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Basis & dimension
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Def. (V ,+, ·): v.s. over F. β ⊂ V . β is a basis for V if
(a) β is l. indep.
(b) V = spanβ.

Examples:

(1) Fn: {e1, · · · , en} is a bsis (standard basis)
(2) Pn(F) : {1, x , · · · , xn} is a basis

P(F) : {1, x , · · · } is a basis

(3) Mm×n(F) : {Eij : 1 ≤ i ≤ m, 1 ≤ j ≤ n} is a basis, where

Eij = i th

j th
...

· · · · ·
...

.
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Def.: A v.s. V is finite-dimensional if V has a finite span-
ning set, i.e., ∃ a finite set S ⊂ V s.t.

V = span(S).

Otherwise, V is infinite-dimensional.
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Thm. A finite spanning set can be reduced to a basis, namely,
let (V ,+, ·): v.s. over F. If V = span(S) where S ⊂ V is of
finite size, then ∃β ⊂ S which is a basis for V .

Proof.

• If S is l. indep., take β = S , done.

• Otherwise, S is l. dep.
By a previous prop., ∃v1 ∈ S s.t. spanS=span(S \ {v1}).
If S \ {v1} is l. indep., take β = S \ {v1}, done.

• Otherwise, repeat the same process.
∵ S is finite
∴ After finite steps, we reach a l. indep. subst S ′ ⊂ S s.t.

spanS ′=spanS ,

then take β = S ′, done!
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Coro.: V is finite-dimensional iff V has a finite basis.
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Prop. (V ,+, ·): v.s. over F. β = {u1, u2, · · · , un} ⊂ V .
Then β is a basis for V iff ∀v ∈ V , ∃!a1, a2, · · · , an ∈ F s.t.

v = a1u1 + a2u2 + · · ·+ anun.

Proof. “⇒” Assume: β is a basis. Let v ∈ V .
V =spanβ ⇒ v is a linear combination of u1, · · · , un.
If v = a1u1 + · · ·+ anun = b1u1 + · · ·+ bnun are two
representations, then (a1 − b1)u1 + · · ·+ (an − bn)un = 0
∵ β is l. indep.
∴ ai − bi = 0, 1 ≤ i ≤ n, i.e. ai = bi , 1 ≤ i ≤ n.

⇐ Let ∀v ∈ V . Then, ∃!a1, · · · , an ∈ F s.t. v =
∑n

i=1 aiui ,
∴ v ∈ spanβ
∴ V ⊂ spanβ. ∴V =spanβ
Also, let a1u1 + · · ·+ anun = 0.
Then, ai = 0 (1 ≤ i ≤ n) by uniqueness.
∴ β is l. indep.
∴ β is a bsis for V .
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Thm. (Replacement Theorem)

(V ,+, ·): v.s. over F.
V =spanG with ]G = n.
L ⊂ V is l. indep. with ]L = m.

Then m ≤ n and ∃H ⊂ G with ]H = n −m such that

V =span(L ∪ H).
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Proof. Induction in m:
m = 0 : L = ∅, take H = G .
Assume “TRUE” for some m ≥ 0, to show “TRUE” for m + 1.
Assume: L = {v1, · · · , vm+1} ⊂ V l. indep. with ]L = m + 1.
∴ L′ = {v1, · · · , vm} l. indep. with ]L′ = m
∴ By I.A., m ≤ n & ∃H ′ = {u1, · · · , un−m} ⊂ G s.t.

V =span(L′ ∪ H ′)=span({v1, · · · , vm, u1, · · · , un−m}).

Consider vm+1 ∈ V .

∴ vm+1 = a1v1 + · · ·+ amvm + b1u1 + · · ·+ bn−mun−m
for some a1, · · · , am, b1, · · · , bn−m ∈ F

∵ L = {v1, · · · , vm+1} l. indep.
∴ b1, · · · , bn−m not all zero, i.e. n −m > 0, i.e. n ≥ m + 1.
For instance, b1 6= 0, then

u1 ∈span{v1, · · · , vm, vm+1, u2, · · · , un−m}.

Take H
def
= {u2, · · · , un−m}.

Then V =span({v1, · · · , vm+1, u2, · · · , un−m})=span(L ∪ H).
∴ TRUE for m + 1.
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Two quick consequences of R.T.:

(1) Let V be a finite-dimensional v.s., then any linearly inde-
pendent subset of V must be finite.

