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Objects to study
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QD\TSQ. ,<
< k>0
Plane Curves Space Curve (in 3D)

Surfaces (in 3D)

Study arclength, area, curvature...

K
Tool: Calculus



5 Similar phenomenon for surfaces

Oé—f—/B—f—’y:Qﬂ' Sum = 27
Sum of "angle defects" Ar
“Totally turns 27" among all vertices
Continuous version Gauss-Bonnet Theorem
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1.1 Matrices

Definition 1.1.1 (Matrix). Let m and n be positive integers. An m X n
matrix over R (C) is a rectangular array of the form

( 11 Q1o -+ Qip \ M vowgs
21 d22 -+ d2pn n Co\wmvu
A =
\ Am1 Am2 ° Umn /

where a;;, 1 <i<m, 1 <7 <n, are real (complex) numbers. We may also
write a matriz as A = |a;;].

%_

|
/1 20\ [1 2 0 B
A=1_7 3 4)= |21 3 4 B_g

12(3 ai; = 1 aio = 2 a3 = EX\

a1 = —1 a2 =23 az3 = 4



1. Matrix addition: Let A = [a;j] and B = [b;;] be two m x n matrices.
Then
[A + B]ij = Qg + b,’j

In other words

((111 aig - aln\ (1)11 bia --- bm\

21 Q22 -+ d2p bar  bag -+ bay
_|_
\ Am1 A2 Qg ) \ bml b m2 7 b mn /
( ann +bi1 a2+ biz - ap, + by \
agy + b2y age +baa - ag, + bay
\ Am1 + b'ml Am2 + b m2 " Amn + bmn /



2. Scalar multiplication: Let A = [a;;] be a m X n matriz and c be a
real (complex) number. Then

[(.’ZA]U — (::a,.ij

In other words

/ ail Ao -+ Ain \ ( Ca11 Cl1p -+ Cdyip \
21 99 * v Aoy, Caa Cl99 * o Cdoy,
C —
\ Am1 Am2 **° Amn ) \ Cm1 CQm2 -+ Clmnp )




3. Matrix multiplication: Let A = [a;;] be an m x n matriz and B =

[bjr] be an n x p matriz. The matriz product of A and B is an m X p
matriz and

n

[ABi. = Z a;ijbjr = anbik + @bk + - -+ + @inbpi
j=1

for1 <1< m, 1<k <p. Note that the ik-th entry of AB s the sum
of the products of the corresponding entries in the i-th row of A and
the k-th column of B.
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[AB]{; = a11bi1 + a12b2
o 171 -1 1] _[4 -2 3
1 02 O 1 1 —1 1 |AB|y3 = a21b13 + a2bas



(Diagonal matrix). An n x n matrix of the form

0

D =
0 O\}aﬂmmou
S L0
o0 0 7 0
0O 0 0 0

The m X n zero matrix is the matriz

which every entry equals to 0.

eq 02(0000)

0O 0 0 O

() o)- (o)

o The identity matrix of size n is the matriz

1
I,- 1_0
0
er 1 0 0
Is=10 1 0
0 0 1

(1 01><(1)(1)8>(1 01)
N = 1 1 1
1)\ Y

For a m X n matrix A,

I.A=Al,=A




Remarks 1.1.4. Let A, B, C' be matrices.

1.

AB s defined only when the number of columns of A is equal to the

number of rows of B.

In general, AB # BA even when they are both defined and of the same

Lype.

In general, AB = 0 does not implies that A =0 or B = 0.

. In general, AB = AC" and A # 0 does not implies B = C.
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1. (AB)C = A(BC) (Associative)
2. (A+ B)C = AC + BC and C(A+ B) =CA+CB  (Distributive)
3. ¢(AB) = (cA)B = A(cB)

ek
~——— "~ _ - - -

> 1|1 -1 a] | 2|4 -2 8 5] 2 [
1 o2 o 1| L =L 1], —2

IR

Remark Associativity also holds for multiplying more than 3 matrices.

e (A(BC))D = (AB)(CD)




Definition 1.1.6 (Transpose). The transpose of an m x n matriz A = [a;;]
is the n x m matriz AT obtained by interchanging rows and columns of A,

1.€.,

[AT];: = ay

for1<i<m, 1< 5 <n.

