Plan for Chapter 2: (Five topics in total)

Topic #5 Linear transformations

Topic #6 Null space, range, and dimension theorem
Topic #7 Matrix representation of a linear transformation
Topic #8 Invertibility and isomorphism

Topic #9 Change of coordinates
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Topic#b

Linear transformations



Def.: Let V, W be v.s. over F. A function T : V — W is a
linear transformation from V to W if Vx,y € V,Va e F,

(1) T(x+y)= T(x)+ T(y), and
(2) T(ax) = aT(x).

We simply say that 7 : V — W is linear.

Notation:
L(V, W) f set of all linear transformations from V' to W.

L(V) % L(V,V) in case when W =V

3/12



Quick Consequences:

(1) If T:V — W is linear, then T(0y) = Oy.
Pf.. T(0y)= T(00y)=0T(0y)=0.
(2) T:V — W is linear IFF

T(ax + by) = aT(x)+ bT(y), Vx,y € V,Va,beF,
IFF

T(X o axi) =2 ai T(xi),

Vxi, -+ ,xp € V,Vay,--- ,a, € F.

(T preserves the linear combination)
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A linear transformation over a finite-dimensional v.s. is uniquely
determined by its action on a basis.

Thm.: Let V, W be vector space over F. Assume that

V is finite-dimensional with a basis {vi,---,v,}. Then,
Vwy, - ,w, € W, 3! linear transformation T : V — W
=wj,i=1---.n
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Proof. (Existence)

Let v € V =span(B)=span({v1, - ,Vn}). Then, la;, -+ ,a, € F
s.t. v= 27:1 ajVvi.
Define

T(v) %f Z ajw;.
i=1
Then, T : V — W is well-defined.
Claim: T :V — W is linear. Proof: to show Yu,v € V, Va € F,
(1) T(u+v)=T(u)+ T(v), and (2) T(au) = aT(u).

Let

n n

u:Zb,‘V,'EV, VIZC,‘V,‘GV7

i=1 i=1

then

T(u) = z”: biw;, T(v)= z": ciw;.
i=1 i=1
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Proof of (1): Note

u+V—va,+Zc,v,—Z (bi + ci)vi
i=1

By def of T,

T(u+v) =) (bi+c)w
i=1
=> biw;+ > _cw; (both € W)
=1 i=1
= T(u)+ T(v).
Proof of (2): Note au = >"7 ;(ab;)v; € V. Then, by def of T,

T(au)=T Zab vi) Z(ab W,—aZbW,—aT

i=1
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(Uniqueness)
Assume that T : V — W is also linear such that

T(viy=w; (i=1,---,n),
toshow: T =T,ie T(v)=T(v), VveV.
Take v € V =span(8), v=>_7 ;ajvi € V. Then

T(v) = T aivi)
i=1
= Za,-'f'(v,-) (T is linear)

= Za,w, T(v, =w,i=1,---,n)

existence proof T(v) (def. of T).

O
J
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Examples:

(1) Amxn € Mimsxn(F).
F", F™: understood as v.s. of column vectors
Then the function
Vx € F" i La(x) & Ax e Fm
Then (Ax); = ZJ'-’ZI ajxj,1<i<m

Verify Ly € L(F",F™).

L, is called a left-multiplication transformation.
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For instance

A_

def cos@—sin&
sind cos@

X = (Xl) € R? = La(x) = Ax
X2
_ (cost —sind X1
~ \sinf cosfh X0

_ <x1 cos@—xzsin0> c R2

X1 sin6 + xp cos 6

L, is also called a rotation by 6 in the anti-clockwise direction.

0J
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o A 10 . X2
0-1 X1

X = <X1> ER2 — La(X) =

1
X2 : X1
1

. 10 X1 . X1
w= (o) (1) = ()
L4 is also called the reflection
about the xj-axis. #

- (29).

X = <X1> ER2 s [4(X) = !
X2

10 X1 . X1
(00) ()= (%)
L, is also called the projection
on the xj-axis. O
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(2) For any v.s. V and W over F.
To: V= W,Vx € Vi To(x) def Ow: the zero transformation.
ly:V =V VxeV—ly(x) %f x: the identity transformation.

(Exercise: To € L(V, W), Iv € L(V))
(3):
(a) T: Man(F) 5 Mpsn(F) A T(A) E At
defines a linear transformation from M,y n(F) to Mpxn(F).
(b) T: f € Py(R) — T(f) € Pp,_1(R) given by
T(f)(x) = f'(x),¥x € R,
defines a linear transformation from P,(R) to P,_1(R)..
(c)
der [°
T:CR)— R, f T(f) = / f(t)dt € R,(—o0 < a < b < o)
a

defines a linear transformation from C(R) to R.
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