Indeed, otherwise, let {v1, v2, ...} ⊂ V be a linear independent
infinite subset. Let β be a finite basis for V with #β = n. Note
that {v1, ..., vn+1} is linearly independent with # = n + 1. By
R.T., n + 1 ≤ m = n, which is a contradiction.

(2) By (1), one then can conclude that if V has an infinite linearly
independent subset, then V must be infinite-dimensional.
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Fact: Let V be a finite-dimensional v.s., then all bases for
V have the same size, for instance, let β, γ be two finite bases
for V , then ]β = ]γ.

Pf. Direct consequence of Replacement Theorem:

let V =spanβ. γ ⊂ V l. indep. ⇒ ]γ ≤ ]β
V =spanγ. β ⊂ V l. indep. ⇒ ]β ≤ ]γ

Def. (V ,+, ·): v.s. over F. When V is finite-dimensional,
we write the dimension of V as

dim(V ) = ]β

where β is a finite basis of V .
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Examples:

(1) dim(Fn) = n.
F∞ is ∞-dimensional.

(2) dimPn(F) = 1 + n.
P(F) is ∞-dimensional.

(3) dimMm×n(F) = mn.

(4) V = (C,+, ·): v.s. over F.
When F = C (complex v.s.), dim(V ) = 1 (why?);
When F = R (real v.s.), dim(V ) = 2 (why?).
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Basic Facts: Let (V ,+, ·): v.s over F with dimV = n.

(1) If V =spanS with finite S , then ]S ≥ n.

(2) If V =spanS with ]S = n, thenS is a basis for V .

(3) If S ⊂ V is l. indep. with ]S = n, then S is a basis for V .

(4) Every l. indep. subset of V can be extended to a basis
for V .

12/16



Proof. Let β be a basis for V with ]β = n.

(1) direct consequence of R.T.

(2) S must be l. indep.,
otherwise ∃G $ S l. indep. s.t. V =spanG .
∴ n = dim(V ) = ]G < ]S = n: contradiction!
∴ S is a basis for V .

(3) Replacement Theorem ⇒
∃H ⊂ β with ]H = n − ]S = n − n = 0 s.t. V =span(S ∪ H).
∵ H = ∅ ∴ V =spanS . ∴ S is a basis.

(4) Let L ⊂ V be l. indep. with ]L = m.
Replacement Theorem ⇒ m ≤ n &
∃H ⊂ β with ]H = n − ]L = n −m s.t. V =span(L ∪ H).
Note: ](L ∪ H) = n.
(why? ≤ by ](L ∪ H) ≤ ]L + ]H = n and ≥ by (1))
(2) ⇒L ∪ H is a basis.
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Thm.: (V ,+, ·): v.s. over F with dim(V ) < ∞. W is a
subspace of V . Then

(1) W is finite-dimensional with dim(W ) ≤ dim(V ).

(2) If dim(W ) = dim(V ) then W = V .

14/16



Proof. Let n = dim(V ).

IF W = {0}: W is finite-dim & dimW = 0 ≤ n.
Otherwise, W 6= {0}: ∃u1 6= 0 s.t. u1 ∈W . {u1} is l. indep.

IF W =span({u1}): {u1} is a basis of W . W is finite-dim &
dimW = 1 ≤ n.
Otherwise, ∃u2 ∈W \ span({u1}). ∴ {u1, u2} l. indep.

IF W =span({u1, u2}): {u1, u2} is a basis of W . W is finite-dim
& dimW = 2 ≤ n.
Otherwise, ∃u3 ∈W \ span({u1, u2}), repeat the procedure.

Note: ] of a l. indep. subset of V ≤ n.

∴ the above process must stop with some k such that

W =span({u1, u2, · · · , uk}): {u1, · · · , uk} l. indep.

∴ {u1, · · · , uk} is a basis for W , dim(W ) = k ≤ n.

If dim(W ) = n, then β = {u1, · · · , un} is l. indep. subset of size n
in V , so β is also a basis for V . ∴ W =spanβ = V .
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e.g.: Mn×n(F), dim(Mn×n(F)) = n2:

(1) W
def
= {all diagonal matrices} is a subspace.

dim(W ) = n.

(2) W
def .
= {all symmetric matrices} is also a subspace

dim(W ) = n + (n − 1) + · · ·+ 1 = 1
2n(n + 1)

Cor.: (V ,+, ·): v.s. over F with dimV < ∞. W is a
subspace of V . Then any basis for W can be extent to be a
basis for V .

RK: This implies: ∃ a subspace Q ⊂ V s.t.

V = W ⊕ Q (tutorials for direct sum).
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