MATH2040A Homework 4 suggested answer

Compulsory Part

Q2.1.4.

Solution: Let A = <a11 12 a13> ,B= (bu b1 b13> € Msyy3(F), a € F. Then
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As A, B € Msy3(F) and a € F are arbitrary, T is a linear transformation.
The kernel of T is then

N(T) = {A € Maxs(F) | T(A) =0}
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It is easy to verify that { (é 8) , <8 (1)> } forms a basis of R(T), and rank T = dim R(T") = 2

As dim My 3(F) = 2 x 3 = 6, we have nullity T + rank T = dim Msx3(F). So the dimension theorem is verified for
T.

Since nullity 7' =4 # 0, T is not one-to-one. Since rankT = 2 # 4 = dim May2(F'), T is not onto.

Q2.1.5.

Solution: Let o € F, p(x) = ag + a1 + azx?,q(x) = by + by + box® € Py(F) where ag,ay,as,by,b1,bs € F.
Then T'(p(z) + ¢(z)) = z(p(z) + q(z)) + (p(z) + ¢(2))" = zp(z) + p'(z) + zq(z) + ¢'(z) = T(p(z)) + T'(g(z)), and
T(ap(z)) = z(ap(z)) + (ap(z)) = alp(z) + p'(2)) = oT'(p(2)).

As p(x), q(x), @ are arbitrary, T is a linear transformation.
The kernel of T is

N(T) = {p(z) € P,(F) | T(p(x)) =0}
= {ao + a1 + asx? | ag,ay,as € F,ay + (ag + 2a2)x + a12? + aga® = O}
= {a0+a1x+a2x2 ’ ag,a1,a2 € Foag = a1 = as 20}
= {0}
So a basis of N(T) is 0, and nullity 7' = dim{0} = 0.
Similarly, the range of T is

R(T) ={T(p(z)) | p(x) € P2(F)}
= {a1 + (ag + 2a2)x + ayx* + axa® | ag, a1,as € F}
:Span({ 14 22, 2,2z + 2° })

It is easy to see that { 1422, 2,20 4 23 } forms a basis of R(T), so rankT = dim R(T") = 3.
As dim P>(F') = 3, we have nullity T + rank T' = dim P,(F'). So the dimension theorem is verified for 7.
Since N(T') = {0}, T is one-to-one. Since rankT = 3 # 4 = dim P5(F'), T is not onto.

Q2.1.14.

Solution:

(a) Suppose T is one-to-one. Let S C T be an linearly independent set. If S = @, T(S) = 0 is linearly
independent. So we may assume that S # 0.

Let T(v1),...,T(v,) € T(S) be distinct with vq,...,v, € S where n € Z*. Let a1,...,a, € F be
scalars such that > . a;T(v;) = 0. So T'(>;_,a;v;) = 0. As T is one-to-one, > ., a;v; = 0. As
V1., Uy €8, {v1,...,v,} is linearly independent. Thus a; = ... = a, = 0. Since this is the only
solution, {T'(a1),...,T(a,)} is linearly independent.

As T(v1),...,T(v,) € T(S) and n € Z* are arbitrary, T'(S) is linearly independent.

As S is arbitrary, T maps linearly independent sets to linearly independent sets.

Suppose on the other hand that 7" maps linearly independents sets in V' to linearly independent sets in W.
Let v € N(T'). Then T'(v) = 0. As {T'(v)} = {0} is linearly dependent, {v} cannot be linearly independent,
for otherwise T'({v}) = {T'(v)} = {0} is also linearly independent. Since {z} is always linearly independent
for x € V'\ {0}, we have v = 0. As v € N(T) is arbitrary, N(T') C {0}. Trivially {0} C N(T'), so N(T') = {0}
and thus T is one-to-one.

(b) Suppose S is linearly independent. By the previous part, T'(.S), the image of S under T is linearly indepen-
dent.




Suppose on the other hand that T'(S) is linearly independent. The proposition is trivial if S = (), so we may
assume that S # (.

Let vy,...,v, € S be distinct with n € Z*. Let ai,...,a, € F be scalars such that > ., a;v; = 0.
Then 0 = T(0) = T'(}7, av;) = Y.y a;T(v;). As T is one-to-one, T'(vq),...,T(v,) are distinct. Since

{T(v1),...,T(vy)} CT(S) and T(S) is linearly independent, {T'(v1),...,T(v,)} is linearly independent and
soa; =...=a,=0. Thus {vq,...,v,} is linearly independent.

