ChaP’ Vi Proloevh‘es ?ﬁ exfﬁdta’rfons_
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Recall Bhet 1h the dirirefe cora
ELX] = 2 xte,
X
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Prop 2. Let 4+ R=>R.

0 IP both X and Y are dicete with o
JolM P\‘olo\ Mass thd)o—h 4CX,Y) they,

E[%(X,Y)] = %Zy 3(x,9) PCy)

(2) I]D X/\f are Jo?n’r\j chs with o densf{'_\,
FLX,U)/ then

El: %(X/ \f)] - £:£(: a(X)B)]O(X,y) ol dy
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Corollary 3. ELX+YJ = ECXI+ECTT

Pp We on\\j prove +the result in the Case When



X’ Y are Jot'nfl\j cts.
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§74  Covaranc.
Redl the Varians o o vu. X 1% Given by
Vr(X) = ELXT, whwe p=ED
Tt descubes how -Fa.r is X from its mean.

DeF. (Co\lav\‘anw)
Lef X/ \f be Two vV.s. ﬂm CoVomah @ ef Xau\f)
denafed by Cow(X,Y) 5 dofunaa by
Cov(x,\f) = E[ (X—E[X])'(\f“ E[U)J .

Iy ruvﬂcwlnf, Coy <X, X) = VW(X).

Lom 4. Let X, Y be indepertsat, and 3, B R R,

Ten £l ax)-BO] = EL3001- ELAON]

P(T’- We ow\y prove it 1 Te Cfs CcoaR
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PR Whan X, T o le‘?—r%chmt by Lom &
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Remowk: Co\/ (X, \f) =0 M fvw[)b/
that XY are lbmtnt)ev\dmn‘r.

Emm‘)e 6. Le,f X) Y be Two vU's Sud 1’4%%
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Cov (X, Y) = ELXYI - E(x1ELY]
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Hens  Cov (X, Y) =0.
Bur X, Y v ol ihdsperdurt
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TM e X ond \/ e MTM“‘T%J""”T'



Pop . ) Cou(X,Y) = Gow (Y, X).
) COV(X)X) = \/o»r(X).
@) Guv(aX,Y)= aCu(XY) aeR.
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(1,8, (4)  imply thal Cov<°,°) (s b)-lnear



PE.  Let us prove @) only. wite pi=E[X]
Vi = ECYT
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§715  Conditond exlaed‘ahbn;

Def. IF X and Y are disuete then
the Condihonal ﬂxr%{‘ouf)‘m ol >< ‘}\Ney\ T: vy 13

ELX| Y=yl 1= % s P X=x| Y=y}
Provided that P{ ng} So
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cts with a olens[JrJv -F(x,ﬂ)/ the  condiptond
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() = 1Y)
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Example 1. Le ol
ramp T X,\f be Jomﬂj as with adens@

\@Ow) B y e‘X/S 'e-g/ﬂ t‘f X, Y >O/

( 0 otherwise

C@lculaﬁe EEXI Y:HJ/ Y>o

Solwhibn 2 JCY(” = gqm WGO"”) d x
= joo e‘X/H e‘y/g d

_ -x/y ~y|
= ¢ 3€y/
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Y
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ELX[Y ol = j Fx[y(l
:j = €~X/y/a d x
I’rbme ( e— /5)
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= 0+ (-ye 9)
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Now wmnte

E[XlY] s a €uhcﬁm D{ \[/ bj
y s E[X|Y=y]

E[XIYJ s Q. "V the lel«ﬂ-°§ why<h Cﬁeloencls on
the Vo of Y

Prop 2. ELXT = E[ ECX|YT]
P{? We on\y \WOU? W The (’M“‘CVLJR Coe

E[EDx|Y1] = %{ EL X
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E-xamp\ﬁ 3
A miner is trapped in a mine containing 3 doors. The first
door leads to a tunnel that will take him to safety after 3 hours
of travel. The second door leads to a tunnel that will return
him to the mine after 5 hours of travel. The third door leads to
a tunnel that will return him to the mine after 7 hours. If we
assume that the miner is at all times equally likely to choose
any one of the doors, what is the expected length of
time until he reaches safety?

r- . 3 [ours
(F — 3| Safety
Mine 5‘5 Bour {E
3. 1 houM
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Solution: Let X dente the leqﬂ °£ Time (4;\ Rours)
unhl the miner Veaches Sqf’efy_

Lef \( dencte the door that fe choese i the ‘Ffmf

time .

B Prop 2,
s eCx1 = E[ ECX|YI]
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+ ELX|Y=21 P{ Y=}
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+ (x| =a] piy=s}
3
= <E[X|Y=»I + E0X|Y=2]
T E[xwv-sl)

=%(3+ (5+EEX])+(7+ED<I))
Soluiiy Thi QZWVHWI/ We obtai
E[x] = 3+r+7 =15 (Rouws)
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817 Moment %enemﬁi—é Fand‘abn&
Def. let X be a rv. and te R Def.yd
M = E[ & ]

ol we cdl M6 o ot generctig Trdin of X
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M) = 1.
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Exaw\rle 2. et )( be o binomfaQ LU, with rmram{w_\ ("/1’),
CulCu.f"tTi M(j:).



M= EL ]

P

n
=D

d n h-R
Z e (W)t 0

h + R h=R
= (p) €
= (epran)
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Exawufli 5. Le+ X be (s} hov‘m«Q Y.0, w.‘ﬂ\ Mean I-* and Uahah
Coleulate M@® for X
go[wh\on: et 2= >—<é.ﬁ‘ T'Mm Z ¢ o SJ[aJJ.arJ normed_

Y.L,
Hena Iy
t Mte2)
M Fe™T = €[ e |
t s
an t'e/,
= e . e
B e.tl 1+t‘~l,.

Prop 6. I{ X, Y are indspendont, o
Myey ()= Mx® Myt

PP My = t[e ttY]
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