THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH1010 University Mathematics 2023-2024 Term 1
Suggested Solutions of Homework Assignment 4
Due Date: 11 December 2023

1. Evaluate the following integrals:

(a) /xsec2 xdx
(1+ x3

1
(b) /seclentanxd:v /:I;2ln —i—x

(1 —|—s1n:v>
dx
1+ cosx

(c) / e "sin 3z dx

Solution:

1
(a) /:c :/xdtanx:xtanx—/tanxd:c: xtanz + In|cosz| + C

cos? x

(b) /sechlntanxdx:/lntanxdtanx:’tanxlntanx—tanx%—C‘

(c) Note that
/ez sin 3zdr = — / sin3zde ™ = —e *sin3x + 3 / e *cos3xdx
On the other hand,

/ex cos3xdr = — /cos 3xde™ = —e Fcos3x — 3 / e *sin 3xdx

Therefore, /e_”” sin 3xdx = —e “sin3x — 3e”“cos3xr — 9 / e~ *sin 3xdx

1
= /e‘z sin 3zdr = —E(e_’” sin3x + 3e”“ cos 3x) |+ C

x° 1 x3
— " dr== [ ———da®
/(1+x3)3 ’ 3/(1+x3)3 v
1 1
== [ td——
6/ (1+1)2
1 1 1
=——(t—-x — dt
6( (1+1) /(1+t)2 )
1 22%+1

s e
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14+ 1 142
21 _ 1 3
/x n1 dz 3/111 dx

—x —x

31 1 1

=l +w——/x3dln R
3 1—2 3 1—=x
3 1 2 3

:x—ln —I—x__ * dx
3 1l—2 3 ) 1—2a2

:x_31 1+ 2/x(x2—1)+xdx
3 1—2 3 1 — 22
x

3 1 2 2

= —1In +$+—/xdx——/ ! dx
3 11—z 3 3) 1—2a2
2 1+ 22 1 1

= —1 — 4 = d(1— z?
TR +3+3/ (1-)

2 14z 2P

Enl—x+§+3

<1+Sma:>
dx
1+ cosx

/ 1+sinz
1+cosx

1+sinx /md 1+sinx
e
l—l—cosx 1+cosx
1+sinz / 1+sinx +cosx J
€T
1+cosx 1+cosx
1+sinz / /x sinx
e’ — || —)dx
(1—1—(305:5) 1—|—cosx (14 cosx)?
1+sinx / /x 1
e’ etd | —
1—|—cos:v 1—|—cosa: 1+ cosx
1 1 1
s /e dex —e" | ——— —i—/e‘” — | dz
1+cosx 1+cosa: 1+ cosz 1+ cosz
|0 ( sin )—i—C’
1+ coszx

2. Evaluate the following integrals:

(a) / sin'z cos® xdx (d) / sec* r tan® xdx
2 x
(b) /cos4x sin® zdx (e) /62:_ 4dx

(c) /secx tan® zdx (f) /secxdw




) [
—dx

& V1— 22

Solution:

(a)

m [

1
1+ 22

dx

/sin4(x) cos®(z)dx = /sin4(x) (1 — sin*(z)) cos(z)dx

:/sin4(:v) cos(as)dx—/ 6(x) cos(x)dx
Loy, . 1 o
=5 5sin®(x) sin’(x)dz — = 7 sin®(z) sin’(z)dx
sin®(z)  sin’(z)
=75 7 *¢
/cos sin?
/ sin?(z) cos?(z) - cos?(z)dx
/st(Qx cos(2z) + 1d
4
2 2
/sm (2x) 4 / sin”(2x) cos(2x)dm
8 8
2 .
/1 co dx—i—/sm (27) 2C08(21’)dx
16
x sm(4x) sin®(22)
16 64 i C
= /tan sec’(
3
/ sec? ) sec(z)dx = Secg(x) —sec(z) +C

sect(x) tan®(z)dx

tan(z)

tan®(x)