Aswvy,...,v, € Sand n € ZT are arbitrary, S is linearly independent.

(c¢) Since f§ is a basis and T is one-to-one, by the previous part T'(53) is linearly independent. So to show that
T(B) is a basis, it suffices to show that Span (T'(5)) = W.
Since T'(8) C W, Span (T(8)) C W.
Let w € W. As T is onto, there exists v € V such that w = T(v). As 8 = {v1,...,v,} is a basis of V|,
there exists scalars aq, ..., a, € F such that v =>""" , a;v;. Sow =T(v) =T(> " aw;) = > g a;T(v;) €

1=

Span (T(8)). As w € W is arbitrary, W C Span (T(5)) and so W = Span (T(8) ).
As T(p) is linearly independent and spans W, T'(3) is a basis of W.

Note

Do not assume that S is a finite set. The proposition holds even when S is an infinite set. Similarly, do not assume
that V is finite dimensional and use the dimension theorem.

Please note that the dimension theorem presented in lecture note 06 requires the the domain to be finite dimensional.
If you want to use it on (possibly) infinite dimensional spaces, you may need to prove it first. Notes for Q1.6.21 in
homework 2 are also applicable here.

Note that for part (b) in proving the “if” part you would need to emphasize that the images are distinct, which is
due to the injectivity of T' (and possibly the only part where the injectivity is used). For a simple example why this
is necessary, consider 7 : R? — R? which maps (z,y) € R? to (z,0). The map is clearly not one-to-one, but for the
linear dependent set S = {(1,0), (1,1), (1,2)} € R? we have T'(S) = {(1,0)} which is linearly independent.

Note that part (c) is just the lemma on page 6 of lecture note 8.

Q2.1.17.

Solution: The two results are simple consequences of the dimension theorem, which states that nullity T4+ rank T =
dim V.

(a) Since V, W are finite dimensional and N(7') C V', dim V, dim W, nullity 7" are all finite nonnegative. Also,
R(T) C W.
By dimension theorem, dim R(T") = rank T = dim V' — nullity 7’ < dim V' < dim W. So R(T") # W, and thus
T is not onto.

(b) Since V, W are finite dimensional and R(T) C W, dim V, dim W,rank T are all finite. Also, as R(T) C W,
rank T < dim W.

By dimension theorem, dim N(7") = nullity 7 = dim V' — rank 7' > dim V' — dim W > 0. So N(T") # {0}, and
thus T is not one-to-one.

Note

You can also prove by contradiction with passing bases between the domain and the codomain.

Q2.1.22.



Solution: Let a = T(1,0,0),b=1T(0,1,0),c=T/(0,0,1
y(0,1,0) 4+ 2(0,0,1), we also have T'(z,y,z) = T (z(
27(0,0,1) = ax + by + cz.

The general result for linear T : F™ — F™ is as follows:

) € R. Since for (x,y,2) € R® we have (z,y, 2) = 2(1,0,0) +
1,0,0) + y(0,1,0) 4+ 2(0,0,1)) = 2T(1,0,0) + y7T'(0,1,0) +

there exists scalars a;; € F for i € {1,...,m}, j € {1,...,n} such that
T(x1,..ywn) = (305_y @155, oy 25—y amgxy) for (z1,...,2,) € F™.

This generalization includes the cases for T': F™ — F with m = 1, where the proposition becomes
there exists scalars aq,...,a, € F such that T'(z1,...,2,) = Z?:l a;x; for (x1,...,2,) € F™

The proof is similar to the original proposition.

For each j € {1,...,n} let e; € F™ be the vector which the jth entry is 1 and all other entries are 0, and
@14, ..,am; € F such that T(e;) = (a1j,...,am;) € F™. Such a;; is well-defined as { E1,..., E,, } forms a basis
(the natural basis) of F™ where E; € F™ is defined similarly as e; € F".

As for each x = (z1,...,2,) € F" we have x = > 7, wje;, we also have T'(z) = T(3_7_, wje;) = >0 ;T (ej) =
Yo iAo amg) = (i @ty D0 ).
Note

Writing the vectors in matrices it is easier to see what this proposition means:

ail . A1n

For linear transformation T : F™ — F™ there exists a matrix A = : : € F™*" guch that

am1 .-+ OGmn
T(x) = Az when elements in F™, F™ are regarded as column vectors. By Theorem 2.6, such A is unique.

