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Two Descriptions

S"—

» Encoder 1: "

» Encoder 2: ")

Encoder

2

Decoder

»| Decoder: gff)
| Decoder: ol FSho ~dyy

Decoder: ¢ |——» S" ~d
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Setting

Two Descriptions

e (a) The original image. (b) The reconstructed image using packets form
both encoder 1 and 2. (c) The reconstructed image using packets form
encoder 1. (d) The reconstructed image using packets from encoder 2.
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Multiple Descriptions

Fm-=——-——--—- :
an
Sy ~dy
b Sp~dg
Ly-| Encoder 1: 1" .
| S ~dyy
|
|
| &n
SN —— | Encoder 2: f2<") 5(1,2) - d(1,2)
|
|
| Aﬂ
| Spy ~duy
Encoder 3: f"
T Ender % ~ e
Decoder: géf,)z,:q Siog ~Uuzg

Decoder

e R([d]): the infimum over all achievable sum rates subject to distortion
constraints [d] £ (da, A € 25), 24 = {B: BC A, |B| > 0},
L£=A{1,---,L}.
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Multiple Descriptions with Symmetric Distortion Constraints

il .
Sy~ 4
____________ S("z; ~d
Ly Encoder 1: ," m A
. n n
! Decoder: g,y Sy ~d;
l
S"— : Encoder 2: /" Sia ~d,
l
! .
[ S{"Ls) ~d,
Encoder 3: £
_____________ Sn
Encoder Sy 02

Decoder

o R(d): the infimum over all achievable sum rates subject to distortion
constraints d 2 (dy,--- ,dyr).
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Connection with Distributed Storage

Encoder 1: £ Sy ~e—0

Decoder: gél"l’z}

[y — Encoder 2: f{" | Decoder: gi;g | Sy ~¢ 0
| , :
| | |
I ! !
I ! i
. n | . | cn
L| Encoder 3: ") Decoder: g} Shy ~e—0
|

Encoder Decoder
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Main Results

On
Symmetric
Multiple
Description
Coding
- o A single-letter lower bound on the minimum sum rate of multiple
SIS description coding with symmetric distortion constraints
o Evaluation of this lower bound in several special cases with the aid of
o certain minimax theorems
ain

Results

o the binary uniform source with the erasure distortion measure
o the binary uniform source with the Hamming distortion measure
o the quadratic Gaussian case

e A new conclusive result on the information-theoretic limits of Gaussian
multiple description coding
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2-Description Case

o Single-letter upper bound (ElI Gamal and Cover 82)
R(dy,d2) < I(S;U,V)+I(U;V)

where E[d(S, $(U))] < di, E[d(S, (V)] < di, E[d(S,4(U,V))] < da.
This bound is tight in the no-excess sum rate case (Ahlswede 85), but
not tight in general (Zhang and Berger 87).

o Multi-letter lower bound

nR(d1,ds) = log |C1] + log |Ca|
> H(F™(S™) + H(5™ (™)
= H(f{™ (8™), f£7(S™) + I(F{(S™); £5(S™)
= I(S™; {7 (S™), F50(S™) + T(F{(S™); £ (S™)).

where £ and f{™ meet the distortion constraints.
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Remote Source
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. - o The remote-source method (Ozarow 80): introduce a remote source Z7'
- I (5™): £57(5™)
= 1(Z85 17 (8™) + (235 137 (5™) = 1235 £ (8™), 57 (™)
I (S™): £57(5™)127)
> I(Z05 /{7 (8™) + (21 137 (8™) = 1235 17 (8™), 137 (S™).
Lower
Bound

Therefore,
nR(di, d2) > I(S™; £V (S™), £V (S™) + I(f™(S™); £57(S™))
> I(S™; f(S™), £0(S™) — 1275 £ (S™), 157 (S™)
F 1275 F(S™) + (275 £ (S™)).
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Remote Source

On

Symmetric

Multiple

O g ¢ Single-letterization

Li

: I(Z75 £ (5™)
> 1(Z758%)
> nI(Z:(T); Sgiy (T))

[ ]
o nR(dy,dz) > 1(S™; £ (S™), f57(S™) + I(F(S™); ££7(S™))

> I(S™; f{M(S™), £50(8™) — 123 £ (S™), 57 (S™))
FI(Z7 f(S™) + (275 157 (S™).

