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Motivation

Monomial Polynomial Basis

o Monomial polynomial basis {1, z,2?,..., 2" '}

A(z) = ap + ez + ap® + - + ap_12"

e Fast Fourier transform (FFT) in monomial basis: polynomial
evaluations and polynomial multiplications

e An n-point FFT over complex number domain: O(nlg(n))
additions/multiplications (conjuncture lower bound)

@ Primitive nth root of unity is needed for FFT
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Monomial Polynomial Basis over Finite Fields

@ Monomial polynomial basis over finite fields: polynomial codes
(e.g. Reed-Solomon codes)

Fermat number transform (FNT): over Fermat prime fields
Forpq,r€ {1,2,4,8,16}-0(nlg(n)) additions/multiplications
(Cooley -Tukey algoruthm)

The major drawback of FN'T: more space to store one extra
symbol in practical implementation

e FFT over characteristic-2 finite field: O(nlg(n)) finite field
operations???
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Motivation

Complex

s of FFT Algorithms

Table: Complexities of n-point FFT algorithms over Fyr, where n = 2" — 1

l Algorithm [ Restrict [ Add. complex. [ Multi. complex. ‘

[Gao10] r=2" O(nlg(n)lglg(n)) O(nlg(n))

[Cantor89] r=2" 0(n1g'®® (n)) O(nlg(n))
[Gaol0) 01z (n) O(nla(n)
Wang88

Ca O(nlg?(n) O(nlg?(n)

[Pollard71] ris even O(n*'?) O(n*?)
[Wul2] O/ 18" (w) | O(nlg™ ™ ()

[Sarwate78] o(n?) O(nlg(n))

Naive approach 0o(n?) o(n?)
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Motivation

Objective of This Work

@ A new polynomial basis over characteristic-2 finite fields

o A transform with O(nlg(n)) finite field additions/multiplications,
polynomial evaluation

e An application of the new basis: encoding/erasure decoding
algorithm for (n, k) Reed-Solomon codes
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Polynomial Basi er For

Finite Field Arithmetic

° {wi}?ialz the elements of Fyr
e V: the r~dimensional vector space spanned by vy, v1, ..., v.—1 € For

@ W=t -1+ v+i-v+-F 1 U1,
i:io—l—il-2—|—Z'2-22—|—--'—|-ir,1-QT_l,VZ'jE{0,1},0§Z’<2r
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Motivation Polynomial Basis over For Fast Transform Algorithm Reed-Solomon Erasure Codes Conclusion

Subspace Vanishing Polynomial [Ore33]

@ The subspace vanishing polynomial:

21

Wi(z) = [ (z+ wi), deg(Wj(z)) =27
=0

Lemma

Wi(z) is an Fo-linearlized polynomial for which

W](x) = Z a‘j,ilzi’

J
=0

where each aj; € For is a constant. Furthermore,

Wi(z+y) = Wy(z) + Wi(y),Vz,y € Far.
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Polync

Proposed Polynomial Basis

e Proposed polynomial basis over For[1]/(7*" — ) :

X(z) = (Xo(2), X1(2), ..., Xor_1(2))

_1 W ij
o Xi(x) = [Ij=o (wj&g)) ’
i:i0+7:1'2+"'+ir—1'2r_1’V7:]'€ {0’1}

Wi(z) \Y . .
o (W) 1 for iy = 0 and deg(X,(a)) =
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Motivation Polynomial B over For Fast Transform Algori Reec lomon Erasure Codes Conclusion

Polynomial Expression

A form of polynomial expression over For is defined as

h—1

[Dh)(z) =) diXi(a),

=0

where
Dy, = (dy, dv, ..., dp—1)

is an h-element vector denoting the polynomial coefficients. Clearly,
deg([Dp](2)) < h—1.

11/
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Fast Transform Algorithm

Definition of Transform \Ilﬁl[o]

o Given Dy, the transform:

where
D}, = ([Dy)(wo + wi), [Dp) (w1 + wi), - .., [Da](whe1 + wy)),

and [ denotes the amount of shift in the transform

@ The inversion:

(W3) " [Dy] = Dy
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Recursive Structure

o [Dy)(7): a recursive function [Dy](7) = AJ(z) with

Wil®) Ame2'() for 0 < i < lg(h) — 1;

A™ = AT — 2 A"
) (x) H—l(x)_‘_ Wi(w2i) +1

Alginy (@) = dpn, for 0 <m < h—1
o deg(A"(z)) < h/2'—1

13 /
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Fas

Recursive Structure - An Example

o If h =8, we have

[Ds](z ZdX
_ WO() Wi (z) - Wo(z) Wi(z) Wa (z)
=do Wo(w1) e W1 (w2) s Wo(w1) Wi(wz) s Wa(wa)
4 ds Wo(z) Wa(x) 4 ds Wi(z) Wa(a) & Wo(z) Wi(z) Wa(w)
Wo(w1) Wa(wa) Wi (w2) Wa(wa) Wo(w1) Wi(w2) Wa(ws)

