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-1
1. Let f(m):a: 3
l’_

(a) Is Lagrange’s mean value theorem applicable to f on the interval [4, 5]7

(b) If your answer to part (a) is yes, find all possible values ¢ € (4,5), at which
point(s) the tangent line to the graph is parallel to the secant line connecting
the two end points (4, f(4)) and (5, f(5)).

Solution

(a) Note that the function has a discontinuity at = 3, while on the interval [4, 5]
it is continuous and differentiable, so the mean value theorem is applicable here.

The derivative is 5

f(x) :_(x_3)2'

(b) By the Lagrange’s mean value theorem, let

fle)= f<5§:;’;(4) = 213 =1,

choosing the root that lies in (4,5). Then |c =3 + V2|,

2. By using Lagrange’s mean value theorem, or otherwise, show that

(a) sinz <z for all x € [0, +00).
(b) (1+x)?» > 1+ px for any p > 1 and = > 0.

Solution

(a) Let f(z) = x —sinxz. We want to show that f(z) > 0 for all x € [0, +00). Since
f(t) is continuous on [0, z] and differentiable on (0, x), one can apply Lagrange’s

MVT, then
1—COSC:f,<C) _ f(x) —f(O) _ f<I>
x—0 x
Since 1 — cosc > 0 for any ¢, and = > 0, thus f(z) > 0 for all z € [0, +00).

(b) The equality holds when p =1 or x = 0. When p > 1, = > 0, let
fl@)=(1+a)" —1—puz.

It suffices to show that f(z) > 0 for all x > 0. For any x > 0, since f is
continuous and differentiable on [0, z], by Lagrange’s MVT, there exists ¢ €
(0,z), such that

flx) = f(0) _ flx)

= =@ =p+ " —p=p((L e =17 >0,
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where the last inequality is due to that the function z* for a > 0, x > 0 is a
strictly increasing function. Therefore, f(z) > 0 for all z > 0.

3. Let 0 <a<b< g Prove that there exists a < £ < b such that

In (Cosa) = (b—a)tané.

cosb
Solution
Fixed any 0 < a < b < g, define f : [a,b] — R by
f(xz) =Incosx
for any = € [a,b]. Note that cosz is continuous on |a, b], differentiable on (a,b) and
cosb < cosz < cosa

™ . . .
for 0 < a < x < b < —. Moreover, Inz is continuous on [cosb, cosa] and differen-
tiable on (cosb, cosa).

Hence, f is continuous on [a, b] and differentiable on (a,b) with

!
f(z) = (cos ) = —tanx
cos

for any x € (a,b).
Using Lagrange’s mean value theorem, there exist some ¢ € (a,b), such that

fla) = f(b)

a—>b

f'(€) =

that is,

Incosa — Incosb

—t —
an & p—

o Z), and hence

Since Inx — Iny = In(2), we have Incosa — Incosb = In (
Y CoS

In (COSCL> = (b—a)tan&.

cosb



4. Show that for all 0 <a < b <1,

(b—a)(l+1Ina) < ln(S—Z) < (b—a)(1+1Inb).

Solution

(a) Let f(z) = xInz for x > 0. Consider 0 < a < b, we know that f is continuous
on [a,b] and differentiable on (a,b). By the Lagrange’s mean value theorem,
there exists ¢ € (a,b) such that

f(b) = f(a) blnb—alna /

— — f (o) +Inec
Since a < ¢ < b, Ina <Inc < Inb. Thus
1+lna<M<1+lnb.

b—a

That is,
b

(b—a)(1+1na) < ln(%) < (b—a)(1+1Inb).

5. Evaluate the following limits.

ca—1 o -1 1
(a) lim sin~hx —tan~! () Tim (__ T )

0 3 z=»1\Inz x-—1
(b) lim log,,, ,(tan 2z)
o+

T—
) el—l—lnw

() lim, tanzInsin I e

Solution

(a) We compute the Taylor series of sin™'2 and tan™'z at z = 0 to the third
order:

(sin Y (@) = (1 = 2%)
(in /(o) = 21— 0?3
(sin ™) (x) = (1 + 22?)(1 — 2?) =

(tan™!)'(z) = (1 +2)7
tan1)"(z) = —2z(1 + 2?) 2
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So the Taylor series are

and



Hence the limit is

sin~'z —tan" 'z .
= lim
x—0

lim
x—0

3

= lim
x—0

lim log,,, .(tan 2z)

z—0t

lim tanz Insinz = lim

z—01

(x + %mB +O(2h)) — (x — %x?’ + O(z*))

3

123 4+ O(a?)

