
 

VectorAnalysis

Notation Usually in textbooks vectors are denotedby

boldface i but hard to do it onscreen

somynotation ofvectors are
differential

general vectors V F n operator

OR
unit vectors I j k ñ I

j
and use v to denote the length of w̅

to avoid confusion with absolute value

Line integrals in 1R IR
path integrals

Def9 The line integral of a function f on a curve

path line C with parametrization

i a b 123

positionvector Xlt yet t

is later ds fffoÉHEAD 0s
where P is a partition of ab and

Osi Xist Yi ΔZi



ie ds lengthelement ofthe cure XinYinZin

KAI_
Osi

Xlt Y ti Z It XiLitti ti titi

Remarks

i If f 1 feds are lengthofC

Thedefinition is well defined ie the RHS in
the definition is independent of the parametrization PG

Def9 Formulafor line integral
Notations as in Def9 then

Satiilds flies F t dt

where Plt Xt y't Z't

Since FCtin

f Esi J xistoyiitlotis
JEE.FI 5 1 oti

E Cti y'cti5 z'ctiJ oti

Flti Oti



Remarks I ds F't dt is usually referred as

the arc length element

where Flt Xlt y t Z t and F t dxitityititz.lt

2 Suppose the curve C is parametrized by a new parameter E

t x ̅
Is app

t E is increasing

1 so 1 0

then ds Fit at cts at
r

1 Fi at 9 1 at de

i Is and hence finds is independent of the

parametrization of C

3 If F t is only piecewise differentiable

then the RHS of Defg o.tl

becomes a sum
9 151

If ab to tisu U tit To U try try 15
b

non differentiablepointforF t



such that F tin is differentiable then

finds É É f Fits Fits at

eg32 fixy Z X 3y Z

C straight line segment joiningtheorigin and 1,1 1

Find Safexy z ds
Sohn

Parametrize C by

Flt 0,0 0 t 11,1 1 100,071

It t O t 1

i.e t t yet t Elt t

Fft 1,1 1 tETO I

S f F ds So f t t t trial dt

Sift 3t t 13dt

0 check



eg33 let C be a curve in IR planecurve ie Z t 0

and it has 2 parametrizations

F t test suit tE E E

Elt 11 2 t AEEI I

Suppose fixy X Find S fixyids
wesimply omit the Z variable as C is a planecurveand

f is indep of Z

Soh i Flt cost suit E t I

S fds 1cest 11 cost sint It

1 cost at 2 check

2 Flt t t t 1 t 1

Satds ut t delta Gtt It

idt 2 check

Thisverifiesthefact that the line integral is videp of
the parametrization Note F Its Elt are inopposite

directions see later discussion



1 graphoff overC

I

d
l

Satds
signed areaunder

thegraph offorerd

PropF If C is a piecewisesmoothcurvemadebyjoining
4 da Cn end to end then

1fᵈs E Seitds

Pf Clear fromthe remark 3 of DefG butCi can be
piecewise differentiable in thisProp

Remark end to end means

end pointof C I initial point of Ck



eg34 let f x y z X 392 7 again

Ci Ca Cs are straight line segments as in the figure
it is

4 xCs

0,00 y
ʰ
9,10

We already did So fds 0

One can similarly calculate

Saucstds Safds So fds

12 3 Ex

For instance ScFds So 1 3115 t dt

The observation is Sc tds 0 Sc uc tds

even C dyd have the samebeginning and endpoints

Remark different from 1 variable calculus

Conclusion Lineintegral of a functiondepends notonly

on the endpoints but also the path