_ WQ(I) W1($) Wa (x)
- (d”df* Wa(wn) + Wilwo) (d A )))

4+ Wola) (d1+d5 Wale) | Wi(z )) (d +ds W(z) ))

Wo(w1) Wao(ws)  Wi(w2 Wa(wa)
— (830 + ynto) ) + Rl (adw) + D ado)
~A%(0) + s Al
=AY (2).
14 /
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Fast Transform Algorithm

Proposed Algorithm

Wi, m, 1) = {A(we +wp)c € {b- 21271} for 0 < i < Ig(h) — 1

U(lg(h), m, 1) = {dn}.
U(0,0,0): the transform output
o U(iym, ) =W(i+1,m ) CU(i+ 1, m+ 2% 1)
e h=2_8:
¥(3,0,) wGE4D ¥Y3B2DH ¥@e6D) w3E1Lh w35 wE3 D vs7Dh
={do} ={d} ={d} ={dg} ={di} ={ds} ={d3} ={d;}

¥(2,0,0) w(2,2,10) w(2,1,1) w(23,0)
W(1,0,1) w(1,1,10)

¥(0,0,1)
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Fast Transform Algorithm

Proposed Algorithm - Computational Complexity

o U(i,m,l) = Wy(i,m,1) + ¥y, m,I)
o (i, m, 1) = {AP(we +wy)|c € {b- 2712771y

Uy (i, m, 1) = {AP(we + wi+ wyi)| e € {b- 27111271
Wo(i,m,1): h/27! elements, 1 addition and 1 multiplication
Uy (i,m,1): h/2°! elements, 1 addition
A(h) and M(h): the number of additions and multiplications
The recursive formula:

A(h) = 24(h/2) + h; A(1) = 0;
M(h) = 2M(h/2) + h/2; M(1) = 0.

2it1_1

The solution:

A(h) = hlg (h); M(h) =

16 /
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Fast Transform Algorithm

Algorithm

o Two-point flow chart:

m m+2
At (we + wp) A (wc + w;)
/
7
Wi(wctwy)
Wi(a)zl-),/
rd
e
e
7
td
e
'

A (w¢ + wp)

y
AM(we + @y + wyi)
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Fast Transform Algorithm

Algorithm - An Example for Transform at h = 8

Dyl0] @ 3 = Dg[o]

Dg[1]

Dg[5]

Dyl6] @
1

1
1 /7

Dy[7] @

18 /
33

Polynomial Basis and Reed-Solomon Erasure Codes Y. S. Han



Fast Transform Algorithm

Proposed Algorithm - Inverse Transform

@ The inverse algorithm is its

e Flow chart of transform: backtracking steps:

m m+2!
A (o + @) AT (we + wp) "
P A (0 + w)p)
7’ ‘< =~
Wi(wctwi) e S
Wi(w,), # SS
- SO Wilwetw)y)
- o BTy
e N W[(“’ZL)
- ~
7’ S ~
e ~
~
m
A (we + wp) s

i
Ari,}r-;2 (e + wp)

A w, + w; + w,i
e+ ot ay) AT (we + w;) AMw + w; + w,i)
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Fast Transform Algorithm

Algorithm - An Example for Inverse Transform at h =8
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Fast Transform Algorithm

Formal Derivative

Formal derivative of W;(x) is a constant given by

2i—1

Wia) = [ ] wi-
=il

e Formal derivative of A"(x):

Wi(z) +2! Wi(z) N
(AN (@)= (A (8)  + 55 ALY (9)+ (A7) (@)
—— Wi(wzz’) ~—— Wi(wgf) N————
Compute recursively ?F/ Known Compute recursively
onstant

o T(h) =2T(h/2) + O(h) finite field operations— O(hlg(h))

21 /
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Fast Transform Algorithm

Formal Derivative - An Example at h = 8

ds[0] @ e dg0] Wi )
7
_Waan),
a1 @& ) @ ad
e I///// Wi (x)
d //” )/ . Wi (w2)
dgl2] @ 7 ) _A@di[2) -7 >
R
B A W5 (x)
d(3) @ 1 ) 4@ dg[3] Wo (w1)
4

/7
wa @ /0 e

! -
dls) @ /S @ dis]