3

In tan 2z

im ———
=0 Intanx
In tan 2z)’
_ lim (In tan 2z)
=0t (Intanx)

tan x cos?®

= lim 2—2
z—0*t tan 2x cos?® 2x
. sin 2x
= lim 2—
r—0+ sindx
. sin2x . 4z
= lim lim —
=0+ 2 2—0+ sindx

Insinzx

z—0t tanx

. (Insinz)
lim ETe—
z—0+ (tanx)

1
sin x
1

tan? x

lim —sinxcosx = @
xz—0t

) Ccos T
lim
z—0t

sec? 1

o xz—1—Inz
= lim
z=1 (x —1)Inzx
_ _ i
—lim(x l-—Inz)
=1 ((x — 1) Inz)
_1
J»‘l—%ln,ﬂ?—{—w;l
. r—1
=lim— —
s=lzxlne+2—1
— 1Y
= lim (2 ) —1

=1 (rlnx 4+ — 1)

L [

Inz+1

m
rz—1



€1+lnx Te

- — lim —
2150 In(1+ e?) 2450 In(1+ e®)
(ze)

S50 (In(1 + e2))
(&

= lim

T—+00 1

1+e®

= lim e(l+e7) =[¢e]

T—+00

e{L‘

6. Evaluate the following limits.

1 x
. sinz \ =2 : (1+$) —1
(a) glclir(l)( . > (c) alclgtl) x?
) , 2?2 =2z +1\"
(b) lim 2= (@)l (m)
xr—r
Solution
(a)
o1 sinz . (Insmezy
hm—zln— = lim —2%~
=0 T T x—0 ((1:2)’
Y- vi i)
z—0 2x
1 . xcosx—sinx
= —lim —m
2 20 r?sinx
1. (zcosz —sinz)
= —lim -
220  (a%sinz)
1 . —xrsinx
= — lim
2 z—0 2xsinx + 22 cos
1 .. —1
= —lim —————
2 =0 2 + tafw:
1 -1
2241 6

So

1
. sinx \ =2 lim & In sinz
lim = gz—02? @
T

—1

—= | e 6




|
lim Inz =21lim nxl
z—=1p —1 z—1 1 — =
(Inx)

:231&11 (1_%)/
1
= 2]im & =2

r—1 =5
)

So

. 2z lim 2%
1im TrTrz-1 = ez—1 %"

r—1
=

(c) We compute the Taylor series of f(z) = (1 +z)® = e*™(+9) at 2 = 0 up to z*

Inz

1

1
/ _ rin(l+w) In(1 1 —
() = P (4 ) + 1 - ——)
1 x4+ 2
" _ ,zIn(l+x) In(1 1 — 2 zIn(1+x)
f(x)=e (In(1+ ) + 1—|—x> +e —(1—1—1')2
As f(0) ="t =1, f(0) = M (In1+1— :5) =0, f(0) = "™ (In1 41—
)+ 60“‘1—(10102)2 =2, we have (1 +2)* =1+ 2% + O(2?), so
(42 -1 2?4+ 0%
- B
(d)
2 (33—1)2
lim z1n (z—1) T In 22 —da+2
& +o00 22 —4dx+2 oot 7l
z—1)2
(I ng4i)+2)/
= lim
T—r—+00 (1'_1)/
2 —x
e S (x —1)(2? —4x 4+ 2)
So

2
. 2 =2z +1\" lim_ oo E=U 5
lim | ———— | = ex=toe  oi-def2 —

z—+oo \ 12 — 4w + 2
7. Find the z-intercepts, y-intercepts, asymptotes if there is any and sketch the graphs
of the following functions.

r+5 2 -9
(a>y:x_2 (b)y:x—l

(c) y =14+ 3z — 27|




()

y = azlr+2| (f)y:—l

7— 2 2% — 4|
(&) =
)y r+3
Solution
(See next page for the graphs.)
(a) The x-intercept is at where y = i—fg = 0, so the z-intercept is | (—5,0) |.
)
The y-intercept is at where = 0, so the y-intercept is (0, 32) =1 (0, —5) .
At z = 2, the denominator becomes 0, so is a vertical asymptote.
y(z)

Since lim, 100 ©2% = 0 and lim, 400 y(z) = 1, is a horizontal asymp-
tote.

