
Lecture 20

Jordan Canonical Fo - m

Recall : Let T -

- V → V bin . operator  on  a fin - dim V. ( over F )

T '

- V→V is diagonal izahk ⇐

② Char poly splits .

dim ( Ex ; ) = m ;
←

als .

multiplicity

② for all eigenvalues Xi

( In general ,
dim l Eai ) E Mi )

( I 11

Re-made: Diagonalize hole ⇐ eiger spaces are BIG enough

( as a linear

transf )



Theorem " Any A E Mnxn ( E ) is similar to a matrix of the

" "  

.

.

O
Xi

,
Xz

, . .

,
Xm are eigenvalues of A

( not necessarily distinct )

µ2)
pig,!



Given T : V → V
,

V is fin - dim
.

Find a basis p of V 7 IT ]p = (
At

A -

.

,
,

a ,
)

Ai - (
"

Iii! ) when a is!!97? " " I

Remark :
. [ TIP is called the Jordan Canonical form  of T

° Ai is called a Jordan block corresponding to A

°

p is called the Jordan canonical basis
.



Reek ! Jordan canonical consists of blocks in this form :

A -

- (
"

to ) EMKXKLG )

It is called Jordan block of size k with eigenvalue A
.

PMI c I ) A has only 1 eigenvalue A c multiplicity is k )
( 27 dim C Ex ) =L ( ⇒ A is not diagonalized if k€1 )

(3) . The smallest positive integer p set .

(A - X2) P
= o is equal to the dimension k

.

( ⇒ NGA-ADP ) = Gk )
(4) If { Ii

,
.  - , Ek } is the standard basis for Clk

,

then LA- 12 )
"

Ei  
= o for each it

, 2
, . . ,k

.



* f :
'

⇒ FIT . a
= .

N ( K - AZ ) = n - RC k - 72 ?

If JCF of A is

Rft! ! ! .

. !)) . m ,

Then : Ez = N l J -
22 )

J -

-

(
" "

tidy ,

;;) . Iiasemaicmuiir " "

= 5

I Not diagmalizabh .



e. Saf !!! ) .

Then : CA- X2) = ( obj )
CA -725=(0%1)
( A - 7273 = o

Definition : Let A be an eigenvalue of A E Mnxn l E )
.

I Een is a generalized eigenvector of A corresponding to

the eigenvalue A if Li ) Ito

and Cii ) ( A - 22 ) PI = o for some positive
integer p .We denote the generalized eigen space by :

Ky = { I EG
"

= ( A - XI )PI = 8 for some psi }



Main Theorem : ( Jordan Decomposition Theorem )

Let A E Mnxn( I ) with eigenvalues 11,12 , . .

,
Xk ( distinct ) with

corresponding multiplicities Me
,

Mz
,  

. .

,
Mk

.

Then i

(1) dim ( Kai ) = Mi

(2) In = Ky
, ⑦ Kaz ④ - -

- ⑦ Kak
(3) Each Kyi has a basis pi

 = 8h i v - - -  uh
,  i

where

every Vm
, ; is a cycle

-8mi
-

- HA-x.IT#fA-ai2YTT, .
.

. ,
#him

,
I }



Consider 8 = { ( A - Xi
,

2) " I
, CA- ai'D

"  

-25
,

. - .

,

I }
T '

z
.  . .

I "p
To

,
= ( A - Xi I 7%2 ⇒ AT

a = I
, + Tiwa

tab -

-

(
cab

'

,
)

y÷
.

I

' " " "

'

÷: one:a
.



Example : A -
- ( I

,
I}

a
)

Step : Compute eigenvalues .

5- Ct ) -  - C t - IP ⇒ ONLY e eigenvalue 1=1 ,

m%%
 

=3 .