R ’
/// Y //
1, Vi // .
di6) @ ¢ . _7@ di[6]
7 s -
¢ s -7
1,7 -7
D .
dsl7] @ ® di[7]
22 /
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d;[0] @~ —>@ Ho7>® dg[0]

dg[1] @ o _Blfl_>. dg[1]
ds[2] @5~ -5,2:1->. di[2]
%3] @ = - 53,—1—>0 di[3]
d[4] @ -5 - ;;4_-1->o di[4]
d(5] @ = - 795:1->0 di[s]
9[6] @ -5~ - Es_—l—>0 di[e]
dgl7] @ 5, " o —37:1—>0 di[7]
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olomon Erasure Codes

Reed-Solomon Erasure Codes

Polynomial evaluation approach
@ The vector of message: My = (mg, my, ..., mg_1), m; € Far
e The codeword: F,, = (F(wo), F(w1), ..., Flwn—1))

Systematic construction: F(w;) = m;, for 0 < i< k—1

e For k a power of two and n = 2": k|n

24 /
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Encoding Algorithm

Algorithm 1: Encoding algorithm

Data: A k-element message vector M
Result: An n-element systematic codeword F),
1 My = (0) ' [Mi;
2 for i=1to (n/k—1) do
3 | Fy=WiF[M;
4 end
5 return F,, = (M, [y, Fs, ..., Fn/k,l);

o Line 1: [M)(z) = F(x)
e Line 2-4: Encoding in n/k — 1 blocks with size k

o A fk-element inversion (U9)~1[e] and (n/k— 1) times of k-element
transform U’ [e]— O((n/k)klg (k)) = O(nlg (k)

25 /
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Erasure Decoding Algorithm

@ The transmitted codeword: F,, = (F(wg), F(wi),..., F(wn—1))
@ Received codeword F, with n — k erasures at evaluation points
E= {wei zT'L:_Ok—1

e Error locator polynomial:

I(z) = [[(z+ )
yeE
e The goal of decoding: find F(j) for Vj€ E
o Let F(z) = F(z)II(x)
e F(j) = ljf;l,((?),Vj € E, where F'(z), and IT'(z) are the formal
derivatives of F(z) and II(z)

e The decoding procedure: i) compute the coefficients of F(x), ii)
compute F'(z); and iii) compute F(j)

26 /
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e We have

Compute IT = {II(j)|j € For\ E} by fast Walsh-Hadamard
transform [Didier09]

Obtain ® = (F(wy), F(w1), ..., Flw,—1)) with n multiplications

Compute ®,, = (¥2)~1[®] by the proposed inverse transform and
F(z) = [®4](2)

27 /
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Reed-Solomon Erasure Codes

Erasure Decoding Algorithm - Finding F'(z)

o [®,](z) is under the proposed polynomial basis

o Compute [®,])'(x) by the proposed formal derivative method and

n—1

[@n]'(2) = [85](2) = D ¢§ Xi(a)

=0

28 /
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bomon Erasure C

Erasure Decoding Algorithm - Computing F(j)

Compute &4 = WI[®9] via proposed transform, where ®2 consists
of {F(j)|j € Far}

e Compute II' = {II'(j)|j € E} via fast Walsh-Hadamard transform
Didier09]
e Compute F(j) = g,g%,Vj €F

The overall decoding complexity is O(nlg(n))

29 /
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bomon Erasure C

Complexities of operations in polynomial basis

Table: Complexities of operations in polynomial basis over characteristic-2
finite fields

’ Operations ‘ Monomial basis ‘ Proposed basis ‘
Addition O(h) O(h)
Multiplication O(hlg(h)lglg(h)) O(hlg(h))

Polynomial degree O(h) O(h)
Formal derivative O(h) O(hlg(h))

e In the proposed polynomial basis, [4;](z) X [By](z) can be
computed via
(02n) ™ (W[ An] * W[ B,

where Asp, (and Bay) is 2h-point vector by appending zeros to Aj
(and By), and * denotes the pairwise multiplication
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Simulations

@ Tested on Intel core i7-950 CPU in C language

o n=216 k/n=1/2: about 1.12 seconds in encoding and 3.06
seconds in erasure decoding on average

e Didier’s approach: about 52.91 seconds in both encoding and
erasure decoding

@ 17 times faster than Didier’s
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Concluding Remarks

@ We propose a new polynomial basis over characteristic-2 finite
fields

e Two polynomial operations, termed as addition and multiplication,
can be completed in O(hlg(h)) finite field operations

e The O(nlg(k)) encoding algorithm and the O(nlg(n)) erasure
decoding algorithm of (n, k) Reed-Solomon codes over
characteristic-2 finite field are provided based on the proposed
transform

e The draft of this work can be found at http://arxiv.org/abs/
1404.3458
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Q&A
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