7

C
9 +

sec?(x) tan®(z) tan’(z)dx

(1 + tan®(z)) tan®(z) tan'(z)dx

(tan®(z) + tan®(z)) tan’(z)dz



2e*dx 2du N e
2 4 > 1 (substituting u = )

u

1/ 1 1

- - d
2( . u—i—2) "

= %(ln(]u —2]) —In(ju+2|)) +C
1 u—2
= §ln( U+2D +C
1 e’ —2
= 5111( ex+2D +C
(f)
/Sec(x)dx
B dv [ cos(z)dz _ cos(z)dx
_/ cos(x) _/ cos?(x) /1 — sin®(z)
1 1 1 "
:/5 (1 + sin(x) - 1- sin(m)) sind (@)de
1 1 d ) 1 1 d )
:/5 ) m ) %(1 + sin(x))dz + / -5 Tm(a:) . %(1 — sin(z))dz
:%IH(H + sin(x)]) — %ln(|1 —sin(x)|) + C
1 1 4 sin(x)
—§ln ( 1 — sin(z) e
L (1 + sin(z))?
_21 ( 1 — sin?(z) ) e
1 N (1 + sin(z))?
_21 ( cos?(x) ) e
I 1 + sin(z)
= cos(z) C
= In(| sec(x) + tan(z)|) + C

0 [ 7= A

Here we have used the substitution x = sin(#).

(1) /1122:/%:/%:%0:

Here we have used the substitution x = tan(6).

df =0+ C = |arcsin(z) + C

arctan(x) + C




3. Evaluate the following integrals by trigonometric substitutions:

(a) / (13:2%)3 (0) / VIZ 2 da
Solution:

(a) Put x = sint, we have

Qd 3 2t
/“x—z)g:/Smgtcostdt:/tathdt:/(seCQt—l)dt
— 22)3 cos

=tant—t+C = L—arcsinx—i—C.
1 — 22

(b) Put x = 2tant,t € (=5, %), then V4 + 22 = 2sect, dz = 2sec? tdt,
dx 1 1 cost

= 2 sec? tdt = tdt = dt = dt
/ V4 + 22 /QSect nee /sec /Cost /Cos2t

1 1 1 1
= [ ————d(sint) = = dsint
/1—sin2t (sint) 2/{1—sint+1+sint] o
1 1 +sint 1. |1 +sint|?
== M :—lnﬂ%—C:ln]secthtant]—l—C
2 |1 —sint| 2 cos? x
Va+a?  x
= ln|T+§|—I—C

(c) Put x = 2sint, then dz = 2costdt
/\/4 — 4sin®t (2costdt) = /4(:052tdt = /Q(COS(Qt) +1)dt

=sin(2t) + 2t + C' = sin (2 arcsin(%)) +2 arcsin(g) +C

1
- 5gm/4 —x2+2 arcsin(g) +C|

d) Put x = tant, with t € (=2, 7), then dz = sec? dt
( PRIDYA

1 , 1 1
m sec“tdt = / SeCQt dt = 5 /(COS(Qt) -+ 1)dt

(
= %sm(%)+%—l—€': %sint COSt+%+C: Q(%M+%arctanx+0.
4. Prove the following reduction formulas.
(#) L. = / f::c%; I = 2:6;7@ - 22?1[”1’ n=l
(b) I, = /Sin” xdr; I, = _cosxs;nnlx + r ; 1In_2, n > 2.

1 1
L= | ———dz; I,= el [ > 2.
(C) /Ll'n(l'—l—l) Z; _n+1x 1, =



(d) I, = / a"sinxdr; I,=7"—n(n—1)I, 5, n > 2 then find .
0

Solution:

(a) I, = [22"d(v/x + a)
=22"x +a— [2nz" '\ + ad
n nmnfl
=2 \/x—l—a—fQ\/m (m—l—(;)dx
=22"/x+a—2anl,_; — [ \/Z%d
Therefore, (2n + 1)I,, = 22"\/x + a — 2anl,_;, for n > 1.

