
 

Prop4 a If f xy 0 is an integrablefunction on a closed

bdd rectangle R then
HH dA o

b If R1 and R2 betwo closed bdd rectangles such that
int R n int Ra then

1 fixy da this da ff.fiDdARiURz
for integrable function over R URa

Pf Omitted Obviousfrom the conceptofRiemann sum

Note Various situations for intR n intR2
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RinRa commonedge Rz
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Wehaven't define pffp.tkY dA for cases 2 4

Henceweneedtodefine double integrals over general regions



Double Integrals over General Regions

For non rectangular bounded closed
an

region R one can define similarly

the concept of Riemann sum

There are two ways to fam the sum

i sum over all subrectangles completely inside R

II sum over all subretangles with non empty intersection

with R

Or one can define theintegrals as follows

I fly

R closed rectangle
containing R

Def let R be a boundedregion and fixy be a

function defined on R Forany rectangleR's R define

FX
49 XY ER

O XY E RTR
Then the integral of f overR is definedby

fixy dA FIXY dA



Remark The definition is well defined ie doesn't depend
on the choice of R If R is anotherrectangle

sit R R and

FIX y 1
49 X ER
O 1 19 E RCR

Then
SLEX da Fay dA

by Prop4 b
K

R

Props The propositions 1 4 hold if wereplace
closedrectangle by closedand bounded region

togetherwith the Propz

Important special types of bounded regions R

Type4 R d xy a x b six y gaxl

where 9 andg are continuas functions

on a b R

9kg2 but 9 9 a b

gixt



Type 2 R xy h g EX halys c y d

where h and he are continuas
d

functions on Gd his hdy

his hr but hitha c

For these 2 types of bounded regions wehave

Thmz Fubini's Thm stronger version

Letfoxy be a continuous function on a closedandbounded region R

4 If R is of typed as above then

fXdA if dy dx fifixydydx

2 If Ris of type as above then

tYdA J a.fi Ddx dy Ifffxysdxdy

Pf Type4 Extend fixy to Fly d 9.41

as in thedefinition ontherectangle R

R a b c d suchthat
a b

C HE9111 d maygalx
a 9 x



Bydefinition 2 fffixydA FIXy dA
R

f Fixg dy dx Fubini 1ˢftam

f continuas onR F continuous on R except possibly on the

bondary curves of R Hence byPropz F infact F1

is integrable over R And the Fubinitheorem 1stfam is

in fact true for absolutely integrablefunctions on a rectangle

Now Foxy 0 for 9 9,4 and y gax

and FIX y fix y for gilx yegelx

f dA fifixiddy dx

Type 2 can be proved similarly

eg7 Integrate fixy 49 2

over the region bounded by y X and9 24

soln ye
is type l R lO X z

y x ̅



fffix.gsda fixyidy dx 49 2 dydx

c 2
4 6

2
4 1

check

5

f fx.rs
t4iddA f f4ytz dx dy
f 4y z7 G fy dy

Alsotype 2 check

egf Evaluate 1 x dxdy
Sohn

Regard Sis sixdxdy yet

as a double integral of six
over the region R y x l o y l

1

By Fubini's Thm So's sixdxdy ffftda
fjsjsixdydx fdsmxdx 1 ces.ly

Caution fixy 4 doesn't define at x 0 Why Fubini applied

Hint EE L



eg 9 Find S xdA where R is the region in the right

half plane bounded by 9 0 xty o and the unit circle

y 0Sold ByFubini'sThm x yEI
XdA x dxdy 1

I 5 d 3k
check

Alternatively
s xdA f Sixdg dx 1 9

1 x dx Xuxa dx check

Applications

1 Area of good region RC1R 1 1 1

y g x
Def Area R I IdA

a b

Then Fubini's Than implies the well knownformula

Area R S fix gas dx Ex

R is the region bounded by the canoe
with

t 99

feb9 b
gas

y fix and y glx for a X b



eglo Area bounded by y x and y xt2

Sohn Solve y x2 y
t
y x

y Xt2

1 2
1 2

Then Fubinis Thm

Area 2 x2 dx check

2 Average of a function over a region

let f RC IR be an integrable function

Def4 The average value of f over R
I

AreaR XD da

egll let f xy CesXy R TOTITX 0,1

Find average of f over R

Sola Average of f over R heap fog da

So fixcesixysdy dx
S sinxdx check



Double integral in polar coordinates 50
r

8,0 Xy go
roso

y raino

aereb T
coed

Idea If pointe ΔAk
What is OAR approximately

nri.DE tiDOj

0
OAK

by rit
pi re ri t

Δ0j j 051

OAK 8500 Ori ri 00J Ori

Hence OAKI 0 09 1800 or

so S fX y dA txy dxdy

f roso rainofirdle
length radius angle

Method to remember thefamula
da do

dA dxdy rardo or


