THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH1010 University Mathematics 2023-2024 Term 1
Homework Assignment 2 (Solution)
Due Date: October 30, 2023 (Monday)

. The function f is continuous at x = 0 and is defined for —1 < x < 1 by

et —1) if —1<a<0

flz)=<1 ifz=0
f_@—% ifo<xz<l.

Determine the values of the constants a and b.

Solution For f to be continuous at x = 0,

(a) lim f(z) = f(0)

=0+ 1 —+/1 -2
brcosz(l++/1—1x)

=1
S0 1-(1-2)
= lir(r]1+bcos z(l++v1—2x)
=2b
Sob=1.
B) I f(@) = £(0)
. 2a, ,
= i e
= 2a
Soa=3.

. Determine whether the following functions are differentiable at = = 0.

1+3z—2% whena <0
22 +3x+2, whenxz>0

e_:c%, when x # 0
0, when x =0
(c) f(z) = [sinz]
(d) f(z) = xl|z|


https://www.math.cuhk.edu.hk/~math1010
https://www.math.cuhk.edu.hk/~math1010/homework.html

Solution

(a) Note that
lim f(r) = lim 2* + 3z + 2

z—0t z—0t
=2
lim f(z) = lim 1+ 3z — 2
z—0~ x—0~
= lim 12
r—0~

Hence, f is not continuous at x = 0, thus not differentiable at x = 0.
(b)
flx) = fO) . e

lim ———~ = lim
z—0+ x—0 =0+t X

1
= lim ye ¥ (Let y = E)

z—0~ xr —

()

oo f@) = fO) L Jsina] =0
z—0+ x—0 z—0+ T
. sinx
= lim
z—0t X



lim =
x—0~ xr — r—0~ x
) —sinx
= lim
z—0— xr
=—-1+#1

Hence, f is not differentiable at x = 0.

()

o S@ = FO) L ale] =0
=0+ xr—0 z—0+ T
2
= lim T
=0t X
— -0
o @) = FO) el
z—0— x—0 z—0— T
2
= lim -
r—0~- X
=0
~

(d) 2d

Figure 1: Graph of Q2




3. Let f(z) = |z]>.

(a) Find f'(z) for = # 0.
(b) Show that f(z) is differentiable at x = 0.
(¢) Determine whether f’(z) is differentiable at x = 0.

Solution

(a)

322 when = > 0;
! — Y )
/() {—sz, when x < 0.

(b) Note that

hmmﬂ:g—thLi—MMMh—O
h—0 h—O —h~>0 h _hao e

Hence f is differentiable at x = 0 with f/(x) = 0.

(¢) Note that, by (a) and (b),

! g 2
lim J'(h) f(O): lim — = lim 3h =0
h—0+ h—20 h—0+ h—0+
/ g _9p2
lim f'(h) — 1(0) = lim 3 = lim —-3h =0
h—0— h — 0 h—0— h h—0—

Hence f'(x) is differentiable at x = 0 with f”(z) = 0.

(a) graph of f (b) graph of f’ (c) graph of f”

Figure 2: Graph of Q3



4. Let

(a)
(b)
()

Is f continuous on R?
Is f differentiable on R?

Is f’ continuous on R?

Solution

(a)

lim f(x)

r—1
1
= lim(z — 1)*sin (—)
z—1 r—1
= 0 (by squeeze theorem)
= f(1)
So f is continuous.
oo ) = )
rx—1 €xr — 1

= lim(x — 1) sin (L>
1 r—1

T—r

= 0 by squeeze theorem.

So f'(1) = 0.

When x # 2,

f'(x)

)~ f@)
h—0 h

h—0

1
= lim% ((91:+h— 1)?sin (3:

ﬁ) — (2 —1)*sin (

! 1)) + (2h(z — 1) —|—h2)sin<

= ng%%(x — 1) (2cos ((
1

— 1)si
(x —1)sin 1

T o [ . 1 .
_;lg%ﬁ((x_l) <sm(m)—sm<

r—1+h/2

xr —

r+h—1)(z—-1)

= —cos (é) + (z — 1) sin (xil)

So f is differentiable.

