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OGnVec_to: @ Source: i.i.d. process {X ()}, with marginal distribution
Mot p(x) over alphabet X.
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We say a set T C QE""’M} has a tree structure if, for any
81,82 € T, one of the following statements is true:
= ° 51 E 8,
e 5 C &y,
e S NSy=0.
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Terminal T={Ski:k=1,---,Lyi=1,--- ,2k71},
Source Coding

C2ki—1) 2k

Yinfei Xu Sk,‘,’l — {J : 7( 2 ) < j S 2k }‘

o o Two-description-three-distortion problem (L. Ozarow):

Formuration T = {{1,2},{1},{2}}.

@ Individual and central distortion constraints (J. Chen):
T= {{17'” 7M}7{1}7"' 7{M}}'

@ A three-level-four-description example:

T ={{1,2,3,4},{1,2},{3,4}, {1}, {2}, {3}, {4}}
={S51,1,52,1,52,2,53,1, 53,2, 53,3, S3.4}
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p(zlr) = p(z1,1!x)p(z271, 222|21,1)

where z = (Z1,1, 22,15 22,2)-

@ P(d) is the set of conditional distributions p(Z|z) such
that the induced p(z)p(&|z) satisfies

A Single-Letter
Lower Bound for
Sum Rate

E[d(X7 Xsk,i)] < dSkﬂ'a k=1,2,3;i=1,--- 72k_17

where d = (ds, ,)k=1,23i=1,.. 2~-1 and

z= (‘%Sk,i)k=1,2,3;i=1,--- ,2k—1.
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Yinfei Xu R(d) = lnf R]_ aF R2 aF R3 aF R47
(R1,R2,R3,R4)ER(d)

which is lower bounded by

R(d) > inf sup I(X; XSLl’Zl,l)

fstele PEE)EP() pzfe)eP

e +1(Z115 X5, Z2,1) + 1(Z1,15 X5, 5| Z2,2)
+I(Z21; Xs,,) + 1(Z21; X5, )

+ 1(Z3,2; X83 ) +1(Za; ng L)

where p(z, x, &) = p(z|z)p(z)p(Z|z).




Two Results
on Vector
Gaussian

Multi-
Terminal
Source Coding

Yinfei Xu

log [C{")| + log €S| +log|C”| + log [C{"|

>H(o") + H(p8") + H(§") + H(o{")

=H(p{", 05" + H(§", o) + 16" 08) + 1057 0)
=H(o{, o8, 05", o) + 175 057) + 10575 o)

+ I\, oM ol o
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16 5”)
= I(Z51;00) + 1(Z5 0 05) = (251561, 05
+ (057 |Z8)

> (250 68) + 1(Z335087) = 1(Z51: 01" 5").
@ Similarly introducing remote sources

75, 10 I(§"; o),
7 10 1™, o8 o8, o).
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eg.,

17768, " >> — 1251368, 08)

= 127 o, o301 28,) (XM= 20— Z3,)
> I(Zl,1§XSQ,1|ZQ,1)

> nl(Z11(T); Xs, ,(T)| Z21(T)).
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where
0= Z31\/'1,1 = 21\72,17 21\72,2'

@ Introducing notations

Case

-1
Vector Gaussian @171 — (2)—(1 + EJ_V} 1) 7

-1 1\t -1 1\t
O = (ZF+33L,) . @ = (33 + 37,

= Yx=037,022=0;;=0.
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Mule o Applyi ise | h :
B Sl pplying worst noise lemma to each term: e.g.
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Yinfei Xu I(X; XSI,I |Zl,1)
- I(X3 XS1,1) - I(Z1,13 X:91,1)
1

=]
908

X A~
I(N11; X + N1l X
(2 +2N11> + ( 1,1 + 171‘ 81,1)
110 |2X||D$11+2N11|
2% Dy, 1o o
1 O 1+D311 - =y
= —log
[Che

Y

2
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ulti- 1. |®;+Dg! -3
e R(d) >  max log — 81 - x|
|©7 1]

Source Coding ©1,1,02,1,02 2 2
Yinfei Xu —1
‘ +110 |@11||@ 1+D$21 o
2 |®21||®21—i_D$21_23 1|

1 |@11||® 2+D$22_2X|

+ = log
2 |®22||®21"‘D$22_23 'l
| +Z O, 1||D531
\C/::;orGausslan |E 1||@ 1+D —E;{1|

