
Real Analysis 24-10-4

Let us first recall the Riese representation thm
and the construction of the Riesz measure.

Thm (Riesz Representation Thm)
Let X be a LCHS. Let A be a positive linear

functional on C(X). Then I a Bowe measure

M such thatM is finite on compact sets and

X(f) = SfdM, feG(X) .

Construction of M :

For any open GIX , &

No(G) = supENsf) : f < G] if GEP
,S

O if G=0

Then for each EX , define

H(E) = inf(Mo(G) : GEE
, GopenY

.



Now we will finish the proof of the Riesz representation Thm
.

Step 4. ↑ (f) = Sfdm , vf- ((X)
.

It suffices to show that

Nf) = SfdM for all feG(X).

Because if this is true
,
then the reverse inequality

follows by replacingf by -f.

Fix fek(X) . Suppose f(x) = [a , by
.

Let 310. Pick

Yo(a > Y <... > Yn = b

such that

Yit- Yi < &
.

Let K = supp(f) . Set

Ej = f)yj
,
yi72k .

Then
K
=&Ej ,

with Union being disjointa

Since K is compact , M(K) >O So M(Ej) < W.

Choosing open G; such that

① M(z) = M(Gj) =-



② Y* f(x) > Yj + 2
,

Vx Gj.

AsK, G; with

= 1 on K.

Hence

f=
So

x(f)= fPj)

-> x((yj +2)9j)

= (yj + a)n(9; )

= (al+;)(j)
3> ((al + yj +a)M(Gj) = (a)x(9j)

(since (a)+ y + [ 20)

- ((a) + y+29) . (M(Ej) += )
- (a)(95)



-> YMEj) + 19) · (M(j))
+ O() .

- Sfdi + OS) .

M(k) -x(G)

Since[YX, f .) ↑

(Here we used M(K) < NS[45)by step)



Regularity of Riesz measures

Def .
Lethe be a Borel measure on a topological

space X . A set ECX is said to be

terregular if

M(E) = inf [M(G) : G is open , GCE)

We say that E is innerregular if

M(E) = supEM(K) : K is compact,
keES .

· Moreover
,

wesay
is regular if

all measurable sets in X is both outer and

inner regular with respect to M.



Prop 2 . 9
.

Let X be a positive linear functional
on a LCHS X

.

Let M= Mx be

the Riesz measure associated with N.

Then the following hold :

(1) Every set in X is outer regular.
(2) Every open set in X is inner regular.

(3) Every measurable set with finite measure

is inner regular.

Pf .

(1) follows from the definition of M.

Next we prove (2) .
Let GeX be open.

Recall that

M(G) = supENf) : f > GY .
= supdSyfau : f>G)

* sup[M(K) : 1 compact, KEGY



/Reason : for given f > G
,
take K= supp(f).

then

Syfdm = M(K) since fix (

Now we prove (3) ,
1. e every measurable

set of finite measure is inner regular.

Let AtX be measurable and M(A) < &·

Let 230. Pick an open G
such that

G>A and

M(G) = M(A) + 2
.

By the additivity of M ,
we obtain

x(G)A) = M(G) -M(A) < 3

S we used theansumptiona
Pick another open G .

> G)A such that



M(G) = M(G(A) + 5
.

Since M(G)A) = M(G) -M()
,

the above inequality
implies that

M(x) = M(G) -M(G) + 5

(D)
- M(G(G) + 5

,

where in the second inequality,

we use

M(G(G) + M(G)2 M(G) .

Since AlG
,

it follows that

A = G((G(x)
> G/G (since GG().

Now take a compact set KIG such that

M(G(k) >5
.



Take M = K ·

ThenM is compact, and

AGG,T.

Using the fact that (K)G) v(G(k) > GG
We obtain

M(() = M)k(G) = m(G(q) = +(G(k)

= ((A) - S - E

(by (#) and M(G(k)(2)
Hence A is inner regular. This proves (3).

#



Prop 2 . 10 . Let M be a Riesz measure on

a LCHS X which is -finite with respect to

Sie . X = ↓X, with M(X; )s0)
Then the following hold :

1) For any measurable EEX
and 330 ,

there exist an open set G
and a

closed set F so that

FIEEG ,
and M(G(F)>.

(2). For any measurable set EEX ,

there

exists a Gg set A and a Fr set B

such that BEEA and M (AlB) = 0
.

