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Nonlinear inverse problems

F(x) =y,

with F : X — Y being nonlinear operator (possibly compact) between
Hilbert spaces X and Y

(i) F is continuous
(ii) F is weakly sequentially closed, i.e., (x,) C D(F), weak
convergence of x, to x* and weak convergence of F(x,) to
F(x*)in Yimply x* € Xand F(x*) e Y
m electrical impedance tomography
m diffuse optical tomography
B inverse scattering
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Tikhonov regularization
Ja(X) = [F(x) = y|I? + allx|®
and approximation x,
X, € arg min Jo(x)

xeD(F)

m existence of a global minimizer, not unique
m stability of the approximation (on subsequence)
m consistency of the approximation as 6 — 0 (subseq.)

H convergence rate
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convergence rate analysis Engl-Kunisch-Neubauer Inverse Problems 1989

Let D(F) be convex, y° ¢ Y with |ly° — yf|| < §, and xT be an
Xo-minimum norm solution. Moreover, the following condition holds

(i) F is Frechet differentiable.

(i) IL>0st |[F'(xT)— F'(2)| < L||x" — z|| for all z € D(F)
(iii) Iwe Yst x —x =F'(x")*wand L||w| < 1.
Then with oo ~ O(9), we have

x5 = x| = O(82).
the same result holds for discrepancy principle
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Model problem

Most inverse problems for PDEs are nonlinear in nature
model problem:

—Au+qu="finQ, u=00n09Q,

with given q € L>*(Q), ¢ > 0, and f € L2(Q2)
m The forward is well-posed: there exists a unique solution
u € H}(Q) (by Lax-Milgram theorem)
m Inverse problem: given g ~ v’ in Q, find g

m The operator F(q) : g — u(q) is weakly continuous from L2(Q)
to L2(Q).
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Model problem

Most inverse problems for PDEs are nonlinear in nature
model problem:

—Au+qu="finQ, u=0o0n09Q,
with given g € L>(Q), g > 0, and f € L?(Q)
The forward is well-posed: there exists a unique solution u € H().

Lax-Milgram theorem If a(-,-) : V x V — R is a continuous and
coercive bilinear form on V and ¢ is a bounded linear functional on
V, then the problem

a(u,v)=4(v) VYveV
has a unique solution u € V.
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multiply the equation with v € H}(Q) and integration by parts
/ Vu- Vvdx+/ quvdx = / fvdx

continuity & coercivity of a(~7 ~)

\a(u, )| §/|Vu||Vv|dx+/q|u||v|dx
Q Q

IN N

cllullp @ IvIlH )
a(u,u) > [|Vull?q) > cl|ulfn g, (Poincare inequality)

boundedness of ¢ (linearity...)

(V)] < /Q [fl[viax < [[fllz@)IVIlz@) < Ifllz@lIVIIH(g)

I av_Milaram thanram — 3l 11 = H1(O\ (far anv Aivian A\
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‘ Inverse problem: given g ~ 1’ in Q, find q.

How bad is the inverse problem:

f+A . . o
_ItAau twice differentiation in space

(numerical differential is important and relatively easy !)
so the inverse problem is not that hard (in theory) ...
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ill-posedness by comparing the solution for two differential potentials:

Engl, Hanke, Kunisch 1989 Inverse Problems
m f:=16, u(x) =8x(1 —x)
B U, = U+ ep, with ey, n > 2, given by
e
—n—3/%(2-2x)<", x>1/2
m The unique sol. in D(F)is g" =0and g, = €///(u+ )
B U, — uin [2(Q). but [|gnll2@) — oo, i-€., gn /4 g in L2

Thus g does not depend continuously on F(q) as a mapping from
L2(Q) to L3(Q)
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What about Tikhonov approach ?
Ja(@) = [F(q) — gl +allq|?
with F(q) : @ — u(q), with q belonging to A
A={qel*(Q):920,g<c}.