1))

—h/2

)sn

(c) lim,_; f/'(x) does not exist. So f’ is not continuous.

r+h—1)

=)

1

r+h—1

))



5. Find natural domains of the following functions and differentiate them on their
natural domains. You are not required to do so from first principles.

() flo) =
(b) f(z) = (1 + tan?x) cos® z.
(©) £(x) = In (in (In =)

(d) J(

Solution

(a)

z) =1In |sin z|

1+cosx=0
cosx = —1
r=02n—-1)m,neZ

Therefore, the natural domain is R\ {(2n — 1)7 : n € Z}.

(14 cosx)cosx — sinx(—sinx)
(14 cosx)?
_ cosz+ cos?x + sin® x
(14 cosx)?
cosx + 1
(1+ cosx)?
1

- 1+ cosx

f'(w) =

b) tanz is well-defined on R\ {&2=V7 ., ¢ 7). Therefore, this is also the natural
2
domain of f.
Note that f(z) = (1 + tan?z) cos? z = cos?x + sin?z = 1. Hence, f'(z) = 0.

()

Inz >0 (1)
x>1 (2)
In(lnz) > 0 (3)
Inx >1 (4)

T >e (5)

By considering the intersection of the intervals above, the natural domain is
given by (e, 00).

1 1 1

/ - —— — . —

) = In(lnz) Inz =z
1

~ rlnzn(lnw)



|sinz| >0
sinx # 0
r#nm,n €L

Therefore, the natural domain of f is R\ {n7 : n € Z}. Note that f(z) =
In(+sinz). Therefore,

1
!
— s
Jw) +sinw cos e
_ cosw
 sinz
=cotx
(a) ba (b) 5b (c) b

() 5d
Figure 3: Graph of Q5

6. Let f: R — R be a function satisfying

fle+y) = f(z)+ fly) forallz,y e R.
Suppose f is differentiable at = = 0, with f’(0) = a. Show that f(x) = ax.

Solution
Let x =y = 0, we have

f(0) =2£(0).
Hence f(0) = 0.

Since f is differentiable at x = 0, we have

a:f’(O):limf(0+h)_f(0) i L.

h—0 h h—0 h




For each fixed z € R, we have
f(2) = lim fle+h)—flz) _ lim fl@) + f(h) — f(x) _ hmm .,

h=0 h h—0 h h—0 h

This indicates that f is differentiable everywhere with f'(z) = a. Then f(z) = az+c
for some ¢ € R.
However, we must have ¢ = 0 since f(0) = ¢ = 0.

(d Yy = 9sinz
(e = xlnx
(f) y ="

Solution
(a) 2?4 y* = e

d d
2z + 2y£ = (1 + xd_i> Y

dy  e" —2x
de 2y — xewy
(b) 23y +sinay® =1
d d
3x2y + :133—y + (y2 + 2:L“y—y) Ccos ;pr =0
dx dx
dy  —3x*y —y?cos xy?

dvr 2%+ 2xycos zy>
(c) y=tan"t/x
tany = /&

o dy 1
sec”y—— = m
dy  cos’y
dr — 2yx

(d) y = 2sine
d_y = 27 2cosx
dx
(e) y=am*
Iny = (Inxz)?
ldy 2Inz
yder  w
dy 2ylnw

dr



(f) y=2a"
Iny=a2%Inx

Inlny =xzlnx+Inlnx

1 dy
=1 1
ylnydx ne +x1nx
dy 1
d——(ylny) (1n$+1+xlnx)
d2
8. Fmd@ﬁ

(a) y=Intanx
(b) y=sin"' /1 — 22

Solution

(a)

dy 1 9 cos 1 1 2
= = .sect r = — . = — = — = 2csc(2x)
dr tanx sinz cos’x  sinzcosx  sin2r
d2
d_:r,g = —4csc(2x) cot(2x)
(b)
dy 1 —2r x
dx \/1—(~/1—x2)2 2v/1 — a2 2?2 — !
Xr— $3
Py Vx2_$4_x'22—‘/ﬁ_ 2? —zt —x(r —22%) x?
dx? 22 — x4 N (2 — x4)% a (22 — 21)3

9. Find the n-th derivative of the following functions for all positive integers n.

a

(
(b
(

(e"+e )2, zeR
1
G(—l,l)

) fx) =
) flz) =
)f(x):sma:cosx z€eR
) fx) =
) fz) =

X

X

(c
d cos’ x, x € R
72

—, rz€eR

T
(e
Solution

(a) Simplify f(x) first,

X

Hence,



(b) Process the partial fraction for f(z). Suppose

A B

@) =12t 12

Y

where A, B is a constant, then we have

1 (B—A)z+ (B+A)

1—a22 1 — a2 ’

by comparing the coefficients, we have

B+A =1,
B-A =o0.

