
Lecture 19:

Def : Let T be a linear operator on finite-dim inner

product space V over F .

If IITCE(ll = 111 ** V,

then we call T is a unitary linear operator .
Cresp.

orthogonal operator) if F = D (resp F = IR)

Lemma : Let U be a self-adjoint linear operator on a fin-dim

inner product space V .

If <X, UK = 0 XXEV ,

then U = To = zero transf.



If: Choose an
outhonormal basis P for V consisting of

eigenvectors of U.

If XeB ,
then UC)=** for some X.

0 = <
,
u(xk = < ,

x*) =<
,
x) =TI# 11

=> X = 0

i · U(X) = 0 for X* EB

: U = To,



TheFora linearoperatorToma
fin-dim inneora

(a) TT
*

= T
* T = I

(b) T preserves
the inner product on V

,
i. e.,

< TC) ,
T(51)

= <X, 5) XX
, jeV .

(c) T(B) STE ,
...,
TCEn1] is an orthonormal basis

[2-
-n]

for v for any
outhonormal basis s for

(d) I an orthonormal basis for VS . t . TIB) is an orthonormal

basis for V.

(e) llT(x)ll = 111 for EYE



Prof: (a) = (b) : < T(Y) , T(Y)) = <X, T&T(51) = <X, >

I
(b) = (c) : Let B = E, z , ..,

En] be
an orthonormal basis for

Then < T(i)
,
T(j) = < i,j) = Sijdets

i
. T(g) is an orthonormal basis for V.

(c) = (d) : Obvious

(d) = (e) : Let YeV ,
and B

=5 ,2, ..,

En] = o . n .

basis for V.

(check)ia
for XJEV.



(e) = (a) : FYEV ,
<> ,* ) = lYl" = IITCIE =<TCE), TCE

=<x, T*
T(x)]

=>(
,
EFT)() = 0 for all Je

Il

Self-adjoint.

By lemma
, we know I-T

*
T = To = T

* T = I

Similarly ,
we canchow TT

*
= I



Def: A matrix A- Muxn(IR) is called orthogonal if :

ATA = AAT = 1 The set of orthogona real

matrices is denoted as O(n)

A matrix A EMuxn(C) is called unitary if :

** A = AA= 1
Thenet of unitary complex
matrices is denoted as U(n)

Remark: · T is unitary (or orthogonal) iff = an o . n
. basis

Sit . [TJp is unitary (resp .
orthogonal).

(CT*

]p = ([T]p)
*

)
&

· Let i
, ..,F Then : Af( ... in ) EMuxuLF)

is unitary (or orthogonal) iff B = Ev1 ,
--

,
En] is an

o
. n .

besis for I" (reapIR")



Th: Let A Muxn (1)
.

Then : La is normal iff A is

unitarily equivalent to a diagonal matrix.

(That is
,
EPEUCh) Sit . P

*
AP is diagonal

If: (E) Suppor LA is normal. Then : I an o . n
.

basis i
E

, ..,
En

of eigenvectors. for Ch
.

sit . (LAB = P
"
AP

is diagonal , where p =(-)
C1]

Pestanded on dened been

iP is unitary ,
4
*
P = pp

*
= = =) p

+
= p+

(E) Obvious .
Exercise,



Thm: Let A Muxn(IR) . Then :

A is symmetric iff A is

orthogonally equivalent to a diagona matrix.

That is
,
IPEO(h) sit . PTAP is diagonal





-SpectralDecomposition :

Pop : Let V be an inner product space and WCV a fin-dim

subspace with an o . n .

basis E, ...
EE3. Then

the orthogonal projection T : V - V defined by :

T(y)= :

is a linear operatur sit.

(1) N(T) = Wt and RCT) = W

(2) T2 = T

1) T is self-adjoint .

Li w