In the quadratic Gaussian case, the red part can be single-letterized using
the entropy power inequality (Ozarow 80) or the additive noise lemma
(Wang and Viswanath 07).
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Remote Source

o Single-letterization
I(S™; F{M(S™), £5(S™) = 1(Z7 £i7(S™), £57(S™)
= 1(Z], 8™ [ (S™), £ (S™) = 1(Z75 £ (S™), #1578
= I1(S™; F™M(S™), £ (8™ 27
> I(Sn'gﬁ}aS’?2}»§?1,2}|Z?)

v [
(- :M

\Y]
3

o

Bl

t=

-

I(

I(s 5{1}73{2},5’{1 0|21, 87
(S(t);g?l}a‘gq{z}as‘?lﬂ}aZ{last71|Zl(t))

I(S(t); Sqay (1), Sg2y (£), Spr.23 (8| Z1 (1))

S(T); S(1y(T), S (T), Sp1,03 (T)| Z1(T)).

5™)
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A Single-Letter Lower Bound on R([d])

e Introduce Z = (Zy, Z1,-++ ,Zr) such that Zp <> Z1 <> -+« <> Zp < S
form a Markov chain.

>r([d) 2 su inf P D&
R([d]) > r([d]) Pz|sré7’p[s]|sep([d]) (pz1s,Pg)5)

where
L .
Qpzspsis) =Dy O (7S5 Be2|Z),
k=1 (<) Ae2f | A=k
P={pzis: 2o Z14> - Z < S},
P((d)) = {pgs : E[A(S, S4)] < da, A € 2§},
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A Single-Letter Lower Bound on R(d)

e Introduce Z = (Zo, Z1,-++ ,Z1) such that Zo > Z1 <> -+ - > Zp < S

form a Markov chain.

R(d) > r(d) £ max min ¥ JDérg),
(d) > r(d) P, T ) (pz|s:P3)s)

where

L

L ~
V(pzis:psys) = D 7 1(Zk; Skl Ze),

k=1

P ={pzis:Zo ¢ Z1 ¢ -+ &> Z1 & S},
P(d) = {pgs : E[d(S, 5k)] < dy,k=1,---,L}.
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Single-Letter Lower Bound

o Subset entropy inequality (Han 78)

1 n ny - n
a2 HUTEMie Az
( - )(kfl) A€2§r,|_A|:k—l

1 n);any - n
> ST H(FM(SM) i€ AlZiy)
(k) Ae2f | Al=k

e The Markov chain is required for technical reasons.
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Evaluation of r(d)
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Binary
Source
with
Erasure
Distortion
Measure

o Remove the Markov ordering (replace P with Q)

max  min  U(pzs,Ps)-
Pz15€Qpg geP@) 210 PEIS

o Prove the existence of a saddle-point solution (pg*|g,p§*|s) such that

max min  Y(pzs,ps
Pz|s€Qpg s€P() (7| ’ ﬁ‘S)

= min max Y(pz|s,Ps
pgsE€P(d) pz|sEQ (Pz15,P3s)

= U(pz+s,P5"5)-

o Hope that the Markov ordering is automatically satisfied by the
saddle-point solution.
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Binary Unifrom Source with Erasure Distortion Measure

o Evaluate r(d) for
e Binary Source: S = {0,1} and ps(0) = ps(1) = 1

o Erasure Distortion Measure: S = {0,1,e} and

0, s
mg(s,§) = 1, K
00, (s,8) =(0,1) or (s,3) = (1,0)
o Theorem
L

R L
r(d) = 26[31?]§+1 éénpl&) 2 E(l — 0r)[Ho(qr—1) — Ho(qn)]

L

L
= i _l_ H — _H
o280 e 2 B O~ e

where Hy(q) = —qlogq — (1 — q)log(1 — ¢q) and
D(d) =[0,d1] x --- x [0,dL].
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Binary Unifrom Source with Erasure Distortion Measure

o Remove Markov condition: Let O denote the set of all possible
conditional distributions pz|s, where Z = (Zo, Z1,--- , Z1). Define

