



































































































































Cont'd

c as it requies us to solve a system of PDE
Assume n 2 for simplicity other dimensions are similar

let F MI Nj be conservative

Then we need find f EC st

3 i It Jf F ME Nj partialdiffential
equation

i e finding FEC sit M a systemofPDE

y
N

equivalent to df Mdx Ndy

Fix a point AER

Then forany point Ben

define

f B F Fds commonvalue of S FFds forany
C from A to B

since F is conservative f B is welldefined

We've also used the assumption that r is path connected
outsider

Otherwise there is no path from A to B






































































































































if A B belong to different connected components

Claim F Jf

Pfofclaim 2 B him f B Ei f B
40 Ʃ

Let h be the horizontalstraigh
B BtEI line segment from B to B Ei

if with IEI sufficiently small such

that B Ei Er possibleside

ris open

Then f Bei ETds Sc F Fds

F Fds SLFFds

f B S F Fds

f Bei fB FFds F di
E

Since I can be parametrized by x t y O t E

if B x y wehave

f B Ei fB MENj to y dt






































































































































fMextt yldt

MCXy as Eo Ex

by MeanvalueThem Miscts Facts

or FundamentalThmof Calculus

B y Mex y

Similarly 2 B N xy Bte
1L verticalstraight

by considering
B linesegment

So Tf F
Since Fists M 8 N are its fisclearbits

fisc








 Corollary toThm9

let F be conservative and d
connectedopen

n 3 If F MI Nj Lk on r cR

then My

21 Ty
124 11 connectedopen

n 2 If F MItNj on RCIR

then my

Pf F'conservative 9 F If fa some function f

ie Exit yi ñ MI NÉtLk
FEC fEC

Hence mixed derivativesthm ClairauntsThm

1 8 E 8g

84 E 8 31
n 2 is included



eg42 Show that F xy It is not conservative in IR

Soln FEC
ME 31

F is not conservative

Remark Important

For a C vector field F Mit Nj LE
CortoThm9

M N L satisfy the system
É conservative

ofPDEs in theCartoThm9

Answer NOT TRUE in general needs extra condition on

the domain r connected is notenough

eg43 Consider thevectorfield

F Eyed y 5
and the domains v2 IR x 0 ER so

Rz 1R 10,0



12 doesn'tincludeR1 doesn't
theoriginincludethe

negative xaxis
0 butinclude

andorigin teagative

In polarcoordinates

F sine I lost Ii
F rotates around the origin anti clockwisely

F 11 0 as r to

1
F 11 is as r o F cannot beextended

to a C rectafield
on IR

Besides 10,0 F is c Hence

F is C on R andalso

F is C on Rz

Questions Is F conservative on Ri

Is F conservative on Rz



Solu C For R1 and x y ER can beexpressed

in polar condinates by
r o X test Yersino

L
I Oct

Straight inequalities
doesn't include negative Xaxis

Define fixg 0 smooth on R check

Then 110
check

25 at

sit it at it if

F is conservative on R
121 For Rz the function fix y cannot beextended

to a smooth function on the whole R2

the function 5 0 jumps at the

negative x axis

f cannotbeextended to a continuous

function across the negative x axis

To showthat F is not conservative on R2 we consider



a closed cave C Flt cesti sintj TEET II

unit circle in R2 butit isnot a cave in r

Then S Fodt C spit costs'i suit dt

En

sinos as't dt fat
2T 0

By Thm9 F is not conservative