What about the existence of a solution to the problem ?
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argument:

m J,(q) > 0 = 3 a minimizing sequence {q"} C A
. no
lim Jo(q") = q'QL Ja(9)

m The sequence {g"} is uniformly bdd. in L2

= 3 a subsequence {q"} converging weakly in L2(Q)
m F(q™) — F(q*) weakly in L2(Q) ?
m weak lower semi-continuity of norm = 3 a minimizer

weak continuity ?
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weak continuity

The forward operator F(q) is weakly continuous from L2(Q) to L?(2Q).

Let " — g* weakly in L2(Q)

/Vu”~Vvdx+/q”u”vdx:/fvdx Vv € HI(Q)
Q Q Q

Taking v = u" = [[u"|| @) < €
= Ja subsequence {u"} converges weakly to u* in H'(Q)

/Vu”-Vvdx—>/Vu*-Vvdx Vv € H(Q)
Q 0

/ q"u"vdx = / q"u*vdx +/ q"(u" — u*)vdx
Q Q Q
prod. of weakly conv. seq.
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u*,v € HJ(Q) = u*, v € L*(Q) (Sobolev embedding) for d = 2,3
and the embedding into LP(R2), p < 4 is compact

m Ut v e Q) = utv e L3(Q) + weak conv. of ¢" in L2(Q)

/q”u*vdx—>/q*u*vdx
Q Q

m u" — u*in L3(Q) + bbd of g”
|| @ = v < 1@l = 0| V) = O
m the limit u* satisfies (u* = u(g*))
/QVU* - Vvdx + /Q q utvdx = /Q fvdx Vv € H}(Q)

m Every conv. subseq. of {¢"} has a sub. seq. converging to u(g*)
= the whole sequence converges weakly to u(g*) in H'(Q)
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Is the forward operator differentiable on the set A?
m the set .4 does not have an interior point with respect to L?() !
m (Fréchet) differentiable at g € A in the sense

IF(g+h) — F(q) - F'(q)hll _
q+he Ail1hll 2 ) o 181l 2(0)

with F’(q) being a bounded linear operator w.r.t. L2(Q)
m Gateaux differentiable at g € A in the sense

i IF(a+th) ~ F(g) ~ tF(@h]

0
t—0,g+the A t
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candidate for the linearized operator

/ Vu(q) - Vvdx +/ qu(q)vdx = / fvdx
Q Q Q
/ Vu(g+ h) - Vvdx + /(q + h)u(g + h)vdx = / fvdx
Q Q Q
= (with du = u(q + h) — u(q)
/ Véu - Vvdx +/ qéu - Vvdx +/ hu(q + h)vdx =0
Q Q Q
since u(q + h) ~ u(q) for small h = (with o = v'(q)h
/ vi- Vvdx+/ quvdx = —/ huvdx Vv € H}(Q)
Q Q Q
sensitivity problem: u is a linear operator in h
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boundedness of the operator U

/ Vu-Vudx +/ gvVuudx = —/ huudx

Q Q Q
SHh”Lz(Q)||UHL4(Q)HD||L4(Q) (generalized Holder inequa”ty)
<cllhllz)llullH(@)llUllH@) (Sobolev embedding theorem)

+[[Ullpo) < Cc= B
1Ul[H@) < cllhllz@
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establish the approximation property

/QVu(q)-Vvdx+/ﬂqu(q)vdx:/ﬂfvdx

/Vu(q+ h) - Vvdx+/(q+ h)u(q + h)vdx = / fvdx

Q Q Q

/Vu’(q)h~Vvdx+/ qu’(q)hvdx:—/ hu(q)vdx

Q Q Q
Su=u(q+h)—u(q) - u(qh=

O:/V&u-Vvdx—s—/qéuvdx+/h(u(q+h)—u(q))vdx
Q Q Q
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letting v = du, we deduce

||6u\|H1 ) < C|/ u(q + h) — u(q))dudx|

< cllhllz@llu(g + h) — u(@)l e 10Ul 2 ()
< cllhll e llu(q + h) — u(@)| 1 @)lloull (o)

similar one can estimate

lu(g +h) = u(@)lle) < clhlliz) = [6ullmg) < cllhllzq)

i IF(g+ h) = F(q) — F'(@)hllH )

