
↓Method 2: QR method

Preliminary: QR factorization

&

Definition : QE Muxn(IR) is orthogonal if QTQ = In

&

Remark : - Q" = QT
- Columns of Q forms orthonormaleet.

QR factorization
Let A be a non-singular non matrix. There exists an orthogonal

matrix Q and upper triangular
matrix R such that :

A = QR
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Preliminary: QR factorization

&

Definition : QE Muxn(IR) is orthogonal if QTQ = In

&

Remark : - Q" = QT
- Columns of Q forms orthonormaleet.

Revisit : Gram-Schmidt orthogonalization
Let A =C ...n ) are linearly independenti

G-S process converts Sai, ..., any to orthonormal set Eg , gn, ...,n]



G-S process :

Step1 : Let =. Normalize :G ·
Let d = Ii

&

Sep 2 : Define : G = E2-L1251
.

Choose Liz such that :

T = 0
. Then : d=

Normalize : Ja= - LetLu

Step3 : Suppose T , %, ...

,%11 are constructed.

Let k
= @n-(diki + Laright ...

+ (1) where Lik= jak.

Then:% = 0 for i = 1
,

2, ...,
K-1

.

Let Lkk =/I

Normalize : Ex=/Galla
.



In summary, = 211G
az = 212G1 + 222%

S
~

:

3 = Liz G1 + 2232 +2332

k = Lik ,
+ 22kz +... + 24

This is equivalent to :

dis [12 --- Lin
A =( ...)

R
&

Remark :
· Q = Orthonormal ; R = upper triangular
· Q may NOT be a square matrix (QMmxn)
R is a square matrix (RE Muxn)

· Factorization of A = QR is called the QR factorization.
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Observation : 1
.

QR method gives a sequence of matrices

SA'" = A
,
Al

,
Al, ...,

Alt, ... >

2. Nor
, All = RoQo = QoRQo

. A is similara

Alo) = A

i - All has same sets

(det (Al - XI) = det (Qo A "Qo -XI) of eigenvalues as All

= det (Qo* (Al" - XI]Q0) = def (A"-XI)(

Similarly , Al = R , Q ,
= Q ,"Q

i . AloAl-A- ...
-A-



IfAconvergesto an upper triangularmatrix
,

thea



Convergenceof QRmethod Proof (Out of Scope
Theorem: Let A be a real symmetric non-singular

matrix.

The sequence Alkin generated by the QR method converges

to an upper triangular matrix and the diagonal entries

of AlkI converges
to eigenvales of A.

Remark : 0 Power method computes ONE eigenvalue

② QR method computes ALL eigenvalues.



~Relationship between Power's method and QR method

Motivation : Consider AE Muxn(IR) with eigenvalues
X symmetric

1x 1
1 > (x2) >. -

- > (n)

Say S ,
En , ..,

En] are eigenvectors of X
,
12

,
- -,
in

-Propertiesof Egi : jej
respectively,

#

Egi · j = (Agi) zj = giATg)
I

Xigi # X : gi :j = 1jji · jj
=> (i - xj) gi ·j = 0 E) Gigj = 0

i
. Egj] ,

is orthogonal.



In general , if we choos * 10
= Citi + Citifith +... + Crign (Cito)

then the power
method converges to : /Xi)

To determine ALL eigenvalues , choose n initial guesses :

((( ,
/(9)

, ..,
%(3

Let X
(0)

= (*% ... *0) -> Muxu(IR)

I I I

Goal : Apply Power's method on XI (Power method on

a matrix)
Let V(k)

= Aby(0)

Hope : VS(tit, ten ... Enign) for some

k large I

constants &1
,
k2. .

.

,
kn
.



Challenge Difficult to find the right !" ,
:,..., In

"

How to fix it ? QR factorization ! (Next time


