
Lecture 23:

im=Ieigenvalues.

When t : 1
,

let m = multiplicity of 11 .

Then
,

char poly of T
11

By Caley - Hamilton Thm, g(T) = (X , 1 - TC" = 0-
i. (x, = N((T- X , z)m) = V

: Thm is true fort= 1.

Assume that the thm is true for any Lin . op .

WI fewer

than t distinct eigenvalues,

Consider T = VEV with te distinct eigenvalues :

x1
,

x2
,

-
-

Xk



Claim4 : Let W = R( (T-Xkl)m multiplicity of is

Then: DTIw : W-W is well-defined .
(exercise (

② Tw has k-1 distinct eigenvalues : 11 ,
&2

. . . ,
Xk-1

③ (T-XI)/kxi : Kxi + Ki is onto (istl

Assuming Claim & is true.

Let Y +V . Then : (T-X[T* W

By induction hypothesis , Wie Kx = generalized eigenspace of Di

such that (T-Xk2)*** To
, front

.. + For f The

Easy to check : Kni - Ki for i < e



(T-XI)M/k : Kxi - Kei is outo ,
them :

for each WitKxi
,

E Fickif (T-112)(i) = Wi

: (T- xx2)
*

(*) = (T- xk]) ( , ) +... + (T-
xx])(Ex)

E) (T- XkI)
*

( * - V 1
- E -

...
- En -) =

5

.

k

-...
- Ea- EN)(T- xki)m) = kxk

: Y = Y
, +... + EE + ve

↑

Ky Enk
: V = kx

,
+ .. . + kx

By M .
2

,
the this is true.



RootofClaim is 1 and outo it is a

=> (T-Xk2)
M /k

,

is also on to

Also- Exi = Ki = W = R((T-xx2(m)

: Di is an eigenvalue of The ①
for i < ke. W = R(Tx xz(m)

: As
,

X , ... ,
Aky are eigenvalues of Thw

.



Next , suppose XK is an eigenvalue of The.

Suppose TIw() = Xk for EE and FeW = R((T-MicI(M)
Write = (T-1])()

i 0 = (T - xxt) = (T - xx])t- xxI)V(5)
= (T - Xk[)m+

(y)
=> - = kxx = N(( - xki)y)

:(5)

Contradiction.



Claim5 : Let Bi = ordered basis of Kxi.

Then : B = B , UBz ... upb is a disjoint union and a

basis of V.

#:i
jointunimijiek,

(T- xiz)
:

(T- x : 1) P(X)55 for Up.

: Kxi (Contradiction

i BinBj = 9.



Basis: Let EV . By claim 3,

5 = 0
, + En +.. + Oh where Fi Ky ;

in i is a lin. comb. of rectors in B =

B , uBzv .. us

: V = Span(B)
Let g = /91 .

Then dim (v) =&

Let di = dim(Kxi)
.

Then : g : Edix[mi = dim(V)

: G = dim(V) =)
B is a basis.



Cam6: dim(Kxi) = Mi

10

If [di Emi =[mi-di)
=

XX

#Mimmidi
on a

&



CT : Let U :
= 5 T-12)mig, . . . , .

3
:

Ug = [(T-11)Mag
, . . .

.g]
If initial vectors are linearly independent ,

then :

U = U ,
uUzu .. ug is disjoint union and it's

linearly independent.

Ifi Disjointunion : Easy
,

obvious
·

(exercise

Inear independence : the M .

I
·

on U = # of elements in 0.

When n = 1
,

trivial

Ass we the thi is true for O having less than n elements



When 101 = 4
,

let

%
'

= S(T- 1 +)m,...,
(T- XI)3

:

Us = ElT-yl)
*

Eg, ... ,
(T - Xt)g]

Let8' = UvUzu .. u8f' .. 101 = n -2

Let W = span(8)
.

Let U = (T-XI)Iw : +W

Then : R(U) = Span(8') (Check
" initial rectors of Uis are L

.

I.

i
.

5' is L.

I. (by induction hypothess)

i
. dim (R(U)) =

10) = n -q



Also
, S = 3 (T-X1)E, . .

.

,
(T-XI)M(g)] = N(U)

(T- x[))w
: dim(N(U)) =&

in I dim(w) = dim(R(U)) + dim (N(U)

11

18 = n- 8 + q = u

i dim(W) = n ,
181 = and Span() = W

: O is a basis and UisC.
I.

ofW



&aim8 : Suppose B = basis of V = disjoint union of cycles.

Then: 0 For each cycle & in $ ,
W = Span(O) is Trinvariant

and [TIw]y = Jordan block.

② = JC basis for V.



Raim9 : Let X = eigenvalue of
T

.

Then: Ky has a basis B = union of disjoint cycles w . r .

t.

X

If : By M .
1

. on n = dim (Kx) .

When n = 1
,

trivial.

Suppose the result is true for dim (Kx) < M.

When dim (kx) =n .
Let U = ( T- x1)/kx : kx +> kx

Then: dim(R(U) < dim(ke) =n

11 dim (Kx) = dim (N(U)) + dim) MCU) (
E dim (Ex) =

: R(U)ER(U)
Let Ky' = generalized eigenspan corresponding to X of TIRCUS
Easy to check that R(U) = Ky' (Check)

*
Kx' = R(U)



By induction hypothesi , E disjoint cycles U , U2
, .., Ug of Tlucus -

U = Vi is a basis for R(U) = K

Let 0i = [ (Trim-41)mi, ....:]
kx' = R(u)

Leti =i -XI)vi
, vi kx

Define : Vi = Emitjil,
....

(T-XI) (i)
,
Wi]

Note: Vi is L .
1. Sig

,

Win
, ..,

log] is C .
I

.

subnet of Ex.

Extend S to a basis of EX : Ev ,
2

,
..,g ,

M1
,

i
,
-
,

is

By construction , Y
,

E
, ...,

Yg
,

Sub
,

523
, ...,

Eus] are disjoint union

of cycles -> initial vectors are
L

.
I.



=usu ...s is LI subet of-

Now , we show that J is a basis of Ke
.

Suppor (81 = r = dim(R(U)
*

basis of R(U)

Then: 181 = v + q +

: S
,

E2
, ..,

q
,

E
, ..,

us] is a basis ofE us
1/

c dim (N(u)) = q+ S. N((T-x2)(k)

·
" dim(kx) = dim(R(U)) + dim (N(u)) = r + (2+ s) = 15)

: O is a basis for KX
.



Claim10 : T has JCF.

-