Similar proposition also holds if the spaces are not F™ and F™ but generic (finite dimensional) vector spaces with
the same scalar field. In this case, the scalars depends on the choice of representations of vectors.

Please note that the map T is already given. You are asked to show the existence of such a, b, ¢ (or a;;), not to verify
that the map (x,y, z) — ax + by + cz is linear.

You can also prove the proposition by Theorem 2.6. For brevity we show only the case T : F™ — F™.

Solution: Let a;; € F for i € {1,...,m}, j € {1,...,n} be defined such that T'(e;) = (a1i,...,am:), where {e; |
i € {1,...,n}} is the natural basis of F". We define U(x) = (3_7_; a1;%j,- .., 25— amjz;) for x = (z1,...,2,) =
i wie; € F™. The map is well-defined and linear as the decomposition by the basis {e; |i € {1,...,n}} is
unique. It suffices to show that T'=U.

By Theorem 2.6, it suffices to compare the values at some basis. By definition, for each i € {1,...,n} we have
n n 1 ifi=
T(ei) = (ali, N ,ami) = (Zj:l aljéij, ey Ej:l amjéij) = U(el) where (517 =

0 ifi#j
is a basis of F™, we have T = U.

Therefore there exists scalars a;; € F for i € {1,...,m}, j € {1,...,n} such that T'(z1,...,2,) = Y., a;x; for
(X1,...,2n) € F™.

I Asfes|ie{l,...,n}}

Note

Please note how the behavior of a linear map is controlled by its images on a basis.

Q2.1.28.



Solution:
(a) Since T'(0) =0, T({0}) = {T(0)} = {0}. So {0} is T-invariant.

(b) Since T maps V to V, for each v € V we have T(v) € V. Thus T(V) = {T(v) |v €e V} C V. So V is
T-invariant.

(¢) Let v € R(T). Thenv e V. So T(v) € T(V) =R(T). As v € R(T) is arbitrary, T(R(T")) C R(T). So R(T) is
T-invariant.

(d) Let v € N(T'). Then T'(v) =0. As T'(0) =0, T'(v) =0 € N(T"). As v € N(T) is arbitrary, T(N(T")) € N(T)
and so N(T") is T-invariant.

Q2.1.35.
Solution:
(a) Since V = R(T) + N(T), to show that V' = R(T') & N(T) it suffices to show that R(T") " N(T") = {0}.
Since V' is finite dimensional, R(T"), N(T), R(T) N N(T") are all finite dimensional. By dimension theorem,
dim V' = nullity T+rank T. So by Q1.6.29(a), dim(R(T)NN(T)) = dim R(T)+dim N(T")—dim(R(T)+N(T")) =
rank T + nullity 7' — dim V' = 0. This implies that R(T") N N(T") = {0}.
(b) Since R(T) N N(T') = {0}, to show that V' = R(T) & N(T) it suffices to show that R(T) + N(T) = V.
Since V' is finite dimensional, R(T"), N(T), R(T) N N(T") are all finite dimensional. By dimension theorem,
dimV = nullity T 4+ rank 7. So by Q1.6.29(a), dim(R(T") + N(T')) = dimR(T) + dim N(T") — dim(R(7T") N
N(T)) = rank T 4 nullity T — dim{0} = rank 7' + nullity T = dim V. As R(T) + N(T') C V, this implies that
R(T)+N(T)=V.
Note
Note that the requirement that V is finite dimensional is necessary: please refer to Q2.1.36.
You can also show the propositions by passing the bases between the spaces.

Optional Part

Q2.1.1.
Solution:
(a) True
(b) False. Consider the conjugation map defined as a map from C to C with C as a complex vector space. Note
that the proposition may still hold in certain situations (e.g. Q2.1.37)
(¢) False. This only holds if T is linear.
(d) True
(e) False. This only holds if dim V' = dim W.
(f) False. Consider the case where T maps every vector to Oy .
(g) True
(h) False. Consider the case where x1 = 0y but y; # Ow .
Q2.1.2.