= [1 2 3] AT

WD =
(@) I AN

Proposition 1.1.7 (Properties of transpose). Let A and B be matrices.
1. (AT = A 3. (cA)T = cAT

2 (A+B)f =A"+ B 4. (AB)" = B"A"

TOABR 2 AR AR @T AT > RTA" s [DKW\
M V\K? P}(\/\ KM



Definition 1.1.8 (Symmetric and anti-symmetric matrices). Let A be an

n X n matri.
1. We say that A is a symmetric matrix if AT = A.

2. We say that A is an anti-symmetric matrix (or a skew-symmetric
matrix ) if AT = —A.

% _ 2 3 T: 2 3 A:AT ki
A [3 1 A S\[ 0

B = [ 0 2] BT: [O _2] BT: —B Aunti- Sjmvv\er‘«c,

-2 0 2 0
1 3 1] (0 3 —1]
1 —92 4 1 2 0
gx[mme’fvic, AV\JY (- S«/mv«e‘\‘ﬁ C

Rmk. Diagonal entries of an anti-symmetric matrix are zero



Definition 1.1.12 (Matrix inverse). An n x n matriz A is said to be in-

vertible, if there exists a matriz A~" called the inverse of A such that

AAT =ATA=1

where I 1s the identity matrix.

For a 2 x 2 matrix A = [a b]
c d

e If ad — bc =0, then A does not have an inverse.

 Ifad —bc#0, then A~ exists.

ai_fa b 1 [d -
c d ad —bc |—c «a

1 2
3 4

|
bl o |l



Proposition 1.1.13 (Properties of inverse). Let A and B be two invertible
n x n matrices over real (complex) numbers.

1. The inverse A=1 is invertible and (A=1)"1 = A

2. For any nonnegative integer k, A* is invertible and (A*)™1 = (A~1)*,
This allows us to define A% = (A~1)*.

3. For any nonzero real (complex) number ¢, cA is invertible and
(cA)~t= ¢1A7]
4. The product AB 1is invertible and

(AB)™' = B!

5. AT s invertible and

(AT)—I — (A—I)T

4 (AREA Y = ARENA = ATA= AN = T

S ATKY=(A"A)Y = 17=1




1.2 Determinant

Definition 1.2.1 (Determinant). Let n be a positive integer and

aijx a2 -+ QAip

az1 A2 -+ QA2p
A =

Ap1 Apo - App

be an n x n matriz. The determinant of A is denoted by

aijx Q2 -+ Qip

1 Q22 -+ AQA2p
det(A) =

ap1 ap2 crr App

and is defined inductively by
1. Forn =1, we have det(A) = aq;.

2. Forn > 1, we have
QV‘—\-VRQQ own 'ﬁ'\L %(‘(&'\‘

det(A) = ajy det(Ay1) — ajpdet(Agg) + -+ + (—1)”+la_1n det(Ay,)
— — rw &+ A

where A;j, 1 < 4,5 < n s the submatriz of A obtained by deleting the
i-th row and the j-th column of A.



det(A) = ajy det(Aq1) — arpdet(A) + - -« + (=1)""ay, det(Ay,)

S
I
N

det A = aj1det (A11) — ajadet (A1) A — <a11 0612)
a a2

— aq1det (azz) — ajadet (Clzl)

— 11422 — 412021
apy a9 asz1r apg2

g Alm 00— N -/ Acle Ay-

ailr a2 ais
a21 22 Q23
a3r a32 ass

= andet (A11) — aradet (A12) + a1z det (Ai3)

B a2y  a23 as1 23 ao1 a2
=01 gs0 ags| T U2|ag;  ass| T 93 |ag  as
R |1 2 3
1 5 6:(1)‘2 g|—(2)|‘7l g'jt(?))“?L g|
7T 8 9

= (1) (45 — 48) — (2) (36 — 42) + (3) (32 — 35)
0



@i iz A asy 23 as) 93 asy a2
a a a — —_

20 22 A28 = Q11 gy gag| T 120 ag  ags] T M3 |ag  as
asi asz2 as3

= a11 (a22a33 — azas2) — a12 (a21a33 — a3a31) + a3 (a21a32 — aas;)

ail a2 a3
a21 G22 A23| = 11022033 + Q12023031 + 13021032 —A11023032 — A12021033 — 13022031
as31 a3z2 a3z
1 2 3
4 5 6| =1)5B)9)+(2)6)7)+3)4)8)—(3)(5)(7)—(2)(4)(9)—(1)(8)(6)=0
7T 8 9