=0
g+heA:|Ihll 2q) 0 ||hHL2(Q)

i.e., the forward operator is differentiable ...
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convergence rates engl-Kunish-Neubauer 1989

With o ~ 6, and q' = F/(q¢")*w and L||w| < 1, there holds

Ig" — g3l < cs'/2
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Let A(q) : HA(Q) N H}(Q) — L3(Q) by
A(Q)Vv = —vi + qv
Then F(q) = A~'(q)f is given by

F'(gh=~A(q)"" (hu)
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What is the condition F'(g")*w = gt — qo?
m g’ —qo = F(q")*w=—u(gHA(q)'w, with w € L3(Q)

® such an element exists if

_qa'
qz(qf; e H(Q) N HL(Q)
and it is given by
o —q'
u(q’)
go — g': should vanish near the boundary sufficiently quickly,
and should be smooth

w=A(q")
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in practice, one needs to discretize the problem ...

m finite difference methods
m finite element methods
m boundary element methods
m meshfree methods, particle methods
m neural networks
]
finite element methods
m versatile for general domains ...
m handle variable coefficient easily ...

m (relatively easy) theoretical justification ...
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crash course on finite element methods

m 7;: shape regular quasi-uniform triangulation of 2, h is the mesh

size, with Q = UT

m piecewise linear finite element space

Vh = {Vh S CO(Q) . Vh|T S P1(T) VT e 7—h}

m nodal basis {¢;}¥, for Vp, i.e.,

pi(F)) = 6j := { 0.
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finite element problem: find u, € V}, s.t.
/VUh~VVth+/ ththdX: / fvpdx Vv, € V
Q Q Q

where g, € Ap = ANV,
m the FEM problem has a unique solution (Lax-Milgram theorem)

With the nodal basis ¢, the FEM is given by: for j =1,..., N

N N
|2 w0V [ a3 ueeok = [ e

i=1 i=1
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Au

|
\'—h

mu=[u,..

S un]teRN
mA=

[a;] € RN*N with

aj = / Vi - VngdX-i-/ qth,QD/dX
Q

| f:[f1,...,fN]€RN

All the integrals are only needed on the support, and can be
evaluated analytically or using quadrature rules !!
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discrete Tikhonov regularization
min {Jo,n(ah) = 311Fn(Gn) = 9llEz(q) + Sl1GnlEzey}

with Fp(gn) the FEM solution

m the discrete problem has a solution g}, € Ap

m what is the proper choice of h? (hard!)

m [s the discrete solution convergent ? (relatively easy!)
m Itis (approximately) solvable on computers

m (the quadrature error, domain approximation error ignored)
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m the finite element space V, is dense in H}(2) and L2(Q)
m Ritz projection Ry, : H}(Q) — Vi
(VRhV VV/—,) (VV VVh) Yvp € Vh

lim v — RpV|m@) =0, Vv e H(Q)
h—0

m Lagrange interpolation operator I, : C(Q) — V4

lim ||V — Ihv]g@y =0, YveW'P(Q),p>d.
h—0
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the discretization induces the error, does it affect the solution greatly ?

‘ Does the discrete solution g}, approximate g*?

Answer: Yes, there exists a subsequence (gj,)s>o0 converges to a
solution of the continuous problem!
argument:

m constant belongs to all Ax: (g} )n=o is uniformly bdd in L2()
® Jasubseq. (g; € An)n=o converges weakly to g* in L2(R)
m uy(q;) — u(g*) weakly in H'(Q)

m minimizing property of g;, (for smooth q)
Jo,n(G) < Ja,n(Ihq) — Jo(q) as h— 0
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/Vuh(q,’;)~Vvhdx+/q,’;uh(q;)vhdx:/fvhdx Yvy € Vy
Q Q Q

m with v, = un(qp) = [[un(gp) ) < €
m convergent sub-subseq. ux(q;) to u* weakly in H'(Q)
m forany v e H&(Q), take vy, = Ryv € V, + weak conv. =