Solution: Let x = (71, 22,23),y = (y1,¥2,¥3) € R®, @ € R. Then

T(x+y)=T(x+y) =T(x1+y1,22 +y2,73 + y3)
= (x1 +y1 — T2 — Y2, 2(23 + y3))
= (21 — x2,23) + (y1 — Y2, 2y3)
=T(z) +T(y)

and

T(ax) = T(a(x1,x2,23)) = T(awy, axs, axs)
= (ax1 — axs,20x3)
= a(x — x2,2x3)
= aT(z)

As x,y, a are arbitrary, T is linear.
The kernel of T is

N(T)={zeR®|T(z) =0}
= {(z1,22,73) | 71, 72,73 € R, (¥1 — 22, 223) = (0,0) }
={(z,z,0) |z eR}
= Span ({(1,1,0)})
It is easy to see that {(1,1,0)} is a basis of N(7T'), so nullity T = dim N(7") = 1. Similarly the range of T is
R(T)={T(z) |z eR®}
= {(SEl — I2,2I’3) | (1‘171’2,1173) S RS}
=RR?
So rank T = dim R(T") = 2.

Since dim R? = 3, we have dim R? = nullity 7'+ rank 7. So the dimension theorem is verified for T

Since nullity T = 1 # 0, T is not one-to-one. Since R(T') = R?, T is onto.

Q2.1.9.
Solution:

(a) T(Ogz) =T(0,0) = (1,0) # Ogz. So T is not linear.

(b) T(2-(1,1)) =T(2,2) = (2,4) #(2,2) =2-T(1,1). So T is not linear.

(c) T(2-(5,0)) = T(m,0) = (0,0) # (2,0) = 2-T(%,0). So T is not linear.

(d) T(-2-(-1,0)) =T(2,0) = (2,0) # (—2,0) = —2-T(—1,0). So T is not linear.

(e) T(0g2) =T7(0,0) = (0+1,0) = (1,0) # (0,0) = Ogz. So T is not linear.
Q2.1.12.

Solution: Suppose there exists such linear map T : R® — R2. Then (2,1) = T(-2,0,—6) = T(2-(1,0,3)) =
2-7(1,0,3) =2-(1,1) = (2,2). Contradiction arises. So no such linear map exists.

Q2.1.15.



Solution Let f( ), g(x) E P(R), a € R. Then by the property of integration we have T(f(z) + g(x fo f+
= Jo fO)At + [§ g(t)dt = T(f(x)) + T(g(x)), T(af(x)) = [y af(t)dt = a [§ f({t)dt = oT(f(x )) As f. g,

are arbltrary, T is a linear transformation.

Let f(x) :AZ;L:O a;z’ € P(R) with ag,...,a, € R such that 0 = T(f(z)) = [; f(t)dt = [5 Digait'dt =
Soigai fo tidt = YO it Since {1,a,...,2" T} forms a basis, for i € {O,...,n} we have 55 = 0, so
a; = 0. Thus f(x) = 0 is the zero polynomial. Since the zero polynomial is the only polynomial in the kernel, T" is
one-to-one.

By the computation above, a polynomial of degree n > 0 is mapped by T to a polynomial of degree n + 1, and
T(0) = 0. Since a nonzero polynomial must have its image degree n+1 > 1, no polynomial is mapped to polynomial
of degree 0. In particular, the constant polynomial g(z) = 1 is not in the range. So T is not onto.

Q2.1.16.

Solution: Let f(z) = Y7 ja;x" € P(R) with ag,...,a, € R. Let g(z) = Y1 ;452" ", Then g(z) € P(R), and
T(g(x) = ¢'(x) = Yilo Frase’™ = it 35 (i + D)o’ = XL gaa’ = f(). So f(z) € R(T). As f(z) € P(R) is
arbitrary, T' is onto.

Let h(z) = 1 be the constant 1 function. Then h(z) € P(R)\ {0}, and T'(h(z)) = -1 = 0 = T(0). So T is not
one-to-one.

Q2.1.18.

Solution: Let T : R? — R? be defined by T'(x,y) = (y,0) for (z,y) € R?. It is easy to see that T is linear.
z,

) =
ThekernelofTisN(T):{(x,y)\x,yER,(y,O}) (0, )(} {( §))|x€R}:Span({(1,0)}).TherangeofTis

RT)={T(z,y) | (z.y) eR*} = {(y,0) |y € Span ({(1,0)}). So N(T) = R(T).

Q2.1.19.

Solution: Let V = R be the real line as a real vector space. Let T,U : R — R be defined as T'(x) =z, U(z) = —x
for x € V. It is easy to see that T, U are linear.

Also, it is easy to verify that N(T') = {0} = N(U), and R(T) =V = R(U).

Q2.1.21.

