (IN
wterms



~servationaboutSetAV Int M....a)I

· ATA = (UIVI)" (UIVT) = VITERIV" = VIIV

I
=> (ATA)V = v(ia

2.) = (A.. (A)=( ... in)
I

-AO A with eigenvalues

&?
,

82,
...,

On2



· AA" = (UIVY)(UIV)Y = UIVIVIUT = UIIUT

=> (AATU = U(i2-)E(AA ... At) =(i ... unin)
i

,,
Ms
, . .

.,
in are eigenvectors of AAT with eigenvalues

8
,

2

,
82" ,

...,
On

· A = U = Av = Uz = (A . - - An) = (0, at .. ot)
For 51

,
82
, ...,

Gr > 0,

n== ,...,
ur=

We can obtain t
...,

Er from 8
, ...,

Er.



· ufu = = vi - j = 57if i
vTV = I = Vij =[
i Sh

,

E
<

. . .,
un] are orthonormal.

SE
,

E
, ..,

En] are outhonormal.



# owtocomputer
a

02Ohin
II

Step1 : Find eigenvalues[X1
,

X2 , . . . ,n] -Step5 : Let :

and orthonormal eigenvectors [,2, . . . ,
in

u = (--m)Mmof ATAE Maxn (with 11= 1
, j=)

, --, n)

[Recall : (ATA)j = Xjij)

Sep2 : Define :

= = (
*

... (n)e Max
V = (--.) Mux

Step3 : For non-zero J
,

82, ---,
Jr
,

Then : A = HIVT

let ,= in =, ...,=

Sep4 : Extend Su ,
. . .

,
ur] to the basis

Su , ...,
Er, ...,

in 3 of IR"



Example :12x2 example) Find the SVD of A = (5)
Step 1 : ATA = (5)
Characteristic polynomial : det (ATA-X1) = 125- x)(25-x) - 15

= x" - 50X + 400

= (x - 10)(x - 40)

i
.

ATA has two eigenvalues : =10 and a= 40

&

For d= 4

%= (ATA-402) = [15 REI() = x
, (i)

Choose= (h)( = (i) (G)(i)= (i)
Fo x = 10

, (AA-OI) = (_*
Find null space to find eigenrector. Let = (2) = eigenvetr.

RREF of (*) >(1) = 0 There X, -X= ·

Choose
2

= (i)/ = (i)
: v = X()

.



: v = () and = (0)
=() and :)

i .
SVD of A is :

(i) =[


