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 Point Spread Function
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Remark:

Definition: (Point spread function)

-

h **
(x, y) determines how much the pixel value of f at (x, 2)

influences the pixel value of g at (
, 9).

timeis
f g = 0(f)

~& (x, y) is usually called thePoint spread function (PSF)



Separable linear image transformation

#Definition: An image transformation O : MNXN(IR) -> MNXN(IR) is said

to be separable if there exists matrices AEMNXNIIR) and BEMUXNIR)

such that : D(f) = AfB for all feMix(IR).

Theorem : Let O be a separable image transformation given by : 0(f) = AfB

for all feMixN(IR) ,
where A , BE MNXN (IR). Then

,
the point spread

function of O is given by :

hP(x
, y) = A(d, x)B(y

, p)

where Ald
,

X) is the (6
,
X) entry of A

, B(y
, p) is the (y

,8) entry of B.



Periodic extension of images
-Le+ fEMixNCR) be an image. We say f is periodically extended

if f(x
, y) = f(X + pN , y + gN) where p , g are integers.

(So ,
f can now be defined on the entire plane- -< X , y < %) .

For example , f(N + 10
,

2N + 5) = f(10
,
5)
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Convolution
#Definition: Consider GEMNXN(IR) and feMixN(IR) .

Assume &

and f are periodically extended .

That is :

k(x, y) = k(X + pN , y + gN)
where p , g are integers.

f(x, y) = f(x + pN , y + gN)

The convolution R*f of K and f is a NXN matrix defined

as :

R* (d
, 9)=x

,
yif(-X , p-y) for 16-N



Example: Let t = (i) and f = )' ? ) .

Find ** feMzxz(IR).

The (1
,

1) entry of t*f is defined as :

22

Gxf(1
,

1) =zk(x, y)f(1 - X
,

1 - y)

= k() ,
1) f(0

,
0) + G(( ,

2) f(0 ,
- 1) + k(2 , 1) f(-1

, %) + k(2
,
2) f(y

,
-)

/ Il

Il

f(2 , 2) f (2 ,
1) f(1 , 2) f(1

, 1)

=

(1)(1) + (2)(b) + (3)(2) + (4)(1) = 13
.

Similarly ,
**f(1 ,

2) = 14
,

k* f (2,
1) = 11

,
k * +(2,

2) = 22

i· kxf = (1)
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Example: Let t = /
ia and fe N3x3 (IR)

.

Find R* f(2,
2)

hxf (2
,
2) =(x, y)f(2- X

,
z - y)

=f(, 1) +Hf() ,
0) + + f() ,

-1) +t f(0,
1) ++ f(0, %) + +qf(0,

- 1)

++ f(- ,
1) + + f(+)

, 6) + f f(t ,

- 1)

---(
,

1) + f() , 4) + f()
,
3) + f(u, 1) + f(z, 2) + f(2, 3) + f(3

, 1) + f(3
, 2) + f(3

,3)

9

(Averaging the intensity values in the neighborhood of f(z, 2)

&

Remark : Averaging is commonly used in image processing ,
which is related

to convolution.



Theorem: Let REMNNLIR)
.

Define D : MNxLI) -> MNXNLI) by :

P(f) = E * f for all fEMNxNRI.

Then : O is linear

If : Followed from the definition of convolution.

Theorem : Let be Mix(IR) and feMNxN(IR). Then : ** f = f**.

Proof: Assuming 2
, >1,

kxf(k , B) =(x, y)f(x- X
, B -3

!



-

-
(periodic extension

=)

=-)-

= f x G(2
, 8)

The case when h = 1 or B = 1 can be shown similarly.



-Geometricmeaning of convolution

Consider &M3x3 (IR) and feM3x3 (IR).

Consider : &Af(2,
2) =k(2x ,

2-y)fx,

= k(1
,

1) f() , 1) + G(1 , 0) f() ,
2) + k(), -1)f() , 3) + k(0 , 1) f(2,

1) + k(0
,
0(f(2,2)

+ k(0 , - (f(2 , 3) + k(t ,
1) f(3 , 1) + k( ,

0)f(3, 2) + k(-1
,
- 1) f(3

, 3)

Geometrically ,
it can be visualized as dot product :

Fin



Example : Let 0 : MNxN(IR) -> MNXN(IR) be a linear image transformation

defined by : Off) (2
,8) = f(k+ 1

,p) + 2 f(d , b)
- 2 f(d-1

, p) + f(d, B+1) -2 f(x
,p-1)

for all I_X
, BIN and feMNxN(IR) .

Show that O can be expressed

in terms of a convolution.

Suppose O(f)=** f for some REMIXNCIR) . Then,

Then : O(f)(b
, B)

,
=-X, -y)f(x,) - Z

I

/

2

=... + k)
,
0)f(x + 1

, p) + k(0
,

0) f(x, p) + k(
,
0( f(- 1

, b) + k(0
,
-1) f(G

, p+ 1)

+ k(0 ,
1) f(d , B- 1) +

...

_"

We set k(+, 0 = f(N-
,

N) = 1
,

k(0 ,
0 = G(NIN) = 2

,
&(1 ,

0) = k()
,

N) = -

k(0,
-1) = k(N ,

N - 1) = 1
,

k(0 ,
1) = k(N

,
1) = -2 and k(X, y) = 0

otherwise.

Then : Olf) =**F.



Definition: The point spread function f
& P(X

, y) of a linear image

transformation is called shift-invariant if there exists a function I

such that
24P(x , y) = G(2- x

, p -y)

for all 1 = X
, y ,

C
, BEN.

Remark: Given GEMux(IR) .

Let O be a linear image transformation

defined by : O(f) = E ** for all fEMNxN(IR).

Then : the point spread function of O is shift-invariant.

Let g = Olf)

g(d , B) = 0(f)(
, p) =k(- X, - y) f(x, y)

11

GP(X, y)