(b) I, = /sin” xdr = — /s.im"1 xdcosz = —(coszsin™ ' z—(n—1) /coszaz:sin”2 dx) =

cosrsin"tx n—1

—cosxsin” e+ (n—Dl_o—(n—1)I, =1, =— + I,
n n
1 1
(C)Forn22,]n:/—dx:/ o ’ dx
x(x + 1) a(x+1) x™(x+1)
1 1 1
— [ —dw — —  dx=——" .
o /x”l(x+1) S———— !
(d) I, = —/ z"d(cosx) = —x" cosx\g—i-/ cosx d(x") :W"+/ coszna" tdr
0 0 0

=7+ n/ " Md(sinz) = 7" +n {Sin:mc"_wg — / sinz (n — 1)z" 2 dx}
0 0

= 1" —n(n—1)T,_y = I, = 7" —n(n—1)I,_y, and I; = | 7° — 307" + 3607 — 1440 |

5. Find F'(z) for the following functions:

@ Fa) = [ 2y O

Y

Solution:

(2) F'(z) =

COS T

X

(b) F'(z) = 322"
(c) F(z)= /1 (lnt)th+/ (Int)%dt = F'(z) = |2(In(22))? — (Inx)?
(d) Fl(m) = 2 CObl’ _ cosg[;2

2
—e/ dt+/ —dt:>F’ e*(Inz + —)
T




() Flz) /\/F smtdt /—\/M sin t sinvVinz 1 sin(—vInx) 1
x g —_— — _ P J—
0 4 0 t vinz 2xvVInzx vVinz 2zvInz
sinvVIn z
| zlnzx

6. Evaluate the following integrals of rational functions:

dx

@ [
o [
© [

Solution:

@ |

1— 22

4r +1
x2 — 6x + 13
203 — 2% + 3
x?—2r —3

dx

dx

x2dx
1— 22

:/(—1+

X

241
(d) / (x 4+ 1)%(x — 1)d

() / 2% — 2

Sy L
o/

—x+1
————dx
202 +4x +5

1
11—z

. 1
1+

!
1— 22 Ty

) )

—In|l— In|1
nll—al +Infl+a]

4r + 1 4dr — 12413 20 — 6 1
b [ ——— ———dr=2 | —————dr+13 [ ————
(>/x2—6x—|—13 / — 6+ 13" /x2—6x+13 o /m2—6x—|—13
d(z* — 6z + 13) 1
=2 dz+13 [ ————d
/ Z—6r+13 O 3/($—3)2+4 ‘
2 1 r—3
= 2In(z? — 1 13-
n(z® — 6x + 13) + 13 4/<Tg)2+1d( )
1
= |2In(a? —6m—|—13)+?3arctan($2 3)—|—C
203 — 22 4+ 3 x+1 1
= dr= [ (22+3+12 dr = 2?4+ 32412 d
(C>/x2—2x—3 x /(w++ (x_3)(x+1))a: T3+ /x_3x
=|2? + 32+ 12In|z — 3| +C
2241 1 1 1
d dr = — d
@ [ erye g™ /[mm+w+2w—1> u+w4 !
1 1 1
= §1n|x+1|+§ln|x—1|+—x+1+0
222 — 2 212 — 2 —4 —4
/ x? x:/ ¢ —dr+ 2+ b d:p:/(1+ Sr o =
2.7:2—536—4—2 (x —2)(2z —1) (x —2)(2x — 1)
2:U—1 +x—2 2 1
dr = 1 d
/ (z —2) Qx—l))x /(+x—2+2x—1)x
=|z+2Injx—2|+ = ln|2x—1|—|—C

dx



—z+1 —(z+1)+2
£y [ —— 1 dp= [ Ty
(£) /2x2+4$+5 . /2x2+4x+5 *

1

= ——In|222+4 5| + C ——d
4n|x+x+ | + +/2x2+4x+5x
1

- 4
2(r+12+3
{

— dx
\/51 T
B

1
:—Zln|2x2+4x+5|+0+2/

1 2
:—Zln\2x2+4x+5y+c+§/

3
R T 2 \@ \f
_—Zln|2x +4x+5]+0+§/—(m)2+1d( g(:c+1))
V3

1 2 2
— —Zln |22 + 4z + 5|+ C + \/;arctan(\/;(:v +1))