\\\\_////}\/\/m/\%

o8 0 1 0 0
8 8 (2) 3 =0+ (1)(2)(3)(4)+0+0—-0—-0—-0—-0=24
4 0 0 0 ><
From definition:
01 0 0
00 2 0 0 2 0 0 2 0 0 0 0 00 2
0 0 0 3 =©@]0 0 3-@1)0 0 3+(©]0 0 3-(0)0 0 0
100 0 0 0 0 4 0 0 4 0 0 4 0 0

—0-(1D2)3)4)+0-0 \/

— —24



Proposition 1.2.4 (Direct formula for determinant). Let n be a positive

integer and A = |a;;]. Then

det(A) = Z S1GN(0 ) A16(1)A20(2) * * * Una(n)

ocESH

where S, is the set of all p(zfr"rn,utat'é()'m of 1,2,--- ,n and sign(c) = 1, —1
when o is a composition of even, odd number of t'ranspo,s*iti()n respectively.

) ail ai2 ais

a21 @22 Q23
a3r a32 ass

TA11422033034 — A12A23434041

+@a13024031042 — 1140210320.43
—@112021033044 + . . . .

totally 24 terms




Proposition 1.2.6 (Determinant under row and column operations). Let A
be an n X n matrix.

1. If B is obtained from A by multiplying a single row (or column) of A
by a constant k, then det(B) = kdet(A).

2. If B is obtained from A by interchanging two rows (or columns) of A,

then det(B) = — det(A).

3. If B 1s obtained from A by adding a constant multiple of one row (or
column) of A to another row (or column) of A, then det(B) = det(A).

&%

10 2 3 I 2 3 0 0 2
10 2 1/=1011 2 1}=10]1 2 1
20 3 0o/© |2 3 0/® |2 3 0

10[(2) (1) (3) = (2) (2) (2)]
—20




Proposition 1.2.8 (Further properties of determinant). Let A be an n X n

matriz.

1. If A has a row (or column) consisting entirely of zeros, then det(A) = 0.

2. If two rows (or columns) of A are identical, then det(A) = 0.

3. If A is an upper triangular matriz, that is,

11 *

22

0 ann

Then det(A) = ajiass - - anyn. In particular, the determinant of a diag-

onal matrixz is the product of its diagonal entries.

4. det(cA) = c"det(A) for any c € R. (Caution! det(cA) # cdet(A))

5. det(AT) = det(A)




Geometric interpretation of determinant

A
CCL Z| = +Area of the parallelogram
T (b,d)
sign determined by orientation (a.c)
>
(b, d) (a.c )

+ / —/
N, (& ! > (b,dY

ke Seidoyr ‘m‘(ev\mjxd’m\ fov cmgxo(e/mg w vedos (6,5) aad (c.d).

Proposition 1.2.9. Let A and B be two n X n matrices. Then

det(AB) = det(A) det(B).




Let A = [a;;] be an n x n matrix. We define the (7, j) cofactor by

where M;; is the submatrix of A obtained by deleting the i-th row and j-th column of A.
Define the adjugate matrix of A, adj(4), by [adj(A)];; = Aj

Proposition 1.2.11. Let A = [a;;] be an n xn matriz. Then A is invertible,

that 1is, the inverse A~1 of A exists, if and only if det(A) # 0. Moreover if
A 1s invertible, then

. 1
A= — adj(A
Jot(A) wdj(A)
where adj(A) is the adjugate matriz of A.
a b A1 =d A9 = —c
g A-

:ad—bc

—C a




adj (A)




Definition 1.2.12 (Trace). Let A = [a;;] be an n x n matriz. The trace of
A s defined by
tr(A) = ayg + age + -+ + Gpp.

tr

~ =~ =

1 2] _
tr{3 4} [+ 4

co Ot b
O Oy W
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,.|\
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[
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Proposition 1.2.13 (Properties of trace). Let A, B be n x n matrices and
k€ R. Then

1. tr(A+ B) = tr(A) + tr(B)
2. tr(kA) = ktr(A)
3. tr(AB) = tr(BA)




1.3 Vectors

Definition 1.3.1 (Euclidean space). Let n be a positive integer. The n
dimensional Euclidean space is the set

R" = {(x1,22,...,2,) :x; ER for anyi=1,2,...,n}.

A n-dimensional vector v is an element of R".