The x-intercept is at where y =

(—v2,0) |
. . . . 2_

The y-intercept is at where x = 0, so the y-intercept is (0, H) =1(0,2)|.

At x =1, the denominator becomes 0, so is a vertical asymptote.

Since lim,_, 4 @ =land lim, ,o y(x)—z =1, is an asymptote.

The z-intercept is at where y = |4 + 3z — 2?| = 0, so the z-intercepts are
(—1,0)| and | (4,0) |
The y-intercept is at where x = 0, so the y-intercept is (0,]4 + 3 -0 — 0?|) =
(0,4) |

Since the function has no singularity and lim, 4. @
has no asymptote.

9232_’12 = 0, so the z-intercepts are | (v/2, 0) | and

= 400, the function

The z-intercept is at where y = x|x + 2| = 0, so the z-intercepts are | (0, 0)
and | (—2,0) |
The y-intercept is at where x = 0, so the y-intercept is (0,0- [0+ 2|) =[(0,0) |

Since the function has no singularity and lim, 1., @ = 400, the function
has no asymptote.
. . . T
The z-intercept is at where y = ‘ng‘ = 0, so the z-intercept is (5, 0)
The y-int t is at wh = 0, so the y-int ¢is (0, |7=20) = | (0, 1
e y-intercept is at where x = 0, so the y-intercept is (0, WD =( ,g) .

At © = —3, the denominator becomes 0, so is a vertical asymptote.
Since lim,_,4 o @ =0 and lim, 4. y(x) =2, is an asymptote.

1

o = 0, so the function has no z-intercept.

The z-intercept is at where y =

The y-intercept is at where x = 0, so the y-intercept is (0, ﬁ) =1(0,-)|

At x = —2 and at x = 2, the denominator becomes 0, so |z = 2|and |z = —2
are vertical asymptotes.

Since lim, 4+ @ =0 and lim, 4+ y(x) =0, is an asymptote.



(a)y=%%3 (d) y=x|x+ 2|
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(b) y=% _7-2x
xX—1 14 (e)y_lx+3
6 _
— y=15%
2 121 —— asymptotes
10 1
2 /
/ ]
0
6
_2 4
44
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Figure 1: The graphs of the functions for question 7. Asymptotes, if they exist, are also
drawn.

8. For each of the following functions f(z), find
f'(z) and f"(z).

range of values of x for which f(z) is increasing.

asymptotes of y = f(x).

all relative extremum points

Then sketch the graph of y = f(z).



@) f#) = g (©) f@) = —o—
22+ 5+ 7 2
) Sy = (@) fx) =t -1
Solution

(See next page for the graphs.)

(a)

, . d x B 1 2v x4+ 2
f<x)_@(:c—2)2_($—2)2_($_2>3_ _(;1:—2)3
., _i_ ) _ 1 _3(3:—!—2) _ 2r + 8
f (x)_dx (z — 2)3 ((x_g)s (x—2)4> (x —2)*

f is differentiable on the domain (—o0,2) U (2,00), and f'(z) > 0 if and only
if —2 <2 < 2. So f is increasing on | [—2,2)|.

