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1 Kaczmarz method and randomized version
Kaczmarz method
Randomized Kaczmarz
Stochastic gradient descent
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Review

linear inverse problems
Ax=y

m The Landweber method

Xk11 = Xk — BA*(Axk — ¥)
m the method is convergent for exact data: x, — x'
m the method is stable for fixed k

IX¢ = Xkl < Vks
m convergence rate under source condition x! = A*w
Ik — x|l < (2k +2) /2| w]|
m the discrepancy principle can be applied and is optimal
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Review

Landweber method can be very slow ...
m How to accelerate the computation ...

m it takes many iterations
m each iteration requires A, A*

m What are the remedies ?

m simple: Anderson acceleration

m simple: Kaczmarz / stochastic gradient descent
m complex: conjugate gradient, MINRES

..

4/53

DEPARTMENT OF

ATHEMATICS

«Fr « >


http://www.cs.ucl.ac.uk/
http://www.cs.ucl.ac.uk

FHEFIKRE

¢ The Chinese University of Hong Kong

Anderson acceleration for fixed point equation: xp.1 = T(x,)
m let g(x) = T(x) — X, gk = 9(Xk)

m set xp and m > 1 (memory parameter)

D. G. Anderson. Iterative Procedures for Nonlinear Integral Equations. J. the ACM. 1965; 12 (4): 547-560
X1 = T(Xo)
fork=1,2,...do
my = min(m, k)
Gk = [Gk—my --- 9kl
ax = arg TnmE?l% =1 1G]
X1 = D _izo(aun)i T(Xk—my+1)
end for

very effective, but no analysis of the regularizing property!
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Old idea: Kaczmarz method starts from initial guess xo,

i —(ai, X .
Xk+1 :Xk+yl||é|i72k)a/, i=(kmodn)+1,
j

orthogonal projection into hyperplanes ...

m Kaczmarz method was proposed in 1937 by Polish
mathematician Stefan Kaczmarz.

m It was re-invented by Gordon et al. (1970) under the name
algebraic reconstruction technique (ART), for image
reconstruction in computed tomography:
randomized version works better ! Naterer 1986

m randomized version first analyzed by Vershynin-Strohmer 2009
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Kaczmarz method

Consider the linear system

Ax=y
with A e R™*" x € R"and y € R™. We write the system matrix A in
the form
Aq
Ao .
A=| . |, AeRY™j=1 4,
A;

with ky + ... + k, = m, and each submatrix has k; linearly indep. row
vectors, i.e., rank(A;) = k; < n, and A; is surjective from R” to R¥.
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Similarly, we decompose y € R™ into ¢ subvectors

n

bz
y=|" |, yeRij=1,. ¢

Ye

The original equation can be given as the system
Ax=y, j=1,...¢

The jth problem is composed of k; < n linearly indep. linear eq., and
the solution space

Xi={xeR": Ax =y}
is an (n — k;) dimensional hyperplane in R". This hyperplane is a
subspace iff y; = 0.
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m define an orthogonal projection P; : R” — X; by requiring
Piz<c X; and

(I-P)zL(w—wp), VZeR" w,weelX

P;z is the point closest to z in X;

m define sequential proj. P: R" — R" by
P="PPyy...PPy

m The Kaczmarz sequence {xx}:°, is defined by stephan kaczmarz 1937

Xk1 = Pxx, X0=0
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Theorem
IfX = ﬂf:1 X; # (), then the Kaczmarz sequence {x}3>, converges to
the minimum norm solution x' = Aty as k — oo, i.e.

lim x, = xt.

k— o0

The proof is quite lengthy

DEPARTMENT OF

ATHEMATICS

THE CHINESE UNIVERSITY OF HONG KO

10/53


http://www.cs.ucl.ac.uk/
http://www.cs.ucl.ac.uk

FHEFIKRE

o - The Chinese University of Hong Kong

Algebraic reconstruction technique (ART)

Consider the special case where the original problem Ax =y,
A € R™" s partitioned into m subproblems, i.e.,

T .
Ax=a x=y, j=1,....m,

m a/: the jth row of A,

m A : R” — Ris a surjection Vj < A has no empty rows
This version of Kaczmarz method is called algebraic reconstruction
technique (ART). ART is used extensively in X-ray tomography.

