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Def ( Abslute continuity)
let M be a measur on (% M).
let N be a memu&/ s,‘aweol MEAYUNR O (XJM).
We say that A 15 abs cts wnt @ if
EeM, M(E)=0 = (&) =o.
We wnte A K M.
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Def-. OSm)/ that A 13 W\,M Ae M
i A= A(EOA) ¥V EeM.
o Say that A LA if 3 digomt A BeM
AN~

Swch, that >\I [s ConCew{‘m{‘ed on A,
AL 16 Concentrofed on B .



ProP 53 Let ,4 be a meayure on (X) JV\)
Let A, A be Mewaures/sfgnecl measures On <X/M)'

Thon the Szoltowtig hold ;

@ A is concentrated on A €M
= (Al s concntmted o Ae M

G AL A = AL A

© MEM, WA M D AMtAL L p

) MM, MM D Aitd, & M

€ AM =S A<M

@) AMKM, ML DS ALk

(@) AKMH, LN = A=o0

Pfof @: Sima ML, 3 dispint A BEM

]oor which A 1% ConCentvoted on A/ M Concentrck
on B.

Henw ¥ E€ M



ME)= AMENA)
In the mean tima,
H(EaA) = H(EQA 0B) =0,
Since AR M MEOQR) =0
Heww A(E)=A(EQA) =o0.

TL\M 55 ( L€IOQSBLL€ dewmroﬁh‘on)

let H be a ¢O- Fl‘m\fe meocsysure ow <X)M)
let \ be Q Sfan&l MeapuiR Ow (x) M)

ﬁu.h F a unfclwz, o',e(,omf)asfh\om
)\ = Noc =+ )\S
Such that Yo << [ o As L

Thm 56 ( Roden - Nl‘kooljm Thm)
Under the Same a/»sumlbh‘um I va S8
Suppose that ) &< (.



Then 3 @ uunfjue ¢ LL(M) Sucdh  That

ME)= 3»:— hdi ¥ eeM

P*’_ of- Thin 55 & Thm 5.6
Sfefl. We f.‘wst Consider TIML Cone whﬁn
boT'h I\l Q,VLO[ A. are ‘Fl\ﬂl\tﬁ Meq/)u,}-u'
let (3 = M+ A, Thn P %o f.‘m“re
Meare.  Next e intvoduce /\: Ll(f)—> IR by
o A@$) = | $dn, V. $e [(p).

?)} Comdny— Schworta li\et‘uaiity;

[ A3 =] (ddal

s (f qfou)yl ({ 1da)
s (fdp)t Ax”

%
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L¢p)

Hea A\ € LCp)

Hew F G € [[(P) Such that

@ A(P)= f g dp, ¥ ¢ ell(p)
= {4 dA
Tmleu\\g ?2 :XE in @) Yueg

A(%e) = § %esdp = {_ adp
= (e dx = ae).

That &,
AE)= V(E%df), v EeM

T'nfs ;lml)ues 0< %_(X)Sl For P-G‘e '

~



SuI)Posa on the c/ovu’rmr)t that I $>0 sudh Hat

either @ %>1+1 on a set C
with P(C) >0

o ®%<-2 on o sel
o
C Wwith P(&J >0

If @O hold
f 440 345 feadsy
O exde to o Gbndio
f @ hyls
P(C)g % (0 | a Cawfm&)ch&u

Now loy Nd‘ﬂtmtﬁ % on o Y'HA/“ sef

we YY10L>/ 0% Sume

< g0l , ¢ xe X

Then  we ole]‘jw'&

A= gx: Qe [o, ‘)},
= {x: Fw=1}.



Defﬁ\e Fov & eEM,

Noc ()= AMEOA)
M (E) = XMENB).

By oli.f—;‘m‘hu\n / )\a¢ % Conentuafed on A
Ag 13 Concentmbed on B

Recal] that

§ ddr = 5%0‘9, v ¢ )
=§ct>gol>\+§¢golu

We hawe

® (bu-gdr= [ d3dn

Iﬂkﬂ& c§ = 365 in @ %‘ues
- J“)\ ==
Sy 178 fa g dm



Hen O = }.L(B)

Recdl thet A s Concentrated on B
bul M IS ConCentrated on X\B

So  AsL M.
Next we prove Aac << M.
To see thy -to»kn‘% CF: Yo (g4 ") g
Hves
f Yg (tgetg") <t~3)d>\=y%,;_(t+3+“*j") K

LHS = <§A +§B ) Y (919" (=3 ) 4A

= 49+ 4§ ) (1=3) dA
jME( e 3t (-9

— g Ml
LWE L= dA
— [, Lda= Alcan)= AadeE)

QS h>w |



(RH) (5 S > (3etq") s du
(p-o S
o gAnE d - 5 AN
— [ %3 H s

U PTR

Hena

3
Ao (B) = E ng’H ¢ Ee M

Mo (B) = SE R
whidh implies o > g (X) =§X hdpu
Hee He l_i(H) and
= (chdn D e & W



Sfel) 2. Assuma }J- N Fn‘nifg' A TS o S[aned Meayup

‘De-FMQ
NERICEALNE
T= (=)
Thn from tha propety fhat
[AE)] < (), EeM
We see that
® o At SN are Two P“\"‘A;Q Meagures en ()(’,\9
.
MOUQOUQV‘ )\‘: )\, - )\/ .