Since when = = 2, the denominator becomes 0, so is a vertical asymp-

tote.
As lim, 40 % =0 and lim, ,+ f(2) =0, is an asymptote.
The only critical point of f(x) is x = —2, at which f"’(-2) = 6%1 > 0, so

is the only relative extremum and is a relative minimum.

f,(m)_ixQ—l—S:c—i—?_2:U+5_:U2+53:+7_a:2+4x+3_ (x+1)(z + 3)
S dr x+2 x+2 (x+22  (z+2)2 (x +2)?
d 2? + 4z +3 20 +4 -2 2
" 2
= — = — 4 =
PO =G s ~“wror @RI T T

f is differentiable on the domain (—oo, —2) U (—2,00), and f'(z) > 0 if and
only if x < =3 or —1 < z. Also, f(—3) = —1 <3 = f(—1). So f is increasing
on | (—oo, —=3] U [—1, 00)
Since when x = —2, the denominator becomes 0, so is a vertical
asymptote.

As lim, 40 % =landlim, 1 f(x)—2 =3, s0 is an asymptote.

The only critical points are z = —1 and x = —3. Since f”’(—1) =2 > 0 and
f"(=3) = =2 < 0, so the only relative extrema are at z = —1 and x = —3,

where is a relative minimum and is a relative maximum.

f(x) = d x? B 21 222 -2) | 2z(z—2)
Cdza?—2242 22-22+2 (22 —-220+2)2 | (22— 21 +2)?
() = —dr+4  2(=22" +4x)(22 - 2) |4z —1)(2® — 22 - 2)
(22— 20+ 2)2 (22 — 2z +2)3 B (22 — 22 +2)3




()

f is differential on the domain (—oo, 00), and f'(z) > 0if and only if 0 < x < 2,
so f is increasing on | [0, 2] |

As lim, 40 @ =0 and lim, ,4o f(2) =1, is an asymptote.
The critical points of f are x = 0 and = = 2. Since f”(0) = 1 > 0 and

f"(2) = —1 < 0, so the only relative extrema are x = 0 and = = 2, where
is a relative minimum and is a relative maximum.
d 2 2
/ e — 3 — 1 — —7r 3 =| —-
d2 - 2 4 2
1" 5 _ .= _
f(x)_aﬁ ST ot T 0/ 74

f is differentiable on (—o0,0) U (0,00), and f’(x) > 0 if and only if x > 0. So
f is increasing on | [0, 00) |
Since lim,_, 4 @ = 0 but lim, 4+ f(x) does not exist. So f has no asymp-
tote.

The only critical points of f are x = 0 as f is not differentiable at x = 0 and
f'(z) # 0 on (—o00,0)U(0,00). Since for z # 0, f(x) = —14+v22 > —1 = £(0),

is the only relative extremum and is a relative minimum.
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Figure 2: The graphs for question 8. Asymptotes, if they exist, are also drawn.



9. For each of the following functions f(z), find f(0), f'(0), f”(0) and f”(0) and the
Taylor series up to the term in 2% of f(z) about the point x = 0.

(a) f(x) =Incosx (b) f(z) =e*sinx
Solution

(a) f(0) =1Incos0=0

f(z) = d—lncosx = (—sinx) = —tanw
x cos
So f'(0) = —tan0 =0
f(x) = P tanz = —sec’ x
So f"(0) = —sec?0 = —1
f"(x) = 4 sec’ v = i(— sinz) = —2tanxsec’ x
dz cos?
So f"(0) =0
So the Taylor series of f(z) = Incosx about x = 0 up to z3 is
1 O " O 1
flx) = f(0)+ f(0)x + / 2( )x2 + / 6( )x3 +0(z*) = —§x2 + O(x")
(b) f(0)=¢e"sin0 =0
, d . . , .
fi(z) = d—egc sinx = e*sinz + e* cosz = €*(sinx + cosx)
x

So f/(0) = €%(sin 0 + cos 0) = 1

(x) = aex(sinx +cosx) = e”(sinx + cosx) + e”(cosx — sinx) = 2e” cosx

So f”(0) = 2¢" cos 0 = 2

7"(0) = 52690 cosz = 2(e” cosx — e*sinx) = 2e”(cosx — sinx)

So f”(0) = 2¢%(cos 0 — sin 0) = 2

So the Taylor series of f(z) = e”sinz about z = 0 up to 2% is

F2) = £(0) + F(0)e + f”2<0)x2 + f’//6<0)x3 n O(x4) ety %x?’ + O(a:4)