. —
Notations v, U ,U,V

e v=(2-) N = R iR V=Chia3) m R




Definition 1.3.2 (Vector addition and scaler multiplication).
1. Vector addition: Let u = (uy,ug,...,u,), v = (v1,v2,...,0,) € R".
Define
u+v=(up+ v, Uy + Vo, ..., Uy + V).
2. Scalar multiplication: Let v = (vi,vy,...,v,) € R" and o € R.
Define
av = (avy, g, ..., av,).
- —
eq. V=(1,0) w = (=1, 2)
W W
ALV
vV W Viw
Vv -W
Vv

V-w



Definition 1.3.3 (Scalar product). Let u = (uy, us, ..., u,),v= (v, v,...,0,)€
R™. The scalar product, or dot product, of u and v s defined by

(U, v) = ugvy + ugve + « -+ + Uy Uy,

Note that the scalar product of two vectors is a number, not a vector.

er (1 23), 14,563 = (DU £ (D5)+ GI6Y = 3

RVV\k WU V 58 OW\QJV»\M Coymman ‘(\Q&O\JKK(N\ ‘(:U\f &CO\\(W r)lrbo\o\c;‘-

Proposition 1.3.4 (Properties of scalar product). Let u,v,w € R" and
a, 3 € R. Then

1. (Bilinear):
(ou + fv,w) = alu,w) + (v, w)

2. (Symmetric):

3. (Positive definite):

with equality holds if and only if v = 0.




Definition 1.3.6 (Norm). Let v = (vy,v2,...,v,) € R". The norm of v is ovm = [Q%ﬂ/\
defined as

‘ : ‘ Gremersis
HVH - \/W = \/1"12 + v(_;é + ... 4 l‘,% Jemerelize /elv‘ﬂ.\_l,\ ‘ko
OQIVV\QV\SQU\,\ } &

Definition 1.3.7 (Unit vector). We say that v € R" is a unit vector if |v| = 1.

Proposition  (u,v) = ||u|| ||v|| cos @, where 6 is the angle between u, v in R* or R”.

F_R— @ “V‘U\ — (“VH m@\l t (“Un’“\/HCas(jy\

* [ll50B + ol = 2] b+ ol

QLRI RN NN

VllsinD @ [v-ul|" = {y-uovend

-~ = VS =Ly =V F lu
[VIcose W1~ (F1cos® U = [Vl ) — 2. Cu

l
l
\
l
l
l
|




Theorem 1.3.8 (Cauchy-Schwarz inequality). For any u,v € R", we have
[(u, v)| < lul[]lv]]

with equality holds if and only if u =0 or v = au for some real number c.

Sl < <o <l v > =\ s m—m < |

Definition 1.3.10 (Angle between two vectors). Let u,v. € R"™ be two

nonzero vectors. The angle between u and v is the unique 6 € [0, 7] such
that

(0, v)

[[alf{v]

cos ) =

Gemershize onale_ Yo

ol i i > 4%

Definition 1.3.11 (Orthogonal vectors). Let u,v € R" be two vectors. We

say that u and v are orthogonal and write u L v if

(u.v) =0

mﬂﬁswogx,
= FQM?QV\‘X'CM\O\\”




Proposition 1.3.9 (Properties of norm). Let u,v € R" and o € R.
1. flav]| = [alllv]

2. ||v| = 0 with ||v|| = 0 if and only if v = 0.

3. (Triangle inequality): U £
[u+ v <l +[[v]]
4. (Parallelogram law): e
1 2 2
wv) = 1 (lut v = fu - v]P)

PE (D Ju+v|*= (u~+v,u~+ v)
= (u,u) + 2{u,v) + (v, v)
< Jull® + 2| {u, v)| + [[o]|°
< lull® + 2 [Jul ol + ||v]
= (Jlull + [[o[)°



Definition 1.3.12 (Cross product). Let u = (uy, ug, u3),v= (vy,v9,v3)€ R®
be two vectors in R®. The cross product, or vector product, of u and v
18 defined by

i j k

U9 Uz
UuXxXv=|u Uy uUs —

Uy Uy Uy U9

i— k

Uy Uj U1 Uj

U1 Uy Uy
= ("1.1,2”03 — U3V9, U3V — UVU3, U1V — "l.LQ"Ul)

where i = (1,0,0),j = (0,1,0),k = (0,0, 1).

vt
uXv=1,9 3 2 S‘k
1 2

1 2




i j k
Uy Uy |. wy ug |. wy Uy
UXvVv=|1u 1u u;s = 1— ]+ k
U2 U3 vr U3 vp U2
() (35 'y

