
Lecture 20:
~Spectral Decomposition :

Pop : Let V be an inner product space and WCV a fin-dim

subspace with an o . n .

basis E, ...
EE3. Then

the orthogonal projection T : V - V defined by :

T(y) = :
is a linear operatur sit.

(1) N(T) = Wt and RCT) = W

(2) T2 = T

1) T is self-adjoint .

Li w
(Orthogonal projection

E RIT) = NCTIT(and RIT)
+

= NCT)



: T is linear became < 0

,
%) is linear in the first argument

NIT) = Eye V: 5, vi = 3
= EyeV : <, vi) = 0 for i = 1 ,

2
, ..,k) = Wt

By definitio , R(T) <W

For View ,
we

have : n= = T(n) eR(t)

i
= W = RCT) and Thw = In

: T = TOT = ThT = In T = T



For any
X

, Y EV ,
write = *

,
+Y 2 Yew

,
YeWt

- = 5, + j2 Yew , YeeWt

Then : <*, T(y)) = <X 1 +Yu
,
Tigi) + TiguK= 1

,
ji

X Y ↳
= 1

,
3)

< TE1 ,
j) = < T(1) + TI) ,YIl x

<, T
*
(5) i

T
*

= T => T is self-adjoint,
-



Thm: Let T be a linear operator on a fin-din inner product space

over F with distinct eigenvalues 11
,

%2, ..,
Xt(spectrum of T

Assume T is normal (resp , self-adjoint) if F = D (resp F= IR)
For 121 ,

2
, ... ,
k

, let Ei = Exi = ExeV : T() = xi* 3.

and let Tibe the orthogonal projectio onto Ei.

Then :

(a) V = E, EzQ ..
①Er

(b) Eit= Ej for i,..,
t

(C)
TiTj = SijTj for 121 ,ji t

(d) I = Ti +Ta ...
+ Th * Resolution of the identity

transformation

(e) T = X , Ti + 42Tz +.. + XhTh & Spectral decomposition
,



Remark : V = E ,
GEnD .. ①El means-

-

① V = E ,
+ En +.. + EGf[X , +Yn+.+m = XjeEj

for jel , 2
,.,3

② Ein(Ej) = 53 for Vi

Consequences : ① dim(V) = dim(E1) +... + dim (ER)

② For any
we V,

I can be written uniquely as

v = x , + -.
+ xk

A

El Ek



If (a) This follows from the fact that T is diagonalizable

Io . n .

basis of eigenvector B = 5. Di
E En Ef

(b) EjcEit for Ji: EjcEi
↓

Now ,
dim(Eit) = dim(V) - dim(Ei)

= dimIEj) = dim(Ej)
·

·
Eit= Ej

(c) TiTj = TilyTj = Vij[jTj = SijTj

EjcEit = SITjif
if joi



(d) + (e) :
1

: V = E , GEzD .. GER

i for any YEV ,
I can

be written uniquely as
:

x = k
, + En + -

+ Xk ,Ei for
Fiz ,

2
,

--
,
h

ThenTin
i T ,

+ Tz+.. + Th = 2

Also , T(x) = T(x1) + TCx 2) +.. + TER)
= 7.Fit M2xn +... + Xe*+

It

Tz() "Th(Y)
=)X I Ti + X2Tz + ...

+ 7 Te)( *)

. T = M , Ti + 12Tz +.. + YETR,

&



for : If F = D
,
then T is normal iff T*

= g(T) for

If:SomeKulynomial Gorma ,
Let T= XT+The i

spectral decomposition of
T

.

Then : T
*

= J ,
T

* +2
Tz

*
+.. + Jes Ten

= Ti + Tz + ..
.

+ Th Th

By Lagrange interpolation,
I a polynomial g sit . g(Xi) =Ei

Vi= 1 ,
2

, ...k

Then : g(T) = g(X , Ti + 42Tz +.. + XeTt)

g = X+ X

IgxTi
+ gTet + getcan

= T, T1 +2 Tz + ..
+ ThTE = T

*



(E) If T
*

= g(T) , then : T*T = gLT)T = Tg(T)
= TT

*

i . T is normal,