+Z* ‘622” 831
i:32 |2 1||®22+D *2)_(1|

subject to Xx = @2’17 @2’2 i @1’1 =0
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1 ‘EX + 25171|

m@ax 3 log S|
T llog |®1,1 + 2]51,1 HEX + ESz,lHEX + 252,2|
2 |2X + z351,1H®1,1 + 252,1"91,1 + 282,2’
e G L log 1921+ By B o+ B [[Ex + B
2 |2X + 252,1”@2,1 + z]53,1”(")2,1 + z153,2|
+ llog ‘62,2 + 252,2”2)( + 2]«5"3,3”2)( + E53,4‘
2 |2X + 252,2”6272 + 233,3H®272 + E33,4’

subject to Xx = ©@31,035 =11 =0
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(©1, + Bs,,) Moy + (©71 + 2s,,) "t +Mas
= (0@}, +3s,,) "+ M1 (1)

(@3, + 283,1)_1 + M3z + (03, + 283,2)_1
= (03, +3s,,) '+ Ma1 (12)

(@32 + 283’3)_1 +M3z2 + (035 + 283,4)_1
= (@554 Bs,,) '+ Mz, (13)

Vector Gaussian
Case
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GT,lMl,l =0, (1.4)
(@3, —©7,)My; =0, (@55, —07;)Mz2 =0, (1.5)
(Bx —©5,)Ms; =0, (Sx—©3,)M;zs=0. (L6)

Vector Gaussian
Case




Vector Gaussian Case: Direct Theorem

Two Results
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Gaussian Distortion enhancement: define

Multi-
so;ecremc”:dling (@1 L+ 281 - 1_ (@1 L+ Bs, 1) + M,
e (©1 11T 232 ) t= (© 1 1+ 252 1) + Mz,
( 11+2522)71:( 11+2522) +M22

(@51 +3s,,) " = (@5, +3s,,) " +Ms,

( 2+233,3)_1 = ( 2+2533) +M3,2

Vector Gaussian
Case

Along the same line of channel enhancement argument (H.
Weingarten et al), the optimization lower bound can be written
in another way.
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llog—IZX—FESlll
2 X, |
+1 |©7 1+2311||2X+2321||2X+2322|
2 B8y r 25 (07, + 3, [0, + =g, |
o g 1851+ B, 1B + 3, |2+ B |
Vector Goussian 2 |2X+2521||®*21+25311|®*1+2332|
L @5, + g, ,||Zx + g, [[Ex + s, .
\2X+2322H@ 22+ 35,1105, + Zs;.,|
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(@T,l + S52,1)_1 + (G)T,l + 252,2)_1 = (911 + i51,1)_1

(1.7)
(93,1 + 253,1)_1 + (65,1 + 233,2)_1 = (63,1 + 232,1)_1

(1.8)
Vi Ganaen (83,2 + 233,3)_1 + (65,2 + 253,4)_1 - (63,2 + i32,2)_17

(1.9)
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Vector Gaussian Case: Direct Theorem

Two Results
on Vector Theorem
Gaussian

Multi- Fork=1,2,3;1=1,--- ’2k—1,

Terminal
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¢ o cov(Wi2i—1, Wg2i) = 0,

Yinfei Xu

® There exists (Hy1,2i—1, Hy11,2:) such that the following
identities hold

Hyi12i-1 + Hip12i1 =1

Hyy1,2i-1Wei1,2i-1 + Hgp1,2iWei1,2i = 0.

Vector Gaussian

Ee Define Uj,i = 1,2, 3,4 as output of each description

Ur=X+ W1+ Woi+Wsp,
Up=X+Wi1+ Wai+ Wso,
Us=X+Wi1+Woo+ Wss,
Upy=X+Wy1+Wao+ Wiy



Vector Gaussian Case: Direct Theorem

Two Results

on Vector

Gaussian
Multi- . . k1
Terminal Check the covariance: cov(X|Uy;), k=1,2,3;i=1,...,2 J
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e.g.

cov(X|Uy, Us)
=cov(X|X +Wi1+Wor+Wsa1, X + Wi+ Wai+Wso)
=cov (X|Hz (X + Wi+ Waq+Ws;)
+Hs3o(X + Wi+ Wa 1 + Ws))
=cov(X|X + Wi+ Way)