Richard Gordon, Robert Bender, Gabor Herman 1970
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ART iteration

1 1 1
NEHTSH
A s invertible and the hyperplanes in R? are given by

X Z{(X1,X2):X1 + Xo = 1}
Xo = {(X1,X2) =Xy + 33X = 2}

ART converges to the unique solution x = (1, 2). We visualize each

projection P;, j = 1,2, not just the sequential projection P.
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10°
—error
—residual
102
1074 ‘
0 5 10
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ART iteration

11 1
A=| -1 3|, y=|2
1.0 1

added the third hyperplane X5 = {x; = 1}
the linear system is inconsistent and does not have a solution. ART
appears convergent to a solution.
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error with respect to the least-squares solution ...

ol —error ||
10 —residual /]
vV VvV
10"} |
0 5 10 15
wL)LPAR‘I MENT E:)IS

HONG KONG
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ART iteration
A O R
13 YT e

A is invertible and the hyperplanes in R? are given by

Xi :{(X1,X2)2X2: 1}
Xo = {(X1,X2) C—X1 + 33X = 2}

ART converges to the unique solution x = (1, 1), but extremely slowly
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The computation of the projection P;:

Aq )2

As Yo
A=| . |, AcRv y=

A Ve

with each A; being surjective

m X;: the hyperplane composed of the solutions to Aix = y;

ijRkj,

m P;:R" — X;: orthogonal projection onto X;

m Q : R" — ker(A;): orthogonal projection onto the kernel of A;
= | — @ : R" — ker(A;)" = range(A]): orthogonal projection

m the identity
ID/XzZ+C?/(X_Z)a

This formula is indep. of the choice of z
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the proof of the identity

Px=z+Q(x—2z), VxeR"zelX

m forany z € X;, Pix € X;
APix =Az+ AQ(x—2z) =y
m forany zy,z; € Xj, z1 — z2 € ker(Aj)) + [ — Q; : R" —>ker(A)

(x=Px,z1 —22) = ((I - Q)(x—2),z1 —22) =0
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Lemma

The projection P; can be written explicitly as

Pix = x + Al (AA])

Ny — Ax), YxeR"
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m AAT € RSN is invertible: A; : R" — R¥ surjective = AT
injective = A;A[ injective

AAz=0=2z"TAA z=0=|A z|?

=0=2z=0
= injective square matrix A;/A" is invertible
m Fix any x € R", let

Pix=z+Q(x—2), withzelX;

X—Px=(x—-2)—Q(x—-2)

= (- Q)(x — z) € ker(A))" = range(A/T)
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m there exists w € R% s.t

Al'w =x— Pix
m+PxeX =

AA w = Aix — APix = Aix — y;
m Solving for w and substitution
AT AAT) N (Aix — yj) = x = Pix
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implementation of ART:
® when the submatrices A; = a', j=1,...,m, are rows of the
original system matrix A, y;, j = 1,..., m, are the components of
y, the inverse is just real numbers

(AAN) T =(a a)" =1/]a)?
B update

Pix =x+(y; — (aj,X))W
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discrepancy principle for Kaczmarz method

m the measurement y? is a noisy version of exact data yt with
Iy’ =yil=6>0

m The Morozov’s discrepancy principle works for the Kaczmarz
iteration as follows: choose the smallest k s.t.