Stg : Find eigen space

E
,

= N CA - II ) = NCI
, ,) -

- staff ! ) , (7) }
.

dim I E , )=2 <3 ( ⇒ A is NOT diagonalize )

Stg . Decide the Jordan Canonical Form

" ' ' E



Step ? Find basis Ky consisting of cycles .

p = 8 , uh = { I
, } u HA-7,2 )

Taavi
}

T 9 A

Need Tze NC #⇒25 )eisfnuctnsrrz ¢ NCA -72 )
-
- El

it-125=1 !!! )
Choon Tz -

- ( ! )
Then . 82 = I CA- a-27in , Tig = I ( I ) , ( ! ))

Take Ti E E , 7 Tr
, is not parallel to (1)

Choon Ti -

- f-!)



⇒ a-
'

AQ =

(
A

, ) where Q =/! I ! )



Examine A -

- to:÷I;)
.

Step : Eigenvalues X = - I
,

maitit =3

Step Eigenspau E - I = spank ! ) )
=) dim ( E

- , ) = I

Stg :

Jordan Canonical Fo -

n

O

7- foie,
)

Step : Find the basis for K - I

p
-

- { C A -115T
, CAt2) I

,

I }



Find nie NCCA-12 )
' ) but T Ct NCCA+2 ) )

I I NCCA+25 )
NCA -121 = spanff! ) )

NCCA+251 -

-

span I ( ! ) , l ! )}
Take T -

- ( ! )
Then :p -

- { %) it ! ) , I :B
⇒ a-

'

Aa =L !! ! ) we Q=(!÷! )



Theoretical proof : T : V → V C fin - dim ) ,
char poly splits .

( Xl
,

Xz
, .

,
Xk distinct  eigenvalues )

Claim I : (T - Xi I )/↳
,

: Kaj  → Kaj is i. I if i # j -

Let Ie Kx;  and CT- Xi2) LIKJ
.

Let p= smallest  integer 7 ( T - Aj2) Pix 1=8 .

Let 5 = ( T - a
,

.2) Pix , to
.

Then :

.

CT-75.27151=8
. . 5 E EXJ

Also
, ( T - Xi  2) (5) = CT- Ai2) C T - Aj 2) ' "

c I ,
,

= ( T - Aj
 2) ' "

( T - Xi 2) tx ) = 0

-

'

.
I C- Ex ;

T
J

⇒ JE Ean Eg.

= { J } ⇒ 5=8 ( Contradiction )

NYT- Xj2/1%-1=383 ⇒ CT-75271kg .

is 1-1
.



Claim 2 : dim ( Kx ;) EM ;
 = multiplicity of Ai and

Kai - NKT- air )mi )

① Let get = char poly
of Tlkx ;

Theni
. get ) I char poly of T

.

Now , ( T - Xj2) Ik
, ,

( I ) to if hit Aj and Into

,

'

. Xi is the ONLY eigenvalue of Tlkx
;

.

'

. get ) = i - t )d
,

D= dim C Kai )

. : de mi



② N ( CT- Xi2)
mi

) E Kx ;
( by definition )

Nor , by Caley -
Hamilton Thin ,

→91 TIKA. ) = O

char poly of

" " " i

.
: ftµ .  

- giz )d= o ⇒ CT- hi2) dixies fu

c demi ) VIE Kyi
⇒ ( T - Xi2) mix ) to fu

'

'

' Kai E N ( ( T - y ;2)
mi )

* c- Kai
'



Claim 3 : V = Kx
,

+ Kat . .  .

+ Kak
If . By 14.2

.

on k =  # of distinct eigenvalues .

When k=l
,

let m -_ multiplicity of A , .

Then
,

cha - polyof T

By Caley - Hamilton Thm , GCT ) = ( Xi I - T )
'm

- O ( A
,

- t )m
.

←
zero transf

.

,

i
. Ky

,

= N I I- A ,2) m ) =

V.
i Thin is true for k -

- I
.

Assume that the thin  is true for any tin . op .

w/ fever

than he distinct eigenvalues ,

Consider T : ✓ → ✓ with k distinct eigenvalues  ,

Xi
,

72
,  .  -  ,

Xk