L
L
Y(pzis:Pg15) = D 2 1(Zi; Sk) = 1(Zi-1; 5%))
k=1

and it is assumed that Z <+ S « S form a Markov chain.

o Notice that

r(d) = max min D&
(d) pz|s€’PpS|se’P(d)7(pZ‘S Pg|s)

namely
L

L .
max min Dz|s,Pajg) = Max min —1(Zk; S| Zk-1
PglsEPPgsEP@’Y( 219:Pgs) Pg|s€7’1’$\s€7’(4); Bl | :
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Binary Unifrom Source with Erasure Distortion Measure

o Step 1:
max min 4
pg\segpgsep(d)7(pgls’p§|S)
L
= i —(1 - 0x)[Hp(qr—1) — H,
ge[gl%aﬁﬂég&) 2 i (L= 00)[Hy (k1) — Hy(qr)]
L
= mi =(1 = 6p)[Hp(qr—1) — H
R e E: 5 (1= 0k)[Ho(qk-1) — Ho(aw)],
o Step 2:
max min fy(pg\s,pgs): max min ’Y(Pgs’pg\s)

Pz|s€P pg gE€P(d) Pz|s€QPg gE€P(d)
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* Max problem: max_7(pz|s,Pg*|s) is equivalent to
pz|s€Q T %

L A L A
“ZH(SEZ) + ———H (S| Z0), k=0, L.
;Izl,i}; P (Sk| k)+k+1 (Sk+11Zk)

When Ps*|s is given as BECs, the maximum value attained by BSC
pzk|5, k=0, ,L and

L

L
v 1g) = 21— ) Hy(qes) — H
% (pzi5:P5s) ge[ﬁf‘;’hl; - (1= 08)[Hu(gk—1) = Ho(an)]

where the optimal solution is attained by pz|s that pz, ,|s is
stochastically degraded with respect to pz, |s.
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The Max problems

max  a1(1 —61)Hy(qo),

a0€[0,3]

max [—a(l —6k) + any1(l — Opq1)] Ho(qr), k=1,

ax€[0,3]

max —ar(l —385)Hy(qr)

qr€[0,1]

are optimized by the following the maximizers, respectively.

0,

go = { any number in [0, 2
1

2

0,

gr = { any number in [0, 1
1

2

0,

gr = { any number in [0, 1
1

2

(672 1-— 5k) = ak+1(1 — 5k+1)
ag(l— 5k) < Oék+1(]. — 5k+1)

al(l — 51) <0
a1(1=01)=0 ,
al(l — (51) >0
ag(l = k) > ary1(1 = kr1)
(
(

aL(l - 5[,) >0
aL(l - 5L) =0
OtL(l - 61,) <0

k=1,...

20/33



On

Symmetric
Multiple
Description
Coding
Lin )
e Min problem:  min Pz*|s,Ps <) IS equivalent to
p$|sep(i)7( 'Z*|S>P3|s
. L 1A L . A
i ——H(Z;|Sk) + 7 H(Zg-1|Sk), k=1,---,L.
P, s Emp(Sp.9<d, K k
When Pz|s is given as BSCs, the maximum value attained by BEC
P50 k=0,---,L and
ginary L I
Sauns min x s1q) = min Z(1 = 8)[Hp(qu—1) — Ho(qx
o g ) Yz 15oPs1) = i D (1= 0k o (ak ) — Ho(av)]

Measure
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The Min problems

5 min, ar(l = 0k)[Ho(qr-1) — Ho(qr)], k=1,---,L,

have the following minimizers.

0, ok [Hy(qr—1) — Hy(qr)] <0
Ok = q any number in [0,dg], oax[Hs(gx-1) — Ho(qx)] =0 , k=1,--
dy, ag[Hy(gr—1) — Hy(qx)] > 0
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Prove:

R

= 1—5 H H,
53&)qe[ollulz —( 1) [Hy(qe—1) — Hy(qr)]

There exists a saddle-point solution (¢*,d™) for the above minimax
problem.