We cadl tl\,«. aloove olewm’)ostﬁw the Jol'm d&omPo»Chp'M

og—)\,.
By Step L
) o
2\,1.: /\«Ic-[-}\g
A = Aac T Ay

whie NI << BL, Dae <<, AS AT LM



Henw.

A=A-X
= Qe o)+ (N5 - X%)

Now 3 :
) IVIP W TSRV W Ty

SJFQI)B, Now cong'der The coqe that
H s G- F»‘m‘fe ond N\ 15 @ St\aued
memure

[ef ngkw be o Parbihon of X sudy that

)=l

H( XJ\ <0
Wn\t‘Q
f“lj = H’XJ\
Aj = ’\li-

(te- Hj(ed= R(ENX), NE=NENX) )



Then Hj are {:'lWC[‘Q Menures on <XJM)

)“d\ e gb\anei Meayuires on (X M)
LM

. :

Than A= Aact A

)Vi, << P’J\
Nt
Than 3 HeU() st

Ja®= fe hjdky =L
F.‘m&b let
Do
\/\M_ZJ{E(/\M

g = /\i

Mg

N

J
Than  Nac << pooomd A Lp
Mac(B)= fc hdR,



where

3]
h = éi:\ LIRS

STQ[) 4 ( Um‘clluness o-£ +he |eb. Otecolmlaesfiwh)

L — G—-ﬁm‘te mean Ui
,/\ — 0 Sp\ghﬁd meanu i

Swt)P%Q
A: AlfAL
= )\5 + )\4
SUA'L\ TL««A‘ )\./ )5 <KL [\A
M, dy L

‘\IOHC‘Q Tlrw«T )\l ")\3 << H
But >\L"')‘b = )\4 -l L M



B)/ (3) of Pro|) 5-3} AN=N =0

Hews ASAY M= Ny A

/
Unio[usmess PM+ n R‘N Tl\m.

Surpow A<M and J hi hie L_i(M)
Swdh that

/\(E)“ ‘S’\E [flld“ = 5\[_-. {IDD.O[M
) FeeM

Hena

jﬁ hehodp =0 ¢ Eem

We YIQQOQ to s]mooo H’Wd' hfl’l)_:o a.e,

then
I{z not) J 950 sud that erther
h=hy >2 on a set BDX' PosihyR

Meay,Q
0r  h ~hy<-€ en @ set GX Pesihv neas




5 h\‘(fl)_dH > 2 H(B) >0
8 leculv% o Conjrrqal@.;

/

Prol) 5.7, et M be a Sfaneol MeasUre  Ow ()(jM)‘
let |R| denste tha Lotal Vamation of (.
Then the followrg hold .
© 3 he L) suh that  [RI=1 for M-ae

ond
M(E) = fE hdfmf.
® 4 div‘ofnt A, BEM sud tht
W(E)= M(SNA)  BEem
M(E)=-H(ENB) , & EeM,
whera W:%(IHHH)) M‘:i(wt—v),



® If p=xr-n for two memuwes A, \a

ﬁ\!«h 4/\(2}“-‘-) /\,)_>/I\k‘

PP Sine [f®[< (), p< .
B}/ the RGAOH‘ thoclym Tlnm,

3 he L(1m)  Sudh that
pE)= (L hdu]  wEem

First we prove That lhléi ‘Fov M —ae.

IF not, then 3 $>0 Sudy that
eiJrLev \R> I+5 on a sef E With ‘[ul(E)>o

ov h<=(11g) on o set E with [ME)%
wwe, swPPese Tl\L ‘Fl\vst Cone OCCUNrS.

e = o hd[rle) = (+e) ul ()

>0,
whydh s \Wbtsossﬁlo&} be couse ‘ H,(_E)|$ IM[(E)



Net we Show thet Bl =1 for |W]-ae

for o< r<| | olej—wﬁx
A= {x: Lﬁ(x)l<r}‘
Then (f { E\)\k 15 o davh'hon 05— Ap)

han
™ e[ = | fg h 4]

sf% M
< SEJ rd |u]

S v ME)

Heh .

§| l M(Ej)( SR J\ijl Gy
= M(AY)



To»k'\\g Sulsremm over {EJ§ Tives

IM(A) € v fu(Ar)
> sl (A =0

So
[M[{ X 2 W\l<1}

so o

= lM|< rg‘ Ayn) $ hZ:l lM[(AVh)

=0
Hewa  [h] > |l-ee.

So  [Bl=l  ul-ae

Thi @Mpbfe,s fhe proci of (D).



A: { % 2 \RCX):il(
=g % fo=-1}
Than
H(Eﬂf\) = \SEOA'?\ d ‘Ml
= Jem =4I
= Jul(enmy O
— ok
e = f b ol
— §EOB(-|) o | M|
“M(E0R) @

me T\Ms/ we Can c‘/pedﬂ L

W=, and =i,



Indeed u+(e) = i‘(luI(EH ()

= $(enn) ¢ (] c0r) £ (E0A) + (Ent) )

$( MI(enA) + u(sah))
M(ENA).

SI(ﬂml al =
My Xe) = —w(e0B).

®. SuP{)OBQ

P= A=A, whie A A o

Measukes

UWe need to Show that
)\) Z M+

A > H:-
Notce loy @, I A, B dsjoid
SLLJ/\ 'Hmf
W(E) = —p(EnB).



So
+
WEIE M(SnA)
= A
(Ean) = Nu(enh)



