Tutorial 11: Expectation and Variance of linear combination of
random variables

Fact 1:
For random variable X:

a) ElaX +b] =aE[X]+b

b) VarlaX + b] = a® Var[X]

Fact 2:
For random variables X1, Xo, ..., X,;:
a) The following equation holds for arbitrary random variables X1, Xo, ..., X,

EXi+Xo+...+ X)) = E[Xi] + E[Xs] +...+ E[X,)]
b) If X1, Xs,..., X, are independent, then
VarlX; + Xo + ... + X)) = Var[Xy] + Var[Xa] + ... + VarlX,)]

Factl 4+ Fact2 = Fact 3:
For random variables X1, Xo, ..., X, and arbitrary constant cg,cy,...,cy:

a) The following equation holds for arbitrary random variables X1, Xo, ..., X,

E[Co +ea X1+ X+ ...+ Can] =co + ClE[Xl] + CQE[XQ] + ...+ CnE[Xn]

b) If X1, Xs,..., X, are independent, then

Varlco + 1 X1+ coXo + ... + cuXn] = 3 Var[X1] + & Var{Xo) + . .. + 2 Var[X,)]

Notes: The facts hold for both continuous and discrete random variables.



Proof of Fact 1:
a) Let g(X) =aX +b

Elg(X)] = [(az +b)fx(x)ds
= a/xfx(:v)dx—l-b/fx(:x)dx
= aF[X]+b
b) Let g(X)=aX +b
Varlg(X)] = E[g(X)?] - E[g(X)]?
= E[(aX +b)% — (aE[X] +b)?

Ela?X? 4 2abX + b%] — (aE[X] + b)?
a?E[X?] + 2abE[X] + b* — (aE[X] + b)?
a*(B[X?] - B[X]?)

= a*Var[X]

Proof of Fact 2:

a) Prove by induction.

e First prove for arbitrary two random variable X,Y (note we don’t make independence
assumption here), E[X + Y| = E[X] + E[Y]:
Denote f(z,y) the joint probability density function of X, Y.

EX+Y] = //:c—i—y (x,y)dxdy

:/x/yfxydydxwL/ /fl‘?/dﬂﬂdy
= /xfxxdx+/yfyydy
@ y

= E[X]+ E[Y]

e Suppose
k—1 k—1
ED_Xi]=> E[X
i=1 i=1
Define random variable Y;,_1 = Zf:_f X, then
k
E]> Xi| = E[Yj_1+ X}
= E[Yk 1] + E[Xk]

= ZE ]+ E[X4]

= EE[X]

b) Prove by induction



Problems:

a) X;,i=1,...,n are independent normal variables with respective parameters p; and 01-2 , then
X =31 X, is normal distribution, show that expectation of X is Y i ; u; and variance is

n 2
i=105

b) A random variable X with gamma distribution with parameters (n,A),n € N, A > 0 can be
expressed as sum of n independent exponential random variables: X =" | X;, here X; are
independent exponential random variable with the same parameter \. Calculate expectation
and variation of gamma random variable X.

c¢) A random variable X is named x2 distribution with if it can be expressed as the squared sum
of n independent standard normal random variable: X = > ; X2 here X; are independent
standard normal random variable. Calculate expectation of random variable X.

d) X;,7 =1,...n are independent uniform variables over interval (0,1). Calculate the expec-
tation and variation of the random variable X = % v X

Solution:

a) From Fact 2

b) BIX] = S0, B[X)] = n/A
Var[X] = 3, Var{X;] = n/)\?

¢) E[X?] = Var{X;] = 1 (Recall Var{X] = E[X?] — E[X]?)
EIX] =YL E[X}] =n

N[

d) E[X] =3 YL BlXi] = 35 =
n

V(J,T‘[X] - # 2?21 VCLT'[XZ' ‘15 = o

We can see the variance diminishes as n — oo.