Theorem (von Neuman 37): Let X and ) be two bounded closed convex
sets in the Euclidean spaces R™ and R", respectively, and X x ) be their
Cartesian product in R™*™. Let I/ and V be two closed subsets of X x
such that for any z € X the set {y € V' : (x,y) € U} is non-empty,
closed, and convex, and such that for any y € ) the set

{zx € X: (z,y) € V} is non-empty, closed, and convex. Under these
assumptions, U and V have a common point.
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o It can be proved that
max_ min Y(pz|s;Pgs) = min - max y(pzs,Pz
pg|s€Qp$|se’P(i) ( Z|5> §|S) PgsEP(d) Pz|SE€EQ ( s> §|S)
The optimal solution is attain by (pz+|s,pg=|s) which are BSC and BEC
respectively, and Pz;_,Is is stochastically degraded with respect to pzr|s
o (i.e. Markov chain structure Zg <> Zy <> -+ <> Zp, <> S)
e
Erasure

Distortion
Measure
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o Recall that

max  min y(pzjs,Pgg) = min  max y(pz|s,Ps
Pz|s€Qpg 5 EP(D) (Pzis:p31s) = pg sEP(d) Pz|sEQ (pzis,P3s)

is attain by (pg*|s,p§*|s) that Z* has Markov chain structure, so that

max min Pz|s,Pgg) = max bz|s,P
i"zlse"’?’gsep(d)v( 215:P3)s) = PZ\SGQPslsEP(d)’Y( I5:Pg1s)

Hence, we have

r(d) = max min D&
(d) pg\sEnglse‘P(g)’Y(pgls p§|s)
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Binary Source with Hamming Distortion Measure

 Hamming distortion measure:
mp(s,§) =sP2 §

¢ Binary Source with Hamming Distortion Measure:

L

, L
r(d) _ge[g,l?fiﬁ Sin 2 7 (o1 © k) — Hy (g © 6x)]

L

L
=, Ini Z[Hy(qx—1 ® 6k) — H, 5
ég&)ge[gl?]}i+lk=1 5 (a1 © k) — Hy (g © 6x)]

where ¢ © 0 = ¢g(1 —4) + (1 — ¢)d.
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The Quadratic Gaussian Case
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e The Gaussian source (with variance \) and the mean squared error
distortion measure

r(d)= max min w(f,0) = min  max w(4,9),
0€[0,\]L+1 5eD(d) 8eD(d) ge[0,A]L+1

where

L
B L Ai—1 4 A6 — Ok—10k
w(0,8) = - log < Ny + A6k — Ox0y )

Gaussian
Source

27/33



The Quadratic Gaussian Case
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o Achievable:
Source-channel erasure codes (Pradhan, Puri, and Ramchandran 04)

o Converse:
Evaluate the single letter lower bound for the quadratic Gaussian case.

Gaussian
Source
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Source

o Achievable: .
If d = \for all k< £ and dp > (5d; = 55A71) " for all k> ¢ (with
¢ < L), then

L A
< = — .
R(d) < 7518 (d)
o Converse:
If R(d) = £ log (%) for some ¢ < L, then

dy, > (Edgl -

kE—20,_4
7 —A

; )_1, k> 0.
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Gaussian
Source

o Achievable:
If dp, > %dL + %)\ for all k < L, then

R(d) < 3 1og ().
If R(d) = 1log (%) then

di > EdL+
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o Achievable: .
If £de — L0 < dy < (hd; = LEA7T) T for some £ < L and

de =\, k<,
> L(k — f)()\ — de)dL + g(L — k)()\ — dL)dz

dr 2 k(L —0X—L(k — 0)de — (L — k)d,

< k<L,
then

Rd) < L

—wlog[%] ; [( e ]

Zlog | 2 OL)
T2 T 00— d)ds
o Converse: o ) ( |
L—£)(A—d LA (dp—d
If R(d) = % log [W] + %log [m} for some ¢ < L
-1
and £dp — L7EN < dy < (hd; = EEATT) then

d > Lk —0) (A —dp)dr + (L — k)(A\—dr)de

2 TR = ON— Lk = Ddy — (L —Ryay, * k<L
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Conclusion
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o Single-letterization: the role of auxiliary random variables
o Extremal inequalities
¢ Minimax theorems
o Information-theoretic limits of Gaussian multiple description coding with
two-level distortion constraints
Conclusion
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Thank you!

Conclusion
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