10. Find the Taylor series up to the term in (z — ¢)® of the functions about x = c.

(a) 1 R (e) sin“z;c=0
14+’
9_ (f) Inz;c=e
x N
— (h) V2+z; ¢ =
© e " |
(d) cosz; c=1T. (1) 7_335;6:1
Solution

(a) Let f(z) = t&. Then f(c) = i1 =4, f/(0) = ke = — 4. f"(0) = o = &
f///( ) _ -6 _ _3
(I4c)* — 8"

So 1L = f(2) = f(o)+ f'(e)(x— ) + L2z — ) + L2 (x — ¢)* + O((z — ¢)*)
=|5- i(”_ 1)—1—%(:5— 1~ (o= 0 + O(z — 0)")

() Let /() = 252 = ~1+ 53 Then f() = ~1+ 5% = 1. /16 = g% =~
f//( ) _ 3+C)3 _ 32’ f///( ) — (3;3(?)4 _ 11258 )
So 22 = f(x) = f(O)+ (e =)+ 5w -0+ T @—0)*+ O((x - 0)")

1 D 5 )

=7 E(m— 1) + a(m— 1)? — %(x— 1)? +O((x — 1)%)

(c) Let f(x) = (aélzﬂ Then f(c) = m y fc) = _(6_1(:22—02_2)2 ~ 1
1"(0) = gy = 5, £(c) = " - )
So ey = /(@) = fO+ ()@= + 52 (@0 + 55 (@) +O0((z—c)")
= %:v + %xQ + g:f +O(2")

(d) Let f(z) = cosz. Then f(c) = cosc = \/75, f'(c) = —sinc = —‘/75, f'(c) =
—cosc = —‘/757 f"(c) =sinec = ‘/75

Socosz = f(z) = f(&)+ f'(e)(z— ) + Lz —e)* + Lz — )P + O((x —¢))
V2 V2 T V2 T V2 T 3 T4
= 7—7(95—1)—7(%—1) +E($—Z) +O(( _Z) )
(e) Let f(x) = sin®z. Then f(c) = sin®c = 0, f'(c) = sin(2c) = 0, f"(c) =

2cos(2¢) =2, f"(c) = —4sin(2c) = 0. ) y

So sine = f(2) = () + I (O)(w— )+ 142w — )2 4 L0 (2 — ) +-O((w <))
=|2* + O(z")
(f) Tﬁf(])f( r) = 1n2x Then f(c) =lnc=1, fi(c) = ; = ¢, f'l0) = -z = — =,

So Inz = f(a:f FO+ Q-0+ 52 @—?+ 5@ -+ 0((x—0))

— 1—{—%(33—6) 222(33—6)2_*_%(w—e)?’—l—O((m—e)ﬁl)




(g) Let f(xz) = 3% Then f(c) =3°=1, f'(c) =3°In3 =1n3, f’(c) = 3°(In3)* =

(In3)2, f"(c) = 3°(In3)? = (In3)%.

So 3" = f(x) = f(e) + ['(e)(x — ) + 5w — ) + T (x — ¢ + O(w — o))

In 3)? In 3)3
=|1+zln 3—1-( 23)x +(n63) 3

(h) Let f(z) = \/2—|—x3. Then f(c) = V2+¢ = \/3, f'(c) = %(24—0)71 =
f1(6) = 2o+ 7 = 0= 22 +oF = &

Sov2t = f(x) = fle)+f () (x—c)+ L (z—e)+ L (z—cpP+O((x—c))
= \/§+§( —1)—\7/—3(%—1)2+£(x—1)3+0((;c—1)4)

(i) Let f(z) = —2. Then flo) = 75 =% fllo) = —3(T-307 = &
f”(c> - %(7_ 31})75 - 128’ f”/( ) = 405(7_ 31‘)_77 = /1%)0254'
So == = f(@) = f(o)+ f'(c)(x— c>+f Lz =0+ (=)’ +0((z—c
= §+1—(x—1)+%( - )2—1—%@—1)3—}-0(@—1)4)

(@) 7 =smer =3 (1= + () - () + 0@ - 1))
— 1= 4= ) = 1 = e = 1P+ Ol 1))
(b) 3t = =143 = -1+ 2 (1 -2 + (22 = (2P + O((z — 1))
—~ 1