7. Evaluate the following definite integrals:

1 4
(a) / V1 + 322 dx (e) / In(z? + 4)dzx
0 0
(b) / xsin 2z dx (f) /3tan4(x)dx
0 0
12 1 .
d —d
O [ A==t ® [ Friest
5 5
d / 2? — dx + 3| do h / —
@ [ | m [ =
Solution:

1 1 1 1 9
(a) / V1 + 302 dr = §x2\/1+3x2dx2—§/ t\/1+3tdt—§/ td(§(1+3t)g)
0 0 0

0

1 [t(1+3t)%} - /1(1+3t)3dt
9 o 9/,

8 1[2 11 [ 58
=2 i =| 2

9 9{15< +3)2] . 135

b0

(b) / xsiandx:/ ——xdcostz——([xcost} —/ costda:) =|—
0 0 2 2 0 0
L2 1 1 1

c ———dr=— [ xdVd—2?>=—(x 4—252‘ —/ 4 — x%dx

© | =dr==[ aav @/i=a| - [ VimPa

so we have :_\/§+/01\/%“:2dx_/01\/4x——27dx’
/01 \/%daz = % <—\/§+4/01 ﬁd(m/Q))
! \/g ™

o |2 T3]

3
=~ + Zarcsin(g)




5 5
/ |:U2—41:—{—3|d93:/ |(z — 1)(x — 3)|dzx
0 0

1 3 5
:/ (x2—4x+3)dx—/ (x2—4x+3)dx+/ (x2—4x+3)dx
0 1 3

1 1 1
<§—2+3) x2—(§~33—2-32+3~3) x2+(§-53—2.52+3-5>

28
3

(e) /041n(x2+4)dx:/041n(x2+4)-1dx

4 4 9og2?
_ 2
—xln(x +4) _/0 x2+4da:

0

2 4 ! 8
:xln(:v +4) —/ 2 — o1 dx

_ 2
_xln(:v +4) /2d:1:—|—/ 1+ x/2

_— 24—2‘ 4t())
:En(a: + )0 xo—i- arctan 2

=41n(20) — 8 4+ 4 arctan(2)

/ tan*(z) (sec’(z) — 1) dx
/ 1 (z) sec? (z) — tan’(z)) da

[
= (me — tan(x) + x)

(\/3)3 —V3+

0

(f) /O tan’(

O

o

ta
(tan®(z) sec®(z) — sec®(x) + 1) da

=]

3

0

T i
3 3

()/1 /1 :1:+2 /1 2 y
ZB— —aXx
s 0 x2+4x+5 o (z+2)? o (@+2)2+1

1 1
( ln (x +2) -I—l})
0

1
—1In(10) — = 1n(5) — 2arctan(3) + 2 arctan(2)

1

— <2 arctan(x + 2)) ‘o

T2 2
1
=3 In(2) — 2 arctan(3) 4 2 arctan(2)
5 4 9
09—
(h) / L dr = —/ udu:/ <9u_% - %> du
o VI—u o Vu 4
s 2 3\ : 2 1
= (18u2 —gui) = 18 x (92 —4%)—g x (97 —42) = 36




