
Lecture 17:
Thecall :

Let V be a finite-dim inner product space. Let T be a linear

operator on V.

Then : I ! linear operator T*: V+ such that :

< T() , j) =< , T
*
51] for VeV .

T
*
is called the adjoint of

T

.



Adjointof a linear operator

Pop: Let V be a finite-dim .

inner product space over
F.

Then for any linear transformation g : V + F (linear functional),

ElgeV S . t . g(x) = < , 57 for all YEV .

S



Theorem: Let V be a finite-dim inner product space. Let T be

a linear operator on V .
Then : I ! Linear operator T*: V+

such that : < TE) , ) =< , T*517 for VeV
.

T
*
is called the adjoint of

T

.

Idea : Given any JeV , the map gg : V + F
defined by :

gi(X) = < TCE1 , 57 is linear (1) ., . ) is
linear in

the 1st argument)
+

By the previous proposition , E ! g'e V
T is linear

such that < TC), = <* '7 for all V .

"() Now
,
define : T*: U - V by* (5) =5 .



Proof of the Proposition

Pop: Let V be a finite-dim .

inner product space over
F.

Then for any linear transformation g : V + F (linear functional),

ElgeV S . t . g(x) = < , 57 for all YEV .

Proof: Let B = 3 , ...,
En] be an orthornormal basis for

V.

Set : j=i:
We have : <

j, )= gi)
<j, i)

= g(j)

=> g(x) =< ,j)
for all =V



If Eg'eV Sit . g(x) =<,
*
> for X *

then , <,> = g(x) = < g') for
FY

=> j = y' :



-

RemarT(j) =F, x) =<* (()) = < T
*
(*) ,y



Pposition : Let V be a finite-dim inner product space and let

B be an orthonormal basis for V . Then FT = V-V
,
we have :

[T
*

]p = ([T]p)* conjugate trampore

(A
*
=()T)

Prof : Let A = [T]p , B = [T
*

]s and B = S ,
E

, ..,
3.

Bij = < T
*(j) , Fi) = <j ,Til=i,j)

adjoint

Collay: Let A be an uxn matrix. Thenji & d

If: The standard basis for F" is Lax = ((a)
*

outhernomal, Conjugate
transpose

The S=)*=LA=



Let A = [T]p , B
= 35, ..., n3 = 0

. n
.

basis .

Then : T()= ij i

=Tj,i
.. Aij =ST(j) , Fix



Reposition : Let V be an inner product space. Let T , U = V+ V.

Then : (a) (T + u)
*
= T

*
+ U*

(b) (cT)
*
= ET

* VCEF

(c)(TU)
*

= u
*

T
*

(d) (T
*)* = T

(e) I
*
= I

Proof: V ,
je V

(a) < Y
,
(T+ u)

* (j)] = <(T + u)(x) ,
j) = <

T(x) , i) + <UCLig)

=< Y, T* (y))+(, u
*
(5)

=<
, (T
*
+u
* ((y))

=> (T+u)
*
= +

*
+ U*



(b) <*, (CT)
*

(y)) = JCT(Y ) , 5)

= T(Y ) ,>
=( , +

*
(5)) =<, T

*
(5)

i
: (CT)

*
= -T

*
-

(c) <, (TU)
*

(g)) = < TUCD ,i
=< U(x) , T

*Y
=<x

,
u
* T
*5)

=> (Th)* = u* T*



(d) < Y
,
T(Y) = < T

*(x)
, j) = <*, (T

* )
*

(5)

-> T = T**

(e). follows from the definition,

<*, I (5)] = < [(x) , i

I

<*,]

Remark: Let A and B be nxn
matrices . Then :

(a) (A+B)
*
= A

* + B
*

(d) A** = A

(b) ((A)
*
= A

*

(e) I
*
= I,

(c) (AB)
*
= B
*
A
*



Lemma : Let T : V + V be a linear operator on a finite-dim

inner product spaceV. If I
has an eigenvector, then so does

TX
-

If Suppose- > V1553 is an eigenvector of T with

eigenvalue X. T*- I

Then : XXEV , we
have :

o =
<

,
) = <(- xi)), )=

=> ve RIT
*
- YI)7 So

,
dim(RCT

*-TI) < dim(V).
/dim(W) + dim(wt)

= dim(V) )

=> dim(NCT
*-YI)) 30 : T* has an eigenvector with

eigenvalue


