MATH2048: Honours Linear Algebra 11
2024/25 Term 1

Tutorial 3

Enoch Ip
September 26, 2024

Key Concepts
We assume T : V — W is a linear transformation unless otherwise stated.

1. Linear transformation: Null space and range
e Null space N(T') := {v € V : T'(v) = 0} is a subspace of V', Nullity(7") = dim(N(7")).
e Range R(T) :={T'(v) : v € V'} is a subspace of W, Rank(T") = dim(R(T))
e (Rank-Nullity Theorem) dim(V') = nullity(7") + rank(7") if dim(V') < occ.

Remarks: W could be infinite-dimensional!
2. Matrix representation of linear transformation

o Let = {vj}1<j<n and 7 = {w; }1<i<m be ordered bases of V' and W respectively.

o Ifv= Zajvj, then [v]g = (aq,..., )T € F™

j=1

o If T'(v;) = Zaijwi, then
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e [I'(v)], is a linear combination of column vectors of [T with coefficients [v]s:

n
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3. Composition of linear transformation

e Let T:V — Wand U : W — Z be linear transformations, «, 3, be the ordered
bases of V, W, Z respectively, then UT is linear, and

(UTI; = U]} [T € Firieel



Exercises

1. Let B ={1,1+z,1+2% 1+ 2%} be an ordered basis of P5(R), and v = {e11, €12, €21, €22}
be the standard ordered basis of R**2. Define T : P3(R) — R**? by

f10) 2/(1)
T(f) - ( 0 f//(1)> .
(a) Find [T]} and N(T).

(b) Let f(z) =1— 3z + 223, find [T(f)],.
(c) Let U : R*? — R**? be a linear transformation defined by U(B) = AB, where

()

Find [U], and [UT]j;. What is N(UT')?



2. Let V and W be vector spaces such that dim(V') = dim(W) < oo, and let T : V — W
be linear. Show that there exist bases [ and ~ for V and W respectively, such that [T]g
is a diagonal matrix.

3. Let V be a finite-dimensional vector space, and let T : V' — V be linear.

(a) If rank(T) = rank(T?), prove that R(T) N N(T) = {0}. Deduce that V = R(T) &
N(T).

(b) Prove that V = R(T*) & N(T*) for some positive integer k.



