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Chap4 Lebesque spaces.

34.
3 Lebesque spaces.

Let (X
,
M

,
4) be a measure space .

Let pro.

* measurable functionff on X is said to be

timegrable if

S1fdM >o .

Moreover, we write

Ilf/lp := )SIflam)
*

We call it themof



Prop 4
. 10) Holder inequality /
Let kpso .

Then

SIfgIdn(JAam)" . ) (1gian)
where &21 with+ = 1.

Prop 4
. 11) Minkowski inequality (

Let p=1 .

Then

11 f +gllp 11 fllp + 11911p .

The proof of the above propositions is based

on the following

(Young's inequality
Let 2

,
B20

.

Let P
,
911 With+ =/

ThenGB



I" holds E B = 2

Pf of Young's inequality :

We use a geometric approach Consider

the function y = X
=1

.

Its inverse is

x = yq
-

J Using (P-1)(q-1) = 1)

y = yP
- 1

-
Area of the red shaded region

==
Area of the blue shaded region



= JPydy=
From the above geometry ,

we see that

ap
clealy"" holds Es B = P

#

Proof of the Holder inequality :

Let PC1 ·

Let f
,
g be measurable functions

on X
.
Whot

,
we may assume If

,
18130 ·

Set G=
here 931 with+ = 1.



Using Young's inequality to GW
, B()

,

we

obtain

#.
Taking integration w .

r
.
t M ,

we have

#11911a S1feldm

-
+IfM

= y + T = 1
,

from which we obtain

S1fgldn : I/fp-1181s.



~of of the Minkowski inequality :

We prove this by applying the Holder inequality.

If p = 1
,
then since

(f(x + g(x))(f(x)) + (g(x)) ,

taking integration gives
11f + 8111 = 11 fll ,

+ 118111
.

Next We assume Kar.

(f+g(" If) · /f + g
"

+ 191 . /f+ 8)
+

Taking integration gives

llftgll)If11f+" "On + S181 · If+ g) an
JUsing Holder (

(Jim)* )H+-Y
+ Sigam)"p . )) 18+ /P-1-

an)
"



=> IlfIlp : 11f + gl
:

"

+ 11811p . 118 + 211p
+ Jusig (P-119 =P)

-> (Ilf/p + 11911p) : 11 f+ gll
,
"

Hence 118 +-11 fllp + 11g1p .

Noticing that p-= 1
,

we obtain

the desired inequality. All

Def .
Let pso . Set

&>X ,
M

,
M) = Call printerable functionsset

For short
,

we write (gu) := LP(X
,
M

, M) .



Recall that for fe LS),

Ifllp = (SIfldm)
If Il fllp = o

,
then f =o ae.

Define fing if fig a. e.

Then this relation "-" is an equivalence relation.

Now define

[isM) = L(M)/n
For FETISM) , define

11 = 1/fllp if F = If].

Then [ijm) becomes a normed rector space.



Thm 4
.

12
.

Let 13 30 . Let (ful be a

Canchy sequence in L"(m)
.

Then I fe (i)
-

such that

1lfn-fllp to as n +w.

As a consequence, [*(m) is a Banach
space.

Pf . Since (fuln is a Canchy sequence,

for any jeIN, Dj EN such that

① 11fn-fullp > 2"if n
,
med,

We
may further require that

njt > By ,
j= 1

,
2, .

By removing a subset of zero measure
,

we may
assume (fnk)) > 0 XXX

,
neI.



Define
= -frj(x))

.

g(x)= fu - fn()

clearly g(x) = lim &x

Using the Minkowski inequality to Im gives

1grllp> 11 fa: frilly

5 25 (by

#

By Faton's Jemma,

11 gll" = (19/tim (g
->/19mk1 * dM(x)



I

Hence &M >O for M-are X.

That is
,
for H-ae X

,

-f
Consider the sum

(2) f+-f)
which converges for peace .

X.

Let fix) be the above sum if 121 Converges

otherwise
,
let f(x) = 0

.



Then for Pae X-X,

f(x)=+( - fr*)
=in Fr

That is
, fun -> fae.

In what follows we prove that

1lfn-fllp to as noo .

Let 930 ·
Take a large NEI so that

13) 11fn-fullp > 2 v n
,

m > N

For any m > N
, by Fatou's lemma ,



11 -full" = SIf-fml"am
=Siffm
> Ifni-ful "di

<
P

that is
, Ilf-fullp <S .

So IlfIlp- > llf-fullp + 11fmUp
su

and 11fn-fllp to as new.

H



Recall that a simple function on (X
,

M
, M) is of

the form

=
where GjIRKoS , Ej - M.

Let
S = /s : s is a simple function

X with MCE; ) > N) .

Prop 4.

14. Let P21 .

Then

S is dense in LSM).
-

Pf . Clearly S2 LSu)
.

Next assume f("(m) ,
f is non-negative.

Then I a sequence (SR) of non-negative simple
functions

, SRYf.

Then by Lebesque Dominated Convergence Thm
,

Sis-flid - 0 as 1 -0 .



It follows that

IISR-fllp -0 as k+ 0.

Moreover
,

whenh is large enough , I/Smllp > 0.

Writing Sp= jXEj
,

the

2 M(Ej) < SISRldi Sc
=> M(Ej)sn = SRES

In the general care
,

we write

f = ft - f
Applying the above analysis to+and, we see

that

=> (sm)eS sit 1Sm-fllpto.



Prop 4
.

15. Let X be a LCHS
,
let M be a Riesz

measure. Then

C(X) is dense in (M) for all /PCD
.

Pf
.
Let1so

. By Prop 4.
14

,

it suffices to

proved that for given EEM with M(E) so,

and 230
, E Ge((X) such that

11 9 = Yellp .

To show the above result
, fix EEM with MCE) ar,

fix 30 . By Lusin's Thm, 9-(()
such that 119110 : = Sup(y)I

and

M(x =(x) + X((x)y < 2 -q

Then 119-XElly = S19(1-XE, /"an



=
-> 20 . M(x : qx) + XE(x)]

> P
which implies

119-XElp . A

Prop 4.

16.
.

(SIRP) is separable for PS.

1) = <PS2)
, 2-Lebesquemeasa

Recall that we say a topological space X
is separable if I a countable subset



of X which is dense in X.

Pf .

Let Bn = EXER" : Man]
,

ne I
.

Let In denote the collection of the

restriction of polynomials with rational

coefficients on Bn
.

That is
, any

elementof In is of the
form
f = XBy · g

whereG is a polynomial with rational

coeftients defined on IR&

Hence In is countable.

Let 3= In
. G is countable,



We show below I is dense in LSRP) .

By Prope.

15
,
Cc)Rd) is dense in L"CR&

It is enough to show that for GeC(X),
andSo

,
I hey sit

119-hllp-5 .

Since Spt(4) is compact , InEN such

that

spt(9) = Bn : = Ex : 11kn)
.

Then by Weierstrass approximation Thm,

= fe In such that

sup(4( = h()> 3 . (2 (B) (*
XBn



Now

119-h/p = S19x) - hex,)"dax

=> S 19(-hd
=> LCBn) ·Sup14(x-hxl)
= L

*

(Bul ·JS · (Bull* )"
[

so 114-h/lpSs.