/Vuh(q,’;)~Vvhdx—>/Vu*-Vvdx ash—0

Q Q

m splitting
/q;uhvhdx:/qﬁu*vdx—i—/q,*,uh(vh—v)dx+/q;(uh—u*)vdx
Q Q Q Q

—>/ g'uvdx+0+0
Q
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by the approximation property of Rp: vy, — v in H'(Q)

| /Q (v — V)] < (1G5 e Ul oo Vi — Ve
< cllanlle@llunlla @) Ive = Vg — 0

by the weak convergence of u, — u* in H'(Q) and compact
embedding

| an(un = " )veb < 15l1=(@ o = Uy VI
< cl|ghll=@)llun — ™[ 2@l VIIH1(@) — O
+ weak lower semicontinuity of norms
Jo(q*) < IlvanO Jon(lhg) = Jo(q) for any smooth g € A

a density argument shows this is true for any g € A
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claim: limy_o Jo. n(1hq) = Jo(q) for any smooth g € A
since g is smooth + error estimate for /,,

19— IhqllL=(@) =0
meanwhile, un(/hq) — u(q) in H'(Q)
/ Vup(Ihq) - Vvpdx +/ Inqup(IhQ)vpdx = / fvpdx Vv, € Vy
Q Q Q

/Vu(q)~Vvdx+/qu(q)vdx:/fvdx YveV
Q Q Q

wp = U(q) — un(lpq) satisfies

/VW~Vvhdx+/ quhdx:/(Ihq—q)uh(lhq)vhdx, Yvh € Vp
Q Q Q
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projected gradient method

Now we need to solve the optimization problem over g € A
Jo(@) = 31F(Q) = 9lIZ20) + 511911320
gradient descent method: given g°, solve for k = 1,2, ...
g = Pa(q" - 7J(d"))

m 7 > 0: a step size (Amijo’s rule etc)
m J,(g%) € L?(Q) the gradient at g¥
m P4: the projection into A

B needs suitable stopping criterion
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S0 one essential cost per iteration is to compute the gradient
Jo(q*) = F(q")* (F(q) — g) +aq®
—_—
matrix vector
1st approach: compute the matrix directly and multiply with vector
matrix can be computed by finite difference etc
F(q* + hei) — F(g)
h

[F'(g")]i = h small

where
m [];: the ith column
m ¢;: the ith basis function
m h: small but not too small ...

m cost: O(n) forward solves ~ very expensive (if the number of
basis functions is large)
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2nd approach: adjoint technique
definition of the adjoint operator

(F'(d")"(F(a") = 9): Miz) = (F(G") — 9, F/(dVN) 2y Vh e L3(Q)
using the definition of F'(g)h

/V(F’(qk)h)-wdx+/ qk(F’(qk)h)vdx:—/ huvdx Vv € HL(Q)
Q Q Q (*)

this does not help since it does not involve F(g*) — g directly =
/ Vv~Vp+/ q*vpdx = / V(F(g") — g)dx Vv e H)(Q) (++)
Q Q Q
Taking v = pin (x) and v = F/(gf)hin (xx) =

(F(g") — 9, F(@)h)12(q) = —(up. h) 120
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(F'(@)*(F(q) — 9). h)iziq) = —(up, h) 12y Vh € [3(Q)
with p solving

/Vv-Vp+/ q"vpdx:/ V(F(g*) — g)dx Vv e H}(Q)
Q Q Q

| F(@)(F(@) -9)=-up = Jo(q") = ~u(g")p+ ag*

distinct features
m Only one forward solve

m the stiffness matrix is identical with the forward problem (no extra
assembling cost)
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what is open for the inverse problem ?

m convergence rates of the discretization scheme ?

m convergence rates for other approximations, e.g., neural
networks ?
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