Solution:
(a) Let v = (v1,v2,...),w = (wy,wa,...) €EV,a € F. Then T(v+w) = T((v1 +wy,v2+ws,...)) = (va+ws,vs+
ws,...) = (vo,vs3,...) + (wo,ws,...) =TW)+T(w), Ulv+w) =U({(v1 + w1, vs +ws,...)) = (0,v1 +wy,vy+
Wa,...) = (0,v1,v2,...) + (0, wy,we,...) = U(v) + U(w), T(aw) = T((awy,ave,...)) = (ave,avs,...) =
a(va,v3,...) = aT'(v), Ulaw) = U((av1,avs,...)) = (0,avi,avs,...) = a(0,v1,vs,...) = alU(v). Since
v,w, « are arbitrary, T, U are linear.

(b) Let v = (v1,v2,...) € V. Then for w = (0,v1,vs,...), w € V, T(w) = (v1,v2,...) =v € R(T). Since v € V
is arbitrary, 7" is onto.
Let x = (1,0,0,...) € V be the sequence such that only the first entry is 1 and all other entries are 0. Then
T(xz) = (0,0,...) = 0 is the zero sequence. As x # 0 but T'(z) = 0, T is not one-to-one.

(c) Let v = (v1,v2,...) € V such that U(v) = 0. Then (0,0,0,...) = U((v1,va,...)) = (0,v1,vy,...), 50
vy = vg = ... = 0. This implies that v = (vy,vs,...) = (0,0,...) = 0. As U is linear, U is one-to-one.

Let w = (1,0,0,...) € V be the sequence where only the first entry is 1 and all other entries are 0. Then for
all v = (v1,v2,...) €V, U(v) = (0,v1,v2,...) # (1,0,0,...). Sow ¢ R(U). This implies that U is not onto.




Q2.1.26.

(a)

()

(d)

Solution:

Let vyu e V, a € F. AsV = W; @& W,, there are unique decompositions v = v + vo, u = uj + us where
v1,u1 € Wi, va,us € Wa. We also have v+u = (v +u1) + (v2 + u2) and av = av; + avy with vy +ug, avy €
W1, va + ug, ave € Wa. Then by definition, T'(v + u) = T((v1 + u1) + (v2 + u2)) = v1 + w1 = T(v) + T(u),
T(aw) = T(avy + avy) = avy = oT'(v). Since v, u, o are arbitrary, T is linear.

Denote S={z eV |T(z)=x}.

Let € Wi. Then the unique decomposition of x is x = x40 where x € W; and 0 € W5. Then by definition,
T(x) =x,s0x € S. As v € W is arbitrary, Wy C S.

Let z € S C V. Since V = W; @& Ws, there exists unique x; € Wi,z2 € Wy such that x = 1 4+ z2. By
definition, x = T'(z) = 21 € W7. As x € S is arbitrary, S C Wj.

Therefore W =S ={z eV |T(z)=x}.

By the definition of projection, R(T') C W;. By the previous part, W C R(T). So W = R(T).

Let v € Wy. Then the decomposition of v is v =0+ v where 0 € Wy,v € Wa. So T'(v) =0, v € N(T'). As v
is arbitrary, Wo C N(T).

Let v € N(T'). Let the decomposition of v is v = vy + vy where v; € Wi, vy € Wy, Then 0 = T'(v) = vy, so
v =v1 +vo = vy € Wa. As v is arbitrary, N(T') C Ws. Therefore Wy = N(T').

The only possible choice for Wy with V' = W; @ Wy is Wy = {0}. As every vector v € V' can be presented
asv=v+0withveV,T(v)=vforall v e V. So T is the identity map.

The only possible choice for Wy with V.= W; @ Wy is Wy = V. Also, R(T') = Wy = {0}, T is the zero map.

Q2.1.27.

(a)

Solution:

By the last part of the previous question, when W =V, W’ = {0} and T is the identity map. Similarly,
when W = {0}, W/ =V and T is the zero map. So we may assume that W is a nontrivial proper subspace
of V.

Since V is finite dimensional, W is also finite dimensional. Let {ws,...,w,} be a basis of W. By Extension
Theorem we may extend {ws,...,w,} to a basis {w1, ..., Wy, v1,...,0,} of V by appending vy, ..., v, € V.
Let W’ = Span ({v1,...,vm}). By the definition of basis, it is easy to verify that V. =W & W’.