Ily? — Axp|| < 6
if such k exists.
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remark
m Unlike truncated SVD and Landweber method, the condition
3> [ly* — Py’
where P is the projection onto the range of A, is insufficient to
guarantee the existence of a stopping index k

m The evaluation of the full residual is costly ...
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Example: discretized inverse heat conduction
m simulate the data, add some noise, same value §

m use discrepancy principle for early stopping
]

DEPARTMENT OF
Cs
Tz o

29/53


http://www.cs.ucl.ac.uk/
http://www.cs.ucl.ac.uk

FHEFIKRE

The Chinese University of Hong Kong

heat example with exact data

10° —error
L\ —residual
102
10
0 5 10
x10%

50

100
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heat example with 1% noise

10° —error
\ —residual
102
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Randomized Kaczmarz method

T. Stromer, R. Vershynin J. Fourier Anal. Appl. 2009: randomized
Kaczmarz method

m choose the ith equation with probability prop. to | &;||?

m the method is a version of stochastic gradient descent
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Let xt be a solution to Ax = y. Then randomized Kaczmarz
converges to x in expectation:

Eflx = x'IZ] < (1 = w(A) )" x0 — xT||?

with
K(A) = Al A

The method converges exponentially fast to x', and the convergence
rate depends only on the scaled condition number x(A)
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m there holds the inequality

- I12]2

n
> (z.a)P > 2 AT VzER
j=1

m the identity Al = 317, 18] + x(A) = |Al[F]| A~ =

m
|a/||2

2
- AlZ (2.527) = mA 21217

LHS is the expectation of some random variable.

1[]s

m The solution space of jth equation is {x : (x, &) = y;}, with

normal Ha Tal
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m define a random variable z whose values are these normals:

[l
2
1Al

Z = = with probability
&l

m there holds the fundamental inequality

j=1,....m

El(z,2)%] > k(A)?|2|?, VzeR"

m The orthogonal projection P onto the sol. space of a random eq.
of Ax = y is given by

Pz=z—-(z-x",2)Z
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m the approx. xi is computed from x,_1 via Xx = PxXxk_1, with
P, Ps, ... are indep. realization of the random projection P

m The vector xx — xx_1 in the kernel of P, : orthogonal to the sol.
space of (&, x) = y,, onto which projects =

[ = xTZ =[x = xIIP =[xt — xel?
(Pythagorean theorem)
m by the definition of x
Xk—1 — Xk = (Xe—1 — X, Zk) Z
Zi: indep. realizations of the random vector Z

m Z unit norm = error reduction

— xt 2
Xk—1 X
I =1 = (1 = (g 5 2) ) =11
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m taking conditional expectation on both sides

Xk—1 — xt

z))l 12
——, k) Xk—1 — X
s —xT]

Exlllx — x18) = (1 — B(

m independence + the fundamental inequality
Exfllxc = xT[2] < (1 = 6(A)~2) X1 — xT||?
m taking full conditional yields

Bl x—xt 2] < (1=5(A) 2)E[|x_1—xT[2] < (1=r(A)2) | xo—xT 2
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convergence analysis via SVD

W error e = xx — x*

H error recursion

aika;
[a— | — X Ek.
: ( a2
j_ Al

[EAR

is an orthogonal projection operator
B ominllell < [|Ae] < a+]le]l
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EAL
[EA

2
llex+1l? = llexll” — e (@i, ex)(aj,, ex) + (aj,, ex)
Ik

2

2 2
= ||€k||” — m—5{8i, €k) i, Ck) +(8i,Ck) T—5
|| H ||aik||2< Ik s >< Ik s > < Ik s > Haik||2

Upon noting the identity "7, a;al = A!A, taking expectation

| Aey |2
= |le
Ja = e

||2 _ ||Aek||2

(ek, AtAek> +
1A%

Elllex1%[ex] < llex]® ~ A2
F

+ || Aell = ominllel =

2 2
o2
Elllox1 |76 < [lexl? — Tmn B =

g = (= s e
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Theorem

r 2
Letcy = ” AH2 andc, = Z’m; %i . Then there hold
F

E[|| Prex+11%lex] < (1 = c1)l|Prexl® + cz|| Pruexll?,
E[|| Prex+1]?lex] < ol Pexll® + (1 + c2)l| Prexll®.
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heat example with exact data
10° —error 10°
l\ —residual

——error
k —residual
102

10 10
0 5 10 0 5 10
x10* x10*
left Kaczmarz, and right randomized Kaczmarz
AQ) ATHEMATICS
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heat example with exact data

0.5
—exact
04 ———recon
0.3
0.2
0.1
0
0 50 100

left Kaczmarz, and right randomized Kaczmarz
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10° —error
—residual