1, w1\t -1 1\t
= <2X +232’1) j (2X + 252@) = DS2,1

Vector Gaussian
Case
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Check the sum rate for El Gamal-Cover inner bound

h(Uy) + h(Uz) + h(U3) + h(Uy) — (U1, Uz, Us, Us| X)
=1(X;U1,Uz,Us,Us) + 1(U1,Us; Uz, Uy)+
gtr G I(Uy; Us) + 1(Us; Us)




Vector Gaussian Case: Direct Theorem
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D Check the mutual information term: e.g. [(Uy; Us):

Multi-

Terminal

s : Write X = X + X, where X and X have covariance
ource Coding
> * *
Yinfei Xu X — 6271 and @271

I(Uy; Us)

=I(X;U1) + I(X;U2) = I(X; U1, Us) + I(Ur; U2| X)

I(X; X+ X +Wii+ Wi+ Ws1) L Bt B
= ; 1,1 2,1 3,1 508 Ty Ty |
\C/::;or Gaussian 2 ’621 + 28‘13,1 |

S

. ; 1, 1Ex+Eg
HI(X; X+ X+ Wi+ Wi+ Wso) —1 :

081 as [ .
2 ’92,1 + 253,2|

- - . 1, [Ex+3Xg |
~I(X; X + X + Wi+ Wayq) —?%W
2,1 82,1
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o {X;,Y;};2, be a sequence of i.i.d. random vectors.
e Correlation: X =Y + N, N ~ NV (0,Kn).

Problem
Formulation



Problem Formulation
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oy Ve @ The rate-distortion region R(D) is the closure of all
Gouseian achievable rate tuples (R;, R2) subject to distortion D.
e @ Tangent hyperplane characterization: given any fixed
D>0and u >0,

R(D,p) = inf Ri+ R
(D, ) (Rl,ngI)leR(D)M 1+ Ry
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Problem Formulation
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Yinfei Xu ) KX _ B2| 1 |KY|

R*(D, ;1) £ min o | + = log ————

(D) = mig S log g B "By T2 %% Ky — By
subject to By, By > 0, and

D> Kx — B; —Bs.

e Rahman and Wagner's theorem: R(D, ) = R*(D, ).
“distortion projection” + “source enhancement”

@ Our proof: Perturbation
(An enhanced Liu-Viswanath's extremal inequality)

Problem
Formulation
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Soures Coing g(KX _BI-B)l-®, —A=0, (21)

(Kx —Bj —Bj3)™' — £(Kx —Bj)™
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N =

1
+5 Ky - B) '-®,-A=0, (22)

BiW, =0, (2.3)

BiW, = 0, (2.4)

(D—Kx + B + B5)A =0, (2.5)
Ty, ¥y, A = 0.

KKT Conditions
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g(KX BBl =0 +A,

1
CKx—By) '~ J(Ky - By ' =W+ A, (22)
B, =0, (2.3)
BiW, =0, (2.4)
(D - Kx + B} +B3)A =0, (2.5)
U, ¥y, A= 0.

KKT Conditions



The Extremal Inequality
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P Let (B3, B%) be the optimal solution for the optimization

souree C‘id'"g problem R*(D, uu). Let V' be a random variable such that
e X =Y — V forms a Markov chain. Then for every
distribution of (U, V') satisfying constraints:

E (X - E[X|U,V]) (X - E[X|U,V])"] 2D,

we have
ph(X|V) — (Y\V)—uh(X!U V)
gog«zmex B*>|—flog\<2we )(Ky — BY)|

The Extremal - 5 log ‘(271-6 KX - B; - BT)|.

Inequality




The Extremal Inequality

Two Results
Vi . .
i e Covariance preserving transform: for any v € (0,1),
Multi-
Terminal

Source Coding XL'Y = mx + \/'VX?, XlG ~ N(07 KX - B; - B#i)
B v - TY e AYS. YE~N(O.Ky - B3
Xy, = /1= X + /XS, X5 ~ N(0,Kx —Bj).

@ Degraded assumptions:

X§=Y5+NY NY~ N0 Kny),
X¢=X{+wW¢ W~ N(0,B)

@ Define

g(7) = ph(Xoy|V) = h(Y2,|V) — ph(X1,|U, V).

The Extremal
Inequality



The Extremal Inequality
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Hh(XS)=h(YF)= uh(XF)
y=1

o If the inequality (1 —v)¢’() < 0 is obtained, the extremal
e Bznel inequality is proved.