8. Evaluate the following indefinite integrals by using the t-substitution:

1
d
(a) /3+25inx+cosx ’
1
(b) /—dm
2+cosx

2t
Solution: We use the substitution ¢ = tan (£) below. Then sin(z) = e
1—¢? 2
cos(z) = and dr = —— dt, and so we have the following results.
1+t 1+¢2
(a)
/ dz
3 + 2sin(x) + cos(z)
2
/ -2 1+1¢2 dt
' 1+t2 T e
/ dt = / S—
24 4t +4 12+ 2t + 2
——dt
/ 1+ (t ¥ 1)
=arctan(t + 1)+ C
= arctan (tan <%> + 1) + C'|, where C'is an arbitrary constant.
(b) X
/ S
2 + cos(z)
1 2
:/2 e
+ 1412
/ V3,
sref \/‘ 1+ (t/V3)?
2
=—arctan +C
7 (¢g>
2 t 2
=| — arctan (M) + C'|, where C'is an arbitrary constant.
% V3
9. Suppose that f:[—1,1] = (0,00) is an even, continuous function such that

/ fla

(x) is strictly increasing over [—1, 0].

(a) Show that f(x) attains its global maximum at 0.



(b) Let )
Gr)= [ flz)dx

Use first principles to show that G(r) is differentiable over [—1,1] and find its
derivative.

Solution:

(a) Since f(x) is an even function on [—1,1], and it is strictly increasing over
[—1,0], we know that f(z) is strictly decreasing over [0, 1]. Hence, f(z) attains
its global maximum at = = 0.

(b) Since f(x) is even on [—1, 1],
f(=z) = f(x), for all z € [—1,1].
We can get the result that, for all r € [—1,1],

/0 flz)dx = /T f(z)dz. (Substitute — z for x).
-r 0

:/iﬂ@deQKTﬂﬂdx

Hence, by the Fundamental Theorem of the Calculus, we know that G(r) is
differentiable on [—1, 1], since f(x) is continuous on [—1,1]. We have

So we have

!

G (r)=|2f(r)|, for all r € [—1,1].

10. By considering a suitable integral, evaluate the following limits:
n—1 1
) n+k\"
@ i 3o (")
. ~=n? 4 k?
0 Jm D e
Solution:
n—1 n+k % n—1 L
@ 3 () = i (1+)

1
:/ In(1+ z)dx
0

1
= [zIn(1 + z)] —/ T dx (Integration by part)
0

0

:pmm1+xﬂ ( 1+x)

= [mln(l—i—m)] ; (m—ln]1+x|)‘
=In2—-(1-1n2)

2z 1]




L | 1 M r+1
de + - | ———d
/0x+1 :B_I—S/O R
L | 1 [ 2e—-1)+3
o r+1 6J, x2—x+1
| 1t 22 —1 1/t 1
/ d:c+—/ x—d:er—/ ~da
0o r+1 6J, »2—x+1 2 Jo ( l)2+<\/§)

2 e 1D L (2 arepan 221
_3(1n|x+1|)‘0+6(1n|x x+1|)‘0—|—2(\/§arctan 7 )

11. Let fy be a continuous function on R. For each positive integer n, define the function

foon R by f.(z /fnl )dt for any = € R.

(a) Show that whenever m, n are positive integers,

[ @=om i = o [ om g

= [ @ oy

for any = € R.

(b) Show that whenever n is a positive integer, f,(x) =

for any x € R.
Solution:

(a) Note that, for any positive integer n, f,,(0) = 0 and

fulz) = dc;/ foo1(t)dt = fro_1(x) for all z € R,

by the Fundamental Theorem of Calculus.



Hence, for any x € R, integration by parts yields
/ (2 — £y £ (1)t
0
= [ e hog @0 a

m m

- |[-te-om- st >} a0 0] = [0 ) i

m/ (&= )" fur

(b) Let n be a positive integer and let x € R. By (a), we have

- /0 bt

— [ttty

0

—1 | @1ttt

=—/ (2= 1) s(t)

. [—i@—t)m-fn(t)K—/j—i(x—t)m-f;(t)dt

" (n —1 1)! /Ox(x — )" fo(t)dt.