= (ugU3 — U3V, U3V — U V3, UV — UVy)

Proposition 1.3.13 (Properties of cross product).
I.ixj=k, jxk=1i kxi=]
2. (Bilinear) For any o, 3 € R and u,v,w € R?,

(u+ V) X W =au X w+ v X W

3. (Anti-symmetric) For any u,v € R?,

vu=—uxy

4. For anyu,v € R®, we haveu x v L u and u x v L v, that is

(uxv,u) =(uxv,v)=0

(/\(-\/’
ur u2 U3
ur u2 U3

vr V2 U3

VX U=

U1
ui

v2
U2

v3
us




5. For any u,v € R?,
sinf/ n

ux v = |ull[v

where 6 is the angle between u and v, and n is the unit vector normal
to the plane spanned by u and v with direction determined by the right
hand rule. In other words,

(a) ||lux v| is equal to the area of the parallelogram spanned by u, v.

(b) u x v is normal to the plane spanned by w and v with direction
determined by the right hand rule.

(&) emmemet?
Vv J Area = ||u x ||

A >
(%) (,{x\/

/ L/m/ / /w

MX\/



Definition 1.3.14 (Scalar triple product). Letu = (uq, us, u3), v = (v1,vo,v3), W =
(w1, wy, w3) € R®. The scalar triple product of u,v,w is defined by

U1 U9 Uz
(u, v x w) V1 Vs U3

* wy Wy W3

* L.H.S.= (u,v X w)

X w =

= { (u1, us, us) v2 U3 (V1 U3 (U1 V2

B LB, W) \lwy  ws| ™ |wr ws|’ |lwr ws
v v v U3 v va|

= U1 T U9 w1 ws -+ us Wi Wl — R.H.S.

(u,v X w) = £ volume of w

(%1
w1

V2
w2

w3



Proposition 1.3.16 (Cyclic property of scalar triple product). Let u,v,w €
R? be three vectors. We have

(u,vxw)=(v,wxu)=(w,uxvV)

The following three identities are useful in studying curvature of surfaces.

Proposition 1.3.17.

3
1. For any u;, vy, Uy, vy € R?,

‘ (ur,uz)  (ug,vy) | = (u; X vq,Uy X V3)

(vi,ug) (vi,va)

2. For any u,v € R?,

3
3. For any Xq1,X12,X21,X22, U,V € R?,

<X11, u X V> <X12, u X V>
(Xo1,u X V) (Xg,u X V)

<X117X22>—<X12,X21> <X117u> <X117V>

= (x99, 1) (u,u) (u,v)
<X221 V> <Va u> <Va V>
0 (X123, 1) (X19,V)

- <X21’ u> <u7 u> <ua V>
(Xx91,v) (v,u)  (v,V)




Vector-valued Functions

output
Real-valued F)=2t+1 R
function
Vector-valued 4 (t) = (t,tQ) R?
function
w (t) = (cost,sint,t) R’
0<t<2m
Derivative
) — av o v(t + At) — v(t)
v ( ) dt g?—l}() At

it v(t)=(z(t),y())

then v' (¢t) = (¢' (t),y (1))

&g V)= VC,‘Cl} v = 000
VEYE( 28) VI = ()

v

VY

\V2

SN

WO = (1,0 27

w(0) = H(O(O\



Proposition 1.3.34 (Rules for derivative of vector valued functions). Let

u(t),v(t),w(t) be differentiable vector valued functions and a(t) be real valued
function.

PR L A
dt i
2 Loy =l 1 B2,
&imwﬂ%W+m%>
4 %(uxv):(([TuXV+u><((%’
J. %(UVXW>_<((ITuV><w>+<u ((%,XW>+<UV><(§TV:>

((ltt)

(t,2t,3t))

dt
(di (1,¢,¢°)
(0,

2t) x (t,2t,3¢t) + (1,,t°)

x (t,2t,3t) + (1,8,t%) x

— (t, 2t, 3t
dt(’ 3¢)

x (1,2,3)



Lemma 1.3.35. Let u(t) and v(t) be two vector valued functions.

1. If (u(t),v(t)) is constant, then for any t, we have

2. If ||v(t)|| is constant, then for any t, we have

V' (1), v(t)) = 0.

A
PO ), vy = ot L
el 3
LW VYD £ Lwe) vy = () N

@ flvesl] =y ey s constodt
By (D V'ee) MYy = = VL), v iy
= VLY, vy S O




