
Eigenvalue & EigenvectorsLecture 11:

Def : A linear operate - T . : V→V ( where V us finite - dim ) is

called diagonalizable if I an ordered basis p for V such

that  [ TIP is a diagonal matrix ,

A square
matrix A  is called diagonal .

'

gable if LA is so
.
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If D= [ TIP is diagonal , then tvj Ep ,
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E. Dijvi = DgTj= Xjvj

Conversely
, if T ( Jj ) = XjVj for some Xi
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Def : Let T be a
linear operator on a vector space Vlf .

A non - zero vector To EV is called an eigenvector
of T

if I A EF s 't
.

TCF ) -

- AT
.

In this case
, A EF

is called an eigenvalue corresponding to the eigenvector I
.

- or a square matrix AE Mnxn LF )
, a non - zero vector TEH

is called an eigenvector of A if it is an eigenvector  of LA .

That is i Air = AT for some XEF .

X is called the eigenvalue corresponding
to the

eigenvector
Tv

.



Prop : A linear operator T : ✓ → v ( V -

- fin - dim ) is diagonal izable

iff I an ordered basis p for V consisting of eigenvectors

of T
.

In such case ,
if p= { Th

,
Tra

,
.  .

,
Irn }

,
then i
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where Aj is the eigenvalue of T corresponding to Tj

.



Example :
. A -

- ( I ! !) , p
-

- El ! ) I Ho ) , B
-

Check that they are All

Then : [ La ]
,

= 44,

O

,
)

eigenvectors and p is basis
.

O

• Let T : 1122+1122 be rotation by Iz in counter - clockwise

TCF )
direction .

( Check : T = LA Where A -

- ( 9
-

o

'

) ) a I

Then : Tcf ) is always perpendicular to T
.

c

'

.
For V-8 to ,  .

it cannot be -

an eigenvectorbecause i

TCT ) # AT for some XEF



Example : Consider T : UR ) → OUR ) defined by -

T

Space of smooth function
T

Tcf ) = fi
are infinitely differentiable

Then an eigenvector of T with eigenvalue X is a non - zero

solution of  = daft = Xfce ,

⇐ ft ) = Celt for some constant C
.

i

'

. all HEIR is an eigenvalue of T
,



Prop ' Let AE Mnxnlf ) - Then XEF is an eigenvalue of A

iff det ( A - XIN ) = O
.

Pf : EF is an eigenvalue of A

⇒ IT E Fn - 983 sit .

AT = AT
.

⇒ CA- AIN )T=8
⇒ A - XIN  is singular

⇐ A - 22h is not  invertible

⇒ det C A - a In ) =o
.



Def : The characteristic polynomial of A e Mmm LF ) .
 is

defined as the polynomial fact ) Etf det ( A - tin )EPnCF )

Def : Let T be a linear operator on an n - dim vector space

V
.

Choose an ordered basis p for V
.

Then
,

the

characteristic polynomial of T is defined as the

characteristic polynomial of I TIP .

( i
. e . fact )

# det ( [ TIP - t In ) E PNLF ) )



Prop : ft Lt ) is well - defined
,

i. e .
 independent of the choice

of p .

If : If p
'

is another ordered basis
.

for V
,

then :

[ TIP ,
= Q

"

I TIP Q ( Q = E Iv ] pi )

Then :

det ( [ TIP ,  - tin ) =
det ( Q

- '

ETIPQ
- t In )

= det ( Q
- '

( [ TIP
- ten ) Q )

= det ( Q ") det ( ETI - t In ) detox
de¥I is I

= fact )
.



Hopi Let AE Mnxntt )
.

Then :

. fact ) is of degree n and with leading coefficient

C- IT
.

• A has at most n distinct  eigenvalues .

PI Exercise

Def : A polynomial fit ) EPLF ) splits over F if I

C
, ai , az

,
.

. ,
an EF Sit . flt ) - c ( t - a.) Ct - are ) . . . Lt - an )

Prof The characteristic polynomial of a diagonalized

linear operator on a finite - dim vector space V / F

Splits over F
.



PI . If V is a n - dim and T : V -2 V is diagonalize ble
,

then I a basis p
CV Sit .

[ Tip -
- (

" '

' ' ?, )O

Then : felt ) = deff [ TIP - t In )

= C-D
"

C E - X , ) Lt - 74 -
-

. ( t - An )



Prop : Let T be a linear  operator on a vector space ✓ and

let X be an eigenvalue of  T .

Then ,
I EV is

an eigenvector  of T corresponding to X iff :

If: Exercise .

T E N ( T - XIV ) s 983
TE -

-
XI

⇐ ( T - XIV )T =3

Beef. Let T be a linear operator on a vector space V

and let A be an eigenvalue of  T
.

Then : the subspace Ex :Ef NLT - XIV )={ IEV -

- Tix ) -75 }
CV

is called the eigen space of T corresponding to X ,

Eigen spaces of a matrix A E Mnxn LF ) is defined as

those of LA



Prop : Let T be a linear operator on a vector space V
,

and

let a
,

he
,

.
.

.

, Xk be distinct eigenvalues of T
,

If To
,

Tz
,

.
. .

,
Tree are eigenvectors of T corresponding to

Xi ,
12

, . .
.

,
Xk respectively ,

then : { Ti
,  

. . .

,
Trh } are linearly

independent .

Proof : we prove by induction on k
.

For k -

- I
,

I
,

to ⇒ { I , } is bin .
independent .

Suppose the statement holds for feel distinct eigenvalues .

Let Ti
,

Tz
,

. . .
,Tk ,

The ,
be eigenvectors corresponding to

ktl distinct eigenvalues 71,72 ,
.  - -

,
Xk

,
Xkt , of T .



If a ,
f

, t Aziz t - - - t 9k Tht Aktcvkti = 8 for ai e F
,

then applying T - Xkti Iv to both sides

gTY.FI?XhtiIv)iEo

}

A
, ( I ,

- 1kt , )T ,
t

. .
.

t Ak ( Xk - 7kt , ) Tek = 8

By induction hypothesis , o

O
It

*

A ,
( X ,

- the , ) =  -
. .

= Akc Xk - 7kt , ) = o

⇒ A ,
= Az =  - . .

 T Ake O

*
8

⇒ Akt , The ,
=L

⇒ Akt ,
= O

.

'

a { Ti
, - . .

,
The , } is bin .

indep .