Consequently ,
Mc is the completion

of $X.



(3) Every measurable set is inner regular.

Recall that a Gy set is a countable intersection

of open sets ; a Fr set is

a union of countably many closed

sets) .

Pf .
Let EeX be measurable·

Let X = Xj with M(X; )so .

Write Ej = XjrE .

Then

M(Ej) < 0· Now let 230 ·

Pick open set Gj > Ej so that

M(Gj)Ej) > 32



Let G= Es.

Then GlE = (Gj) /E
= W(Gj)Ej)

Hena

MalesMSE) <2
. 925 = 2.

Using a similar argument for E"
we can find an open GE

such that

H(G)(E4) >2.
Notice that Gn(E = EE

= EG



set F= Gr? Then F is closed

and

ElF = G)E
Hence MJElE) <S .

Since FCECG,

we have

M(G(F) = u(G)E) +M(E(F)
< 25

.

(because GlF = (G(E)U(E(F)

This proves (1).

Next We prove (2) . By (1) ,
we can find

open sets (Gn)
,

closed sets (Fn) such that

Fn[EEGn
,
nEIN

S M(En) Fn) > 2-n



Let A= Gn
,

B = U En
,

Then A is a "Go set and B is a Fr set.

clearly BETA
,
and

M(A(B) = M) Gn(En) < 24
,

which implies M(A)B) = 0·

This proves (2) .

Finally we prove 13) .
It suffices to prove

Sup[M(k) : 4 compact , KEY = 1

if M(E) = + r
,

For this
,
let X = UX; With M(X; ) so



Letting Ej = El Xj
,

we have

E = jEj
Hence M)Ej) = 0

,
which implies

M(Ej) + 0 as N+ r

Now for each NLfind a compact

Kntj with

M(kn) = M)Ej)=*
-> + O as N+ O

.

#l



$2 . 5. Lusin's thm.

Thm 2
. 12 .

LetM be a Riesz measure on

a LCHS X
.

Let f : X -> IR be measurable such

that f vanishes on A for some measurable set

* with finite measure
,

such that
Then for any so

.
#g-Cc(X),

m(x : f(x + g(x)) >5.

Pf . Writing f = fl-f
,

we may simply assume

f is non-negative .

Also we may assume f is bounded and

* is compact by an approximation argument .

Dividing f by a large number, we may assume

osfs1 .



Next we construct simple functions In f.
such that for n = 1

,
2, ....

Sn()= iff
for some j = 0

,
1, ..., 21.

Notice that S
,
(1 = + 000 and

Sn(x1-Su ,

() = or 0 for n=2.

Letting So(x)= 0
,

then

Sn(x)-Sn- ,
(x)=X(X) ,

n = 1
·

whereIn is the set of points x at which

Sn(X1-Sn-1(x) = In

Notice thatTh A.

Ibecame on A
,
f(x1 = 0 so Sh(x =0



Next notice that

f(x) = Snex)-Sn- 1(1)

=X

Since A is compact , we can choose an

open set V such that

A IV
,

I is compact .

Now Let 910 . For each n
,
pick an open

set Gn and Compact Kn such that

KntTn &Gn V = T
.

so that M) Gn(kn)<



By the Urysohn lemma ,
Ehn-C (X)

Kn < hn Gn

Now we define

g= h

Hence gE((X) . (Because g = 0 on EP)
Notice that

fin = Nin except on the set Gn/kn .

(since on Kn
,

Un= Xin = /

on Gn> in = 0 = X in)
Hence feg except on U (Gn/kn)



It follows that

Ex : f(x) = g(x , ]z WGn/kn

However,

M) WGn(n) -> [M(Gn)Kn)
< Es . 2 = E.

Corollary 2
.

13.

Under the assumption of thm 2
. 12 ,

let of be a measurable function satisfying
If = 1 .

then = a sequence (fn)[Cc(X)
such that

ling(x = f(x are



Pf . By Lusin's Thm
,

we can find for new,

g ,
EC(X) and EnEX measurable

such that

MCEn) <i and f = g, on En

Then
i

EMCEn) < ro
.

By Borel-Cantelli Lemma,

MSX : X - En for infinitely many n) =

Hence for almost all point X,

* belongs to finitely many En's
and let hol be the largest such n.

Then
& n(x) = f(x) for all n2no(.

Hence limgn(x = f(x.


