Topic#1

Vector Space



Linear algebra | 1

Euclidean space | < Vector space
R", n=1,2,--- V' (abstract)
Matrix Linear transformaton
Mpsxn X =y ~ T:V->W
eRn cRm
Mpscn - RT — R™ dimV = n, dmW = m
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Notion:
R = set of all real numbers
C = set of all complex numbers = {z=a+ bi:a€ R,be R}

Through the course, assume: F =R or C
(generally [F denotes a field)
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Def. Vector space

A vector space V over [ is a set over which addition and scalar
multiplication

+: VxV oV
(x,y) = x+y

FxV =V

(a,x) — ax

are well-defined and the following conditions (VS51) — (VS8) hold:
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commutativity of +: x+y =y +x, Vx,y € V
associativity of +: (x+y)+z=x+(y + z), ¥x,y,z€ V
zero for +: 30 e Vst. x+0=x,Vx e V

VS4
S5

inverse for +: Vx € V,dy e Vst. x+y =0

unit for : Ix=x, Vx eV

associativity of 1 (ab)x = a(bx), Va,b € F, ¥x € V
VS7
VS8

distributive law #1: a(x +y) =ax+ay,VaeF, Vx,y € V

e T N N e e e B
— N~ N N N N N N

distributive law #2: (a+ b)x = ax + bx, Va,b € F, Vx € V
]
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Note:

V': a vector space (v.s.)

(V,+,): to emphasize “+" and "."
V over F: to emphasize F

F=R: Visareal vs.

F=C: V is a complex v.s.

x € V: x is a vector in V

aclF: aisascalarin F
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Examples:

(1) V=F"

x Lf (x1, %2, ,xn) €V
def

Yy E (yi,y2.yn) €V

acl

def
X+y é (X1+y17X2+)/27"‘ aXn—l_.yn)

def
ax = (axy, axa, - ,axy)
Verify: " is a vector space over I with 4+ and - defined as above.

* 4 . are well-defined
* (VS1)-(VS8) hold
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(2) Polynomials:

2 .3 n
OalaXaX G Xy, Xy

Given two polynomials:

Pa}
Re
Il
™
o
><~.
=
Ra

Il
NE
o
\-><\

i=0 / i=0
f(x)=g(x)iffn=m& a;=b; (0<i<n).

P,(F) %f et of all polynomials with coefficients in F and degree at
most n (degree < n)={>""_jaix’ : a; € F}

Zax +Zb i def Za,+b,-)xi
i=0
n
a a;x' EZaa,-)x"

i=0
(Pn(F),+,-) is a v.s. over IF
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P(TF) %F et of all polynomials of any order with coefficients in

+, -: defined as before

(P(F),+,-) is a vector space over IF
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(3) Matrix:
Mpmxn(F) = set of all m x n matrices with entries in F
+, -; defined in the usual way, i.e.

A= (aj)mxn, B = (bj)mxn, a €T

A+ B (a5 + bj)mun

def
aA = (aaij) mxn

(Mpmscn(F),+,-) is a v.s. over F
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Other interesting examples:

(4) V ={0}: set consisting of zero only
0+0=0, a0=0

zero v.s. (smallest v.s.)

(5) F= % {(x1,x2,--) : x; € F,i > 1}
+, - usual way

(6) F>=set of all functions on S(# () with values in F

i (F+rg) ) Y f(x)+g(x), xe S

-1 (af)(x) = af(x), x € S.
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Basic properties of vector spaces:

(1) 0 is unique.

(2) Vx € V, Jdy € V sit. x+y =0, where y is unique.
(3) x+z=y + z = x = y (cancellation law).

(4) 0x=0,Vx e V.

(5) a0 =0, Va € F.

(6) (—1)x = —x.
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Proof. (1) Let 0' € V bes.t. x4+ 0" =x, Vx € V. Then

00 = 0 +0(0is zero)

(21 g + 0’ (0" is zero)

= 0.

(2) Let x € V. Assume: Jy,y' € V,st. x+y=0=x+y'

Convention: If x + y = 0, then we write y = —x as the additive

inverse of x.
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xtz=y+z=(x+2)+(-2)=(y+2)+(-2)
=x+(z+(-2)=y+(z+(—2))
=x+0=y+0
=x=y.

(4)
0+0x =0x=(0+0)x =0x+ 0x = 0x = 0.

(5)&(6): Exercise. O
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