Since {wy,...,wn,v1,...,0y} is a basis of V| by Theorem 1.8 for each v € V there exists unique scalars
A1,y Gy, ... by such that v = D" aw; + Y i, biv;. We define T : V. — V be such that T'(v) =
Z?:l a;w;. By the uniqueness of a;, T is well-defined.

We now show that T is a linear map and is a projection on W along W'.

Let v,v" € V, a € F. Then there exists unique a1, ...,an,b1,...,bm,al, ..., al,by,..., bl € F such that v =

y Uy
Sl agwity i biv, v =30 alwi+Y i bl So T(v) = Y, azw;, T(v') = Y1 | abw;. By uniqueness
of the coefficients, we have v +v" = Y | (a; + aj)w; + >, (b + b))v; and aw = >0 | aaw; + > i | abv;,
soT(v+v)=>" (a;+a))w; =T(v)+T (V') and T(aw) = 31" ;| aa;w; = oT'(v). As v,0v’, « are arbitrary,
T is linear.
Let z = x1+x2 € V withx; € W, 2o € W’. By the property of bases, there exists unique ay, ..., an,b1,...,b,
F such that z1 = Y a;w; and xo = Y 1w biv;. Sox =21 + 22 =Y 1, a;w; + v, bjv;. By the unique-
ness of the coefficients and the definition of 7' we have T'(z) = Y. ;| a;w; = x1. Since z1,x2 are arbitrary,
T is a projection on W along W”'.

Consider V = R? be the usual real plane, W = {(z,0) | z € R} be the x-axis. Let Wi = {(0,y) |y € R},
Wy = {(x,z) | x € R}. It is easy to verify that W, Wy, W5 are subspaces of V, and V=W oW, = W @ Ws.
The corresponding projection maps are respectively 71 (z,y) = (x,0) and To(z,y) = (x —y,0) for (z,y) € V.




Note

Please refer to Q1.3.31, Q2.1.26, Q2.1.40 and this note by Prof. B. Binegar from OSU for a better understanding.

Q2.1.31.
Solution:
(a) Let we W, v=T(w) € R(T). Since V=R(T)d W, R(T)NW = {0}. As W is T-invariant, v = T'(w) € W.
SoveR(T)NW ={0},s0 v =0, we N(T). As w € W is arbitrary, W C N(T').
(b) Since V is finite dimensional, we may use the dimension theorem.
By the dimensional theorem, dim V' = N(T') + rank T'. By the previous part, dim W < dim N(7") = nullity T
Since V' = R(T") + W, we have dimV < dim R(T) + dim W = rank 7'+ dim W < rank 7'+ nullity 7' = dim V.
So all equal signs must hold. In particular, dim W = nullity T' = dim N(T"). Since W C N(T"), W = N(T).
(c) Counsider V' be the space of all real sequences equipped with entry-wise addition and scalar multiplication,
T : V — V is the right shift operator, and W = {0} is the trivial subspace. Then R(T) = V, but
W ={0} #{(0,az,...) | az,... € R} = N(T).
Note
Please refer to the dimension theorem (for infinite dimensional spaces).

Q2.1.37.

Solution: To show that T is linear, it suffices to show that T'(Av) = AT'(v) for all A € Q, v € V.
By additivity, T(0y) = T(0y + 0y) = T(0v) + T(0y), so T(0y) = Oy

Also, for each v € V, O = T(0y) =T (v + (—v)) =T(v) + T(—v), so T'(—v) = —=T'(v).

Trivially T(1-v) =T(v) =1-T(v) for all v € V.

Suppose for some n € Z*, T(n-v) = n-T(v) for all v € V. Then for v € V, T((n+1)-v) = T(n-v+v) =
Tn-v)+Tw)=n-Tw)+T(v)=(n+1) -T(v) as T is additive.

So by induction, T'(n-v) =n-T(v) for allv € V, n € Z.

Forn € Z\ {0} and v € V, T(v) =T(n- (2v)) =n T (v), so T(iv) = 1T(v).

LetveV, A= fll € Q where p,q € Z, ¢ # 0. Then T(\v) :T(%U) :T(p%-v) =pT(L-v) :p~%~T(v) = %T(v) =
AT(v). As v, A are arbitrary, T is linear.

Note

Note that this requires the scalar field of the vectors to be small enough (so that the every scalar is simply a ratio
of the integers).



https://math.okstate.edu/people/binegar/4063-5023/4063-5023-l14.pdf