:%1_156(x_1)+65_4(x_1)2 %(m— )’ +0((z — 4)%)

—(1+§+(§)2
lx—l—%x2+zx3

($_5)2
— 72 ((1 — T4

(e) sin?x = L(1 — cos(2z)) = L(1 — (1 — & 1+ O(a*)))
:x2+0(1‘4)
(f) nz=1+In(1+2¢) =1+ (=2 — 3(=2)2 + L(2=2)3 4 O((z — e)*))
=1+i(z—e)— gz — (
(g) 3*=e*"3 =1+ 21n3
= 1+x1n3+@x2+—
)

(M) vVZF7 = V3(1 + =1)3




T— 5 _1) r— ;1(;1_1)(;1_2) r—
11— et FE ey FEDE e o - 1))
=i+ o@—1)+ 2@ -1+ 22 -1+ 0((z - 1)%

11. (a) Find 2% at (1,0), if

dx?

v +y=212"—u
(b) Find the Taylor polynomial of order 3 around = = 0 for f(z) = e®=?.

Solution
(a) By implicit differentiation,
'y +y = 32* — 1.
Let x =1, y = 0, solve for ¢y = 2. Now that

3y2y// + 6y(y/)2 + y// _ 613,

plug in z = 1, y = 0, then |3 = 6| at the point (1,0).

(b) ByTaylorseries,sincecosx:1—§+‘Z—?—---,andex:1+g;+ff_;+§_?+...
thus
x? 1 x? 1 x?
COS:C:1 1__ _1__2 _1__3
¢ Fl-g) 50— ) 50 -5)+
1 1 1 1 2 22 2
T T e ARy S v E T B H S U
++2+3!+4!+ 2(:U+35+2+3!+4!+ )
|, € 2
=le 2:13

12. By considering appropriate Taylor series expansions, evaluate the limits below:

(a) 1 e —1 () 1 z(1 — cosx)
- - c) lim ————=
Y 250 In(1 + 2) 201 — /1— 29
1 1 €3 —sinz — cosz + In(1 — 2x)
b) li d) li
(b) 230 (ln(l—i—Zw) * ln(1—2x)) (d) 250 —1 4 cos(5z)
Solution
(a) Notee2‘”:1+3x—l—@+...
1
and In(1 + 2x) = 2z — 5(2;17)2 +...
Then
e -1 143z + 2241
lim ———— = lim
=0 In(1 4 2z) =0 2 — 222 4 ...
. B+ 524+, 3+3Jx+4...
= lim = m -
=0 20 — 222+ ... 202 —2x+ ...
3



, 1 1 . In(1 —2z) +In(1 + 2x)
lim + = lim
=0 \In(1 +2z) In(1 —2x) =0 In(1+ 2z)In(1 — 22)
_ In(1 — 42?)
= lim
z—0 In(1 4 22) In(1 — 2x)

(22)*

—4x? - =L 4 e 2
. 2 M T : i 2t o@)
20 (2x)*  (2x) (2x)*  (22) =0 —212 + o(x?)
(x — + (=22 — —— —
2 3 2 3
(¢) Note
1 1
1—cosx:1—(1—§x2)+zx4+...
Ly, 1.4
S0
. x(l—cosz) . x(l—-cosz)(l+V1—a3)
lim ———= = lim
2201 —/1—a3 220 1—(1—a3)
. x(l—cosz)(1+ V1 —a3)
= lim
x—0 {L‘3
Note
lin%(l +V1—a3) =2
z—>
1 1 11
and hm:z:(l——;msx):hm §x3_53x5+,.. g 5—13?4—... :1‘
z—0 T z—0 x z—0 1 2

(d) Note that
9
e =1+3r+ 5:172 + o(z?),
sinz =z + o(z?),
1
cosz =1— §x2 + o(x?),
In(1 — 27) = —22 — 22* + o(2?),

2
cos(br) =1 — 75332 + o(z?).



Thus

€3 —sinz — cosx + In(1 — 2)

lim
20 —1 + cos(5z)
14 3e+ 3 —r—a+ S — 21— 222 + o(2?)
= lim 55
20 —1+1— 2%+ o(2?)
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