
Topic#9

Change of coordinates
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Let V : v.s., dim(V ) = n <∞, β, β′: o.b. for V .

v ∈ V v ∈ V

[v ]β′ ∈ Fn [v ]β ∈ Fn

IV∈L(V ), invertible

[·]β′ [·]β
Q

def
= [IV ]

β

β′∈Mn×n(F)

Then,

[v ]β = [Iv ]ββ′ [v ]β′ = Q[v ]β′ where Q
def
= [Iv ]ββ′

Q = [Iv ]ββ′ is called a change of coordinate matrix that changes
β′-coordinate of v to β-coordinate of v .
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Notes:

1◦. Q−1 = ([Iv ]ββ′)
−1 = [Iv

−1]β
′

β = [Iv ]β
′

β : the change of coordinate
matrix that changes β-coordinate of v to β′-coordinate of v .

2◦. β′ = {v ′1, · · · , v ′n}, β = {v1, · · · , vn}

Q = [Iv ]ββ′ = ([Iv (v ′1)]β, · · · , [Iv (v ′n)]β) = ([v ′1]β, · · · , [v ′n]β)

Prop: V
T∈L(V )−→ V where dim(V)= n<∞ and β, β′ : o.b. for V .

Relation of [T ]β and [T ]β′ ?

[T ]β′ = [T ]β
′

β′ = [Iv ◦ T ◦ Iv ]β
′

β′ = [Iv ]β
′

β · [T ]ββ · [Iv ]ββ′ = Q−1[T ]ββQ

Then, [T ]β′ = Q−1[T ]βQ, where Q = [Iv ]ββ′ .
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Remark:
A ∈ Mn×n(F)

1◦. Let γ′ = {e1, · · · , en} be s.o.b. for Fn.

[LA]γ′ = ([LA(e1)]γ′ , · · · , [LA(en)]γ′) = ([Ae1]γ′ , · · · , [Aen]γ′) = A.

Ae1 : 1st column of A, γ′: s.o.b ⇒ [Ae1]γ′ is still 1st column of A.

2◦ Let γ = {v1, · · · , vn} be an o.b. for Fn.

[LA]γ = [LA]γγ = [IFn ◦ LA ◦ IFn ]γγ = [IFn ]γγ′ [LA]γ
′

γ′ [IFn ]γ
′
γ = Q−1AQ

γ′: s.o.b. for Fn

And Q
def
= [IFn ]γ

′
γ = ([v1]γ′ | [v2]γ′ | · · · | [vn]γ′) = (v1 | v2 | · · · | vn)

i.e. Q = (v1 | v2 | · · · | vn)

∴ [LA]γ={v1,··· ,vn} = Q−1AQ

where Q = [Iv ]γ
′
γ = (v1 | v2 | · · · | vn)n×n.
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e.g.

R2

x

y y = 2x(
1
2

)(
−2
1

)
P ′

P

T
def
= the reflection

about the line y = 2x

Question: Find [T ]β, where β
is the s.o.b. for R2.

Sln: β′ = {
(

1
2

)
,

(
−2
1

)
} is another o.b. for R2. By def. of T ,

T

(
1
2

)
=

(
1
2

)
= 1

(
1
2

)
+ 0

(
−2
1

)
,

T

(
−2
1

)
=

(
2
−1

)
= 0

(
1
2

)
+ (−1)

(
−2
1

)
.

∴ [T ]β′ = [T ]β
′

β′ =

(
1 0
0 −1

)
.
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Let Q = [IR2 ]ββ′ =

(
1 −2
2 1

)
(change β′-co to β-co).

∴ Q−1 =

(
1 −2
2 1

)−1
= 1

5

(
1 2
−2 1

)
(change β-co to β′-co).

Therefore,

[T ]β = [IR2 ◦ T ◦ IR2 ]ββ

= [IR2 ]ββ′ [T ]β
′

β′ [IR2 ]β
′

β

= Q[T ]β′Q
−1

=

(
1 −2
2 1

)
·
(

1 0
0 −1

)
· 1

5

(
1 2
−2 1

)
=

1

5

(
−3 4
4 3

)
:= A.

Since β is a s.o.b. for R2, we have T = LA.
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