Inequality



The Extremal Inequality

Two Results
on Vector
Gaussian

Terminal 2(1=7)g'(~)
B - o {1(Kx - Bj) ! [(Kx — B3)J(X2,|V)(Kx — B)
—(Kx — B3)]
— (Ky — B3) ' [(Ky — B5)J(Y2,|V)(Ky — Bj)
—(Ky — B})]
—{u(Kx - B} - B3) "' [(Kx — B} — B3)J(X1,|U,V)

(Kx —Bj — B3) — (Kx — B] — B;)]

Derivation of g(vy)via de Brujin's Identity

The Extremal
Inequality

X+ VIND) = 5 6 {I(X + VINID)}




The Extremal Inequality
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soli;f‘c'"uz'mg <tr {u(Kx — B) ! [(Kx — B})J(Xa,|V)(Kx — Bj)
—(Kx — B3)]
— (Ky — B3)'[(Kx — B3)J (X2, [V)(Kx — Bj)
—(Kx — B3)]

—{n(Kx - B - B3) ' [(Kx — B] — B3)J(X1,4|V)
(Kx —Bj - B3) — (Kx — B — B3)]

)(2;y @ Xgﬁ = Ygﬁ + N, where N (i) N ~ N(O, KN).

(Ky — B3)J(Y2,|V)(Ky — B3)
=(Kx — B%)J(X2,|V)(Kx — B3) — K.
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T (0
S < {[(Kx - B3)J(X2,|V)(Kx - Bj) - (Kx — B — Bj)
J(X14|U, V)(Kx — B3 — B}) + B} ¥}
— tr {[(Kx — B3)J(Xo,,|V) (Kx — B) — (Kx — B3)|¥5}
— tr{[(Kx — B; — B})J (X1,|U, V) (Kx — B} — B})

—(Kx —B; —Bj)JA}

Substitute into KKT conditions (2.1) - (2.2),

g(KX “B* B} l=0, +A,

The Extremal
Inequality

=

1
(Kx —B3) ™! — 5(KY — B}l =, + A,




The Extremal Inequality

Two Results The first term:

on Vector

: d) 3 A A
Glf/lujlstlsn ° X2,7 <:) X277 = XLW + \/fwa, where W¢ ~ N(07 B;)
Terminal

Sopeminat @ By Fisher Information Matrix Inequality and Data
ource Loding
Processing Inequality:

(Kx — B3)J (X2,[V)(Kx - B3)

Yinfei Xu

* * * * 1 *
2(Kx — B3 — B})J(X1,4|V)(Kx — B3 —Bj) + ;Bl

* * * 1 *
=(Kx —B3 - B1)J(X1,|U,V)(Kx — B3 — Bj) + gBlv
@ Therefore,
tr{{(Kx — B3)J(X2,|V)(Kx — B3) — (Kx — B5 — Bj)
- J(X14U,V)(Kx — B3 — B}) + Bj|¥,}
<1 T

The Extremal

tr{BI1®;} = 0.

Inequality
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@ By Cramér—Rao Inequality:

J(XZ,W’V)_I = COV(XZWW) = COV(XZW)
=cov(y/1T—7X +7XY) = Kx — 7B3.
@ Therefore,

tr{{(Kx — B32)J(X2,[V)(Kx — B3) — (Kx — B3)|¥2}
> tr{(Kx — B3)(Kx —7B3)"'(y - 1)B;¥2} = 0.

The Extremal
Inequality



The Extremal Inequality
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@ By Cramér—Rao Inequality:

J(X1,|U, V)™ < cov(X;,|U, V) < D.

@ Therefore,

tr{[(Kx — B3 — B1)J(X1,|U,V)(Kx — B3 = B))
— (Kx —B3 - Bj)JA}
>tr{(Kx — B} — B})D'[Kx — B — B} — DJA} = 0.

= The proof of the extremal inequality is completed.

The Extremal
Inequality



Rate Region
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2pl (X5 UV) + I(Y;V)
—uh(X|V) — ph(X|U, V) — h(Y|V) + h(Y)
b, IKx-Bj 1 [Ky|
> o 2t —log
2 ®Kx-B{—Bj| 2 °Ky-Bj

=R*(D, p).
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Thank you!

RQ&A?

Rate Region
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