10

x10% 0 50 100
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randomized Kaczmarz as SGD
solving the problem by approximately minimizing

J0) = @) Ax vl = TS 600, 100 = 3@ x) - %)
j=1

many different approaches:
m gradient descent (a.k.a. Landweber iteration)
Xes1 = Xk — A (AX — ¥)
acceleration by step-size, Nesterov trick, momentum, ...
m stochastic gradient descent robsins-vonro 1950s f; = % ((8j,, X) — by, )?
X1 = Xk — nk((@i,, Xk) — bj,)a,
index i, uniformly over the set {1,...,n}
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RKM and SGD: the linear equation Ax = b in least squares form:

Z 24 Z H3/||2
min ai, X)—VYi =
XER™ 2n — |( 1 ) y’| ) ||AH2 ’

with e
fi(x) = Al | (ar, x) — yil?

2n]ai]l?

and sampling probability of drawing ith row being

_ ailP
= :
1A%

this is a valid probability distribution

n

2P Z |:Z'|||2 -
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Needell et al 2016; Jiao-Jin-Lu 2017 Inverse Problems

RKM is a (weighted) SGD with a constant stepsize 5 = n/| A||z

Xk41 = Xk — BOxTi (Xk)
n [| Al
= Xk — : (@, x) — yi)a;
A2 nlla,|? * HI

(@)~ ) &,

i |12
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The SGD has a long history in statistics

m Robinns-Monro 1950s, a few monographs kushner-vin 2003
various asymptotic distributional results ...

m revived interest in machine learning and signal processing

m accelerated variants represent the state of art solvers for

large-scale problems: machine learning, inverse problems etc.
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Asymptotic convergence

Question: Is SGD consistent (as 6 — 0) ?
This is one of the basic requirements of a reconstruction scheme
since x; is random, which norm do we use ?

m strong convergence

lim E[||x0s — xT[2] =0 7?7772
Sm [11X¢() 1]
m weak convergence

lim |E[x) ] — xT|2=0 7?72
5@0” Xk —x'*=0

m high-probability / almost sure ...
WIH.P,\KI:\H NI(\):VIS
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Question:

lim E[l|x% . — xT|?1=0 777
lim Efxg5) — x| = 0
Answer: Yes for the step size choice:

nj= Coj_a, a € (0,1)

if -
lim k(6) =co and lim k(8)z 6 =
6—0 §—0
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basic strategy of proof: by bias-variance decomposition

Efllx¢ — x'[*] = |IEDg] — XTI + E[EL] — x|]

mean variance

< 2 |Elx¢ — x|l +2 | Elxe] — x| + E[[E[] - x¢11°]

propagation error approximation error stochastic error

m propagation error and approximation error are well understood
(i.e., Landweber method)

m stochastic error needs to be controlled ...
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how to control the stochastic error

=

E[lx 1 — EDxe]]%] < Z 1B2E(B)PE[IAX — y°|1°]

=- bound the expected residual properly: for any ¢ > 2
E[||AX,§+1 _ y6||2] < ck™ min(4a,2(1—a),(2p+1)(1—a)) In@ k + C/62 |n2 k.
with the parameter p (source condition)
BPw = x' —

regularity condition on the initial error: the larger is p, the smoother is
the solution ...
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limiting cases:

m no solution regularity p =0

E[|Ax] 1 — b°||?] < ck~min(t1=) Inf g 4 ¢/§2 In® k.
m very good regularity
E[|Ax} 4 — b°||?] < ck—mint2(1=e)) |nf k 4 ¢'52In® k.
= randomness restricts the best possible decay of the residual
error estimates
E[[|x) — xT||2] < ck—min(es=a2p(1=a)) |n g 4 o521,

by choosing proper k(4) = error estimates

‘ SGD is consistent with convergence rate (if we know how to stop)! ‘

challenge: Nobody knows how to stop !
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what is beyond ?

m SGD / randomized Kaczmarz is regularizing in the mean
squares error sense.

m stopping criterion is not well understood

m convergence in other modes (a.s., high-probability) not well
understood
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