Hence, A= B = %, and

1 1 1
f(x):§(1—l—x+1—x>'

Therefore,

(¢) By double angle formula,
f(z) =sinxcosz = 5 sin 2.

Hence,

2" tsin2x  if n = 4k for some k € N,

2" lcos2x  if n =4k + 1 for some k € N,
—2"lsin2x  if n = 4k + 2 for some k € N,
—2" Lcos2x if n = 4k + 3 for some k € N.

£ @) =

(d) By double angle formula,
1
f(x) =cos’x = 5(1 + cos 2x).
Hence,

2" lcos2x  if n = 4k for some k € N,

—2nlsin2x if n = 4k + 1 for some k € N,
—2n"lcos2z if n = 4k + 2 for some k € N,
2"-lsin2x  if n = 4k + 3 for some k € N.



(e) Note that

where g(z) = 22, h(z) = e™®.

induction and product rule),

=3 () 0w b )

k=0

Using Leibniz Rule (proved by mathematical

Note that ¢'(x) = 2z, ¢"(x) = 2 and ¢ (z) = 0 for all k > 3. Hence,

1w = (5) st @) + () ) + () ) 102

= (=1)"2%e ™" + (=1)""2nxe ™ + (—1)"n(n — 1)e".

10. Find all points (zg,yo) on the graph of

SN
Wl

x3 +ys =8

where lines tangent to the graph at (zo,yo) have slope —1.

Solution
We differentiate both sides of the equation and get

2 _%+2 1y 0
—x — —
3 3?/ Yy
Thus,
1
y3
y = -1
T3
Since y' = —1 at (xg,yo), we have
1 1
Yo = x4,

and so xg = +8. Therefore, (xg,y0) = (8,8) or (—8,—8).

11. The chain rule says
(fog)(z)=f(9(x)) ¢ (x),

or equivalently,
dy dy du

dr ~ du dx’
where y = f(u) and u = g(x).



(a) Give examples to show

(fo9)"(x) # f'(9(x)) - g"(2),
or equivalently,
dy  dy du
dz? " du? dxz?’
2

where d—'g denotes the second derivative of y = f(z).
x

(b) Prove that
(fog) (@)= f"(g(x)) - (¢'(2))* + f'(g(x)) - g"(x).
Solution

(a) Let y = u? and u = .

Then y = 22
dy

-7 _9

dx .
d?y

— =2
dx?

o _

dx?

d*y  d*u B
du? dax?

(b) y = f(u) and u = g(z).
dy _ dy du
dr du dx
ddy
dx dx

A (dy
de \du dx

_i<@).d_“+@.@
dr \du) dr du dx?
_d2y du\ > dy d*u
—w(@ T d?

12. (a) Suppose a,b > 0 are constants, and

e ()
y = — arctan | —tan «
ab a

d
for x € (—g, g) Express d—y as a function of sinx and cos x.
T

(b) Suppose a,b > 0 are constants, and

a+btan x

=In
y a—btan x




b d
for x € (—g, g) \ {i arctan —}. Express d_y as a function of sin x and cosx.
a x

Solution

(a)

dy 1 1 b coc? 1
- - -_— . = xr =
dr  abl+ (Ytanz)? a a2 cos? x + b2 sin® x
(b) Note that
acost + bsinx acosz + bsinx
y = In(] ) =In(+ )

acosx —bsinx acosx —bsinz

dy acosx — bsinx

= X
dz ( acosx+bsinx)
(i(acosx —bsinz)(—asinz + beosx) — (acosx + bsinz)(—asinx — bcos )

)

(acosx — bsinx)?
2ab

acos?